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COMPLETE DISTRIBUTIVITY AND ORDERED GROUP LATTICES

CECELIA LAURIE1

Abstract. Arveson has recently generalized an important result of Andersen's about

continuous nests to a larger class of lattices. Andersen's result is a base for much of

the recent interesting work on compact perturbations and similarity of nest algebras.

This paper investigates further the structure of such lattices. It is shown that the

ordered group lattices with 2-continuous measures introduced by Arveson are

completely distributive. This immediately implies various nice properties of Alg ¿f,

the associated algebra of operators leaving such a lattice ^invariant. (Among these

are the fact that the rank one operators in Alg ¿? are dense in Alg ¿? and that

Alg^+ Jfis norm closed where Jfdenotes the compact operators.)

Recently much interesting work has been done on similarity of nest algebras and

compact perturbations of nest algebras [1, 2, 4, 10, 9]. This work is based on a result

of Andersen [1, Theorem 3.5.5] concerning continuous nests. This result has been

generalized by Arveson [3], The setting for this generalization involves a new class of

commutative subspace lattices, which we will call ordered group lattices. There is a

natural desire to explore furthc properties of such a lattice J? and of Alg if, the

associated algebra of operators leaving if invariant, with the eventual hope of

extending similarity and compact perturbation results. Some ingredients in these

results for nests are the facts that if ./Fis a nest, then Alg Jf+ Jfis closed (where Jf

is the algebra of compact operators) and Alg ¿Vis hyperreflexive. The main result of

this paper is that the ordered group lattices derived from S-continuous projection

valued measures are completely distributive. Completely distributive (commutative)

lattices are of interest because their associated algebras have many nice properties.

In particular, for such a lattice ¿£, we have that the subalgebra generated by the

rank-one operators in Alg <£ is dense in Alg i^ and that Alg if + Jfis closed.

Throughout this paper all Hubert spaces are separable. A subspace lattice is a

lattice of projections acting on a (separable) Hubert space which contains zero and

the identity and which is closed in the strong operator topology. A subspace lattice

if is commutative if the projections in if commute with each other. A CSL algebra is

a reflexive algebra whose subspace lattice is commutative. A lattice is completely

distributive if it permits distribution of the lattice operations over families of

arbitrary cardinality. We refer the reader to [6 or 8] for a precise definition and a

discussion of equivalent characterizations. The characterization of complete distribu-

tivity for subspace lattices that we will use is due to Longstaff [12], We first need a
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couple of definitions. For M and L ^SC, define

M_= V {N ^S£\M £N}    and   L, = A { M_\M g <e, M ¿ L).

A subspace lattice is completely distributive iff L+ = L for all L G if [12].

Let G be a second countable locally compact abelian group and let 2 be a cone in

G, i.e. 2 satisfies

(i) 2 n -2 = {0},

(ii)2 + 2 c 2,

(iii) 2 is the closure of its interior.

We define a partial order < in G by x < v if y - x g 2. We say that (G, 2) is an

ordered group. A Borel set £ ç G is called increasing if, for every x g E and jeG,

x < >> implies >> g F. Let m be a a-finite measure on G. Let fi£ denote the projection

on L2(G, m) given by multiplication by Xe- ^e define

if (2, w) = {fi£: E increasing).

We will call this an ordered group lattice. We say that m is ^-continuous if the

function x e G >-+ m(E + x) is continuous for every increasing set E. These lattices

and the notion of 2-continuity of a measure were introduced by Arveson in [3].

There he shows that if (2, m) is a commutative subspace lattice and that the

2-continuity of a measure m implies that m(dE) = 0 for all increasing sets E and in

fact is equivalent to m(9£) = 0 for all closed increasing sets E. (Here 3£ denotes the

boundary of E.)

We will now show that, for (G, < , m) with 2-continuous m, the latticeif(2, m)

is completely distributive. We first require some technical lemmas and definitions.

Define the support of a measure m to be

supp m = [ x ^ G\m(U) ¥= 0 ior every open set U containing x ).

For x G G, let îx = {z G G\x < z} and Dx = {z g G|z < x). Note that îx = x +

2 and Dx = x - 2. The corresponding projection determined by multiplication by

the characteristic function of Ix (respectively Dx) will be denoted by Ix (resp. Dx). If

F is a subset of G, E will denote the closure of E.

Lemma 1 [6, Lemma 6]. For every x g G,

DXA(IX)_=0.

Lemma 2. Lei if (2, m) be an ordered group lattice such that m is H-continuous. Let

S be a Borel set such that m(S) > 0. Then there exists x G S and z G int Ix = x +

int 2 such that m(îx O S) > 0 andm(î, n S) > 0.

Proof. Suppose that m(Ix n S) = 0 for ail jc in 5. Let {x,} be a countable dense

subset of 5 and define E = \J°°=XÎX. We have that E is increasing and m(E n 5) <

£°l.w(/v n S) = 0. Since m is 2-continuous we have that m(E) = m(E). Now

S g {x,} ç F so w(S) = w(£ n5) = w(F n S) = 0, contradicting the assump-

tion that m(S) > 0. Hence there exists anxe5 such that w(/A. n S) > 0.

To find the desired z, first choose a sequence {a,,} such that a„ g int 2, an+1 < a,,,

and lim„ ^x an = 0. (To see that such a sequence exists, see [3, Proof of Proposition
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6.2].) Let x be such that m(îx n S) > 0. Using the facts that 2 is an increasing set

and that m is 2-continuous, we have that

lim m(lx + a ) =  lim w(2 +(x + a„)) = w(2 + x) = m(Ix)
n —» oo n —* oo

and hence that limn^acm(Ix + a C\ S) = m(Ix n S) since Ix+g   is an increasing

sequence of sets.

Since m(îx n S) > 0 we can conclude that there exists an N such that, for

z = x + aN g x + int 2, we have m(Iz n S) > 0.

Theorem 3. If£P= if (2, m) is an ordered group lattice such that m is IZ-continuous,

then ¿fis completely distributive.

Proof. Suppose if is not completely distributive, i.e. there exists an L g if such

that Lm # L. Let L (respectively L„) be an increasing set such that the projection

determined by L (resp. L*) equals L (resp. L+). Let R be the closed set L* n (int L)c.

Note that, since m(dL) = 0 and w(3L+) = 0, we have that m(R) = m(L+ n U).

Thus m(R)> 0 by assumption. Let S = suppw|Ä. Since R is closed, S Q R and

thus we have m(S) = m(R) = w(L* n Lc). Since w(5) > 0, by Lemma 2 we can

choose x G S and z G x + int 2 such that m(Ix C\ S) > 0 and m(î, n S) > 0. We

thus have

(i) w(/z n 1* n Ie) > 0.

Next note that x g int Dz = z - int 2.  Since x g 5 = supp m\R we have that

w(int ¿, n Í) > 0. Thus we can conclude that

(ii) m(int Dz n L, n Lc) > 0.

Statement (i) implies that Iz £ L and hence that L* < (7Z)_ (by definition of Lt).

Let (Iz)_ be an increasing set such that the corresponding projection determined by

mutiplication by the characteristic function of (Iz)_ equals (/,)_. Lemma 1 implies

that int Dz ç (îz)c_. Thus statement (ii) implies that m(L* n (ÎZ)Z) > 0 which is a

contradiction of the previous conclusion that L* < (F)_- Thus if must be com-

pletely distributive.

A projection valued measure on G is a countably additive function P from the

Borel sets of G to the projections on a separable Hubert space 3^P satisfying

P(0) = 0 and P(G) = I. Such a F is called 2-continuous if P(dE) = 0 for every

closed increasing set F [3]. Arveson's generalization of Andersen's theorem was

formulated in terms of projection valued measures [3].

Corollary 4. Let (G, 2) be an ordered group and let P be a ¿^-continuous

projection valued measure. Then

<£= {P(E):E increasing}

is a completely distributive subspace lattice ofJ^p.

Proof. Let p be a faithful normal state on ¿íC(Jífp) and let mbea probability

measure on G defined by m(S) = p(P(S)). We have that if(2, m) is an ordered

group lattice with 2-continuous measure. Following [3, Proof of Proposition 7.2], we

see that there exists a strongly continuous lattice isomorphism 8 from if (2, m) onto
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£f. Since 0(M) < 0(L) iff L < M and since 6 is strongly continuous, we have that

0(L*) = 0(L)#. Hence since if(2, m) is completely distributive we can conclude

that if is completely distributive.

Corollary 5. Let (G, 2) be an ordered group. Let ¿S?= {P(E)\ E increasing}

where P is a ^-continuous projection valued measure. Then ¿£ has the following

properties:

6.1. The rank one operators in Alg ¿£are dense in Alg ¿SC(in any of the ultraweak,

ultrastrong, weak, or strong topologies).

6.2. Alg ¿SC+ ¿If is norm closed where ¿¡fdenotes the compact operators on ¿Xfp.

6.3. If£C2 is any other subspace lattice ofJifP, then Alg if® Alg if, = Alg( if ® Sex)

where ® denotes the ultraweakly closed algebra generated by elementary tensors and ®

denotes the subspace lattice generated by elementary tensors.

Proof. Statement 6.1 follows from Corollary 4 and Theorem 3 in [11]. Statement

6.2 follows from Statement 6.1 and Theorem 1.1. in [5]. Statement 6.3 follows from

Corollary 4 and Theorem 2.2 in [7].

Remark. The remark near the end of Arveson's paper [3] that Alg if + Jf" is

norm-closed for if as in Corollary 5 is not stated completely correctly. This result

was known to Arveson only for the case if = if (2, m) where m is Haar measure on

G.
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