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POLYNOMIALS WITH NO SMALL PRIME VALUES

KEVIN S. McCURLEY

Abstract. Let /(x) be a polynomial with integer coefficients, and let

D(/)-gx.d.{/.(*):*eZ}.

It was conjectured by Bouniakowsky in 1857 that if f(x) is nonconstant and

irreducible over Z, theii \f(x)\/D(f) is prime for infinitely many integers x. It is

shown that there exist irreducible polynomials f(x) with D(f) = 1 such that the

smallest integer x for which \f(x)\ is prime is large as a function of the degree of /

and the size of the coefficients of /.

Let f(x) be a polynomial with integer coefficients, and let £>(/) be the largest

integer D such that D divides \f{x)\ for all integers x. It was conjectured by

Bouniakowsky [B] in 1857 that if f(x) is nonconstant and irreducible over the

rationals, then \f(x)\/D(f) is prime for infinitely many integers x. This conjecture

is only known to be true in the case where f(x) is of degree one, when Bouniakow-

sky's conjecture is equivalent to the well-known theorem of Dirichlet on primes in

arithmetic progressions.

If Bouniakowsky's conjecture is true, then it seems natural to ask the question:

How large is the smallest integer x for which \f(x)\/D(f) is prime? In the case

where f(x) is of degree one, an answer to this question is provided by a result of

Linnik, that if (a,q) = 1, then the least prime congruent to a modulo q does not

exceed qc>. (In this note we use cx,c2,... to denote positive absolute constants.) On

the other hand, it was proved by Prachar [P] that there exist positive integers a and

q with a < q and {a, q) = 1 such that a + qx is composite for all integers x with

0 < x < c2log<7log2<7-—-,

where logkq is the /c-fold iterated natural logarithm. In a previous paper by the

author [M] a result was proved for polynomials of higher degree that is analogous to

the result of Prachar. The purpose of the present note is to prove a stronger result of

this type.

In order to provide a means to measure the size of the least x for which

\f(x)\/D(f) is prime, we define the length L(f) of a polynomial as follows.

Definition. If f{x) = Y."k=0akxk with ak e Z, then L(f) = ££_0llaJI» where

||aA.|| is the number of digits in the binary expansion of ak, with ||0|| = 1.
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This definition is motivated by computer science concerns (see [M]), but the result

of this paper could be as easily formulated in terms of some other measure of the

size of/, e.g. L*(/) = log(£2=X).

In [M] it was proved that there exist irreducible polynomials f(x) of arbitrarily

large degree with D(f) = 1 such that |/(x)| is composite for all integers x with

, /      /     log¿(/) \\

It was conjectured by Adleman and Odlyzko [AO] that if / is irreducible, then the

least x for which \f{x)\/D(f) is prime is <s; exp(L(/)'"). The following result

shows that this conjecture is essentially best possible, since we must have c4 > 1/2.

Theorem. There exist irreducible polynomials f(x) of arbitrary degree with D(f) = 1

such that \f(x)\ is composite for all integers x with

M <exp(cs,/L(/)/log!(/)).

The proof of this result is constructive and extremely simple, relying only on the

Prime Number Theorem.

The principle behind the proof of this result is to choose f(x) in such a way that

the congruence f(x) = 0 (mod p) has p — 1 solutions modulo p for all odd primes

/>with/> — 1<«= degree of /. This forces the values of x for which |/(x)| is

prime to belong to an arithmetic progression with modulus n3 «¡ p ̂  „+± p.

Let P\ < Pi< • • ■ < pm be the first m odd primes, where m is large. The

following polynomials will be demonstrated to satisfy the claim made in the theorem

of this note:

m-\ Pk~l Pm-1

f{x) - lpx ••• pm +  E  2pk+i ■ ■ ■ Pm II (x + li) +  El (x + 2i).
k=\ '=1 '=1

Note that f(x) = T."k=0akxk, where an = 1,n — pm — 1, and ak = 0 (mod2),

0 < k < n. Furthermore we have a0 = 2 (mod4), so that f(x) is irreducible by

Eisenstein's Criterion.

Since /(-2) = 2pY ■ ■ ■ pm and /(l) is odd, it follows that D(f) divides pY ■ ■ ■ pm.

Note that if 1 < k < m, then

Pk~l

f(x) = bk J! (x + 2i)    (modpk)
; = 1

for some integer bk with bk # 0 (mod pk). Hence f(x) = 0 (mod^^) if and only if

x # 0 (mod pk). From this it follows that D(f) = 1. Furthermore, if x is an integer

with 0 < |x| < pY • • ■ pm-i, then at least two of the primes p1,...,pm do not divide

x, and it follows that \f(x)\ is composite. Since /(0) is composite, we have

established the fact that if |/(x)| is prime, then \x\ ^ px ■ ■ ■ pm_v

We now estimate L(f). Note that

0 < a, < /(l) < pj + m2"-pj < pm2'~pj.
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It follows from this and Stirling's formula that

L{f) < Pm\\f^)\\< CsPjogpJ <c6pl log pm.

It now suffices to observe that from the Prime Number Theorem we obtain

log(/>i • • • />„,_!) > clPm > c^L(f)/logL(f) .

Observe that the polynomial f{x) given here has degree pm — 1, but in fact there

exist polynomials of every degree that satisfy Theorem 1. (If degree n is desired and

pm < n < pm+i — 1, then it suffices to replace (x + 2) by (x + 2)"~Pm + 2 in the

definition of f{x).) This improves the result of [M], where the degree n had to be

chosen from a very thin set.
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