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A WIENER INVERSION-TYPE THEOREM

JAMES R. HOLUB

ABSTRACT. Let W{D) = {/(*) = £~=oa»*Bl ll/lll = ££=o K\ < +oo},
f(z) a function in W{D) for which /(0) = 1, and Mf the operator of mul-

tiplication by f{z) on W{D). It is shown that if k and m are integers for

which 0 < m < fc — 1 and X™ is the closed subspace of W{D) spanned

by {znk+,\n = 0,1,...;t = 0,1,...,m}, then M¡ is bounded below on

Xj?1 <&■ f{z) does not have k — m distinct zeros in any set of the form

{mlzo\0 < i < fe— 1; |zn| = 1}, where w is a primitive kth root of unity.

1. Let W{D) denote the Wiener disc algebra consisting of those analytic func-

tions f{z) = Y^n°=o anzH f°r which ll/lli = X^o \an\ < +00- The classical Wiener

inversion theorem states that if f{6) = Y^=_0O anCind, where Y^n°=-oo la"l < +°°>

then l//(fl) = E~=-ooMinfl with E"=-co l*»l < +oo «> /(«) ^ 0 for all 6 [3,
p. 196]. A simple corollary is that if f{z) G W{D) then multiplication by f{z) on
W{D) is an operator Mf which is bounded below & f{z) -fi 0 for all \z\ = 1. Con-

sequently, a sequence in W{D) of the form {znf{z)}^=0 is a basic sequence which

is equivalent to the basis {zn}^=0 for W(D) & f{z) ¿ 0 for all |z| = 1 [1].

In [2] a result of considerably greater generality was proved. In the context of

multiplication operators this result says that if f{z) G W{D) and k is an integer

> 1 then the operator Mf of multiplication by f{z) is bounded below on the closed

subspace [znk}^L0 ofW{D) <* f{z) has no set of k zeros of the form {w%zrj}k~1,

where \zq\ = 1 and w is a primitive kth root of unity.

The purpose of this paper is not only to prove a still more general inversion

theorem of this type, but to unify the results of [1 and 2] mentioned above by

fitting them into a context in which they occur as the natural extreme cases of a

general theory relating invertibility of Mf to the number of "cyclic zeros" of f{z)

on the circle \z\ — 1. As a corollary we derive a characterization of certain cyclically

shifted sequences in W{D) which are basic and equivalent to the basis {zn}£L0!

thereby completing work begun in [1 and 2].

2. Throughout the paper f{z) will denote a function in W{D) for which /(0) =

1, k will be a fixed integer > 1, and w a primitive kth. root of unity.

If m is an integer for which 0 < m < fc - 1 let X™ denote the closed subspace of

W{D) spanned by the sequence {znk+l| n = 0,1,2,...; i = 0,1,..., m}. Then for

any fc > 1, Xo. = [znk}%>=0, X*'1 = W{D), and {XHÎTio is an increasing tower of

subspaces of W{D) between these two "endpoints". Viewed from this perspective

the following theorem simultaneously generalizes and unifies the results of [1 and
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2] by describing the invertibility of M¡ on the spaces X™ in terms of the number of

zeros of f{z) lying in sets of the form {wkzo)l¡Zo on the unit circle. Of particular

interest is the way in which this dependence is a monotonie function of m.

THEOREM. The operator Mf is bounded below on X™ o f{z) does not have

k — m distinct zeros in any set of the form {wlzo\ 0 < i < k — 1, |zo| = !}•

PROOF. Suppose Mf is not bounded below on X™. Then there is a sequence

{9j{z)}?=i hi XI71 for which Wg^ = 1 for all j, but for which \\f{z)gj{z)\\1 -> 0.
By definition of the space X™ each Çj(z) can be written in the form gj{z) =

zZT=o zihij) (*)> where h[j) {z) G [3nfc]£L0 for all i and j, and for which ¿ZT=o, Wh\j) h

= llalli = 1 for all j. Since h\3\z) G [znk]%L0, we have h{f){wpz) = h¡j)(z) for

all integers p, while from the condition YliLo Vh 111 -lwe may assume (taking

a subsequence of {gj} if necessary) that maxo<¿<minfj■ ||/i¿ ||i > 0. Therefore,

setting f{z) ■ gj{z) — qj{z) for all j and using the observations above together with

the assumption that q3■ —> 0 as j —> oo we have that

U{wlz)) [J2wllzihif){z) I = qf{wlz) i 0    for all i = 0,1,2,. , m.

<i=0

Hence

n/(»**)
Ki=0

w

w

w
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w

w
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T\i¿of(wiz) ■ °j(Z)
Y\i^iî{wiz)-Qj{wz)

nwíi***) • Qj(wmz)

Now since 1, w, w2,..., wm are distinct, the matrix

h(oJ\z)

zh[3\z)

zmh(Á\z)

1

w

w m

1

W

w

has a nonzero (Vandermonde) determinant, and hence is invertible. It follows that

¡}/(«*«)
Ki=0

0

,(J)

h0J,{z)

zh\J,{z)

hkC{z)

U),and hence that the sequence {{YYiLo f (wiz)) ' (Ki   (z))}]=i converges to zero in

W{D) for each/ = 0,1,...,m.
In exactly the same way, if a is any subset of {0,1,2,..., fc — 1} with car-

dinality m + 1 then since {wl}ie<7 is again a set of distinct numbers, we have

{X\i&af{wiz)){h\j){z)) 4 0 in W{D) for each I = 0,1,...,m, where, for some /,
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infj ||/ij ||i > 0 according to our earlier remarks. Thus {]]ie(r f{wlz)\ card a —

m + 1} has a common zero zo on the unit circle. For, if A — {f(0)\f{6) =

\Zñ=-oo*ne-ine, with 11/11 = £"=-ookl < +oo}, then we can identify W{D)

with the subspace of A consisting of all such f{6) with an = 0 for n < 0. The proper

maximal ideals in A are sets of the form {f{6)\ /(#o) = 0} for some 6q €E [0, 2tt] [3,

p. 195], so if {Ilieo- f{wlz)\ca.rdo = m + 1} did not have a common zero on the

unit circle it would follow that the corresponding maximal ideal in A generated by

this set must be all of A. Consequently, there would exist functions {ra{6)} in A

for which 1 = J2„ ro-(#)(rifceo- f(wkel9))i and hence for which

fc(i)(e«) = TjTrM II /(^>FV)
o- fcec

for all / and /. But by the remarks above this is impossible since the latter sum

converges to zero in A as j —* oo, yet iaij \\h\f \\i > 0. Hence we conclude there

must be a number zo with |zo| = 1 for which Y\iea f{wlzo) = 0 for all subsets a of

{0,1,..., fc — 1} of cardinality m + 1. But then f{wlzo) # 0 for at most m values

of i, where 0 < i < k — 1, so f{wlzo) = 0 for at least fc — m such values of i, and

we see that f{z) has fc — m zeros in the set {wlzo}i=o-

On the other hand, suppose that f{wlzo) = 0 for some |zo| = 1 and for all

i in a subset oq of {0,1,..., k — 1} of cardinality k — m. In particular, suppose

f(z) = riigo-0(l _ z/wlzo) (the general case reduces easily to this one, as we show

later). Letting a'0 — {0,1,..., fc — 1} \ ctq we have the cardinality of a'0 — m, while

n,-P„/ (1 - z/wlzo)

i//(*) -    ;  Jk
1 - ZK ¡Zq n

¿6o-'

1
W1Zq

ynk

/ '  ^nk
U=o zo

3=0

where

(i) |6j| = |6nfc+jl for all j and all n (since |zo| = 1); and
(ii) bj = 0 for j £ {nk + i\n = 0,1,...; i = 0,1,...,m} (since the degree of

lltGo-' (1 — z/wlzo) is equal to m).

By (ii), for any r > 0 the polynomial Ylj=o bjZ* £ X™, while from (i) it follows

that for any e > 0 there is a constant c and an integer r for which || Y^=o c^jz3 II i = 1

and sup0<J<7. |c6j | < e. Since f{z) is a polynomial of degree fc — m and 1/'f{z) —

£°10 bjZ3, for any r the function /(z) • J2j=o bjZ3 is equal to 1 + zr+1qr{z), where

qr(z) is some polynomial of degree fc — m — 1 whose coefficients (for any r) are

bounded by L — sup^ |bjHI/(2)Ni < +°°- Hence, by the above, for any e > 0 we can

pick |c| < £ and some r so that || X)J=oc&j2;','IIi = L but for which sup^ |c| \bj\ < e,

and hence for which

(/(*))£<*; <\c\\\l + zr+1qr{z

< c l + (fc-m) sup |6,|||/(z)||i

< |c| + (k - m) • e ■ 11/(2)11! < £[1 + (fc - nOII/COW.
That is, Mf is not bounded below on X™.
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For the general case, suppose f{z) is an arbitrary function in W{D) for which

f{wlzo) = 0 for some \zq\ = 1 and for all i G co> a subset of {0,1,..., fc - 1} with

cardinality fc — m. Since the polynomials are dense in W{D) and the subspace

X = {g{z) G W{D)\ g{wlzo) — 0, i G oq) is of finite codimension in W{D), the

polynomials in X are also dense in X. It follows that f{z) can be approximated as

closely as desired by a polynomial of the form q{z) = pCo{z)r{z), where pao{z) —

n¿eo-(i — z/wlzo) (and r{z) is some other polynomial). Hence if Mf were bounded

below on X]? it would follow that Mq would also be bounded below on X™ for

some such q{z), an impossibility since we just showed that MPa is not bounded

below on X™. Thus if f{z) has fc-m zeros in the set {wlzo| 0 < i < fc — 1, |zo| — 1}

then M¡ cannot be bounded below on X%*, and the proof is complete.

From this theorem we get the following result which incorporates those of [1 and

2] into a unified description of cyclically shifted basic sequences in W{D).

COROLLARY. If f{z) G W{D) with /(0) = 1, fc ¿5 an integer, and m is an integer
for which 0 < m < fc — 1, then a sequence in W{D) of the form {zkn+lf{z)\ n =

0,1,... ; i = 0,1,..., m} is a basic sequence equivalent to the basis {zn}n<L0 for

W{D) ■$* f{z) does not have k — m distinct zeros in any set of the form {w1zq\ 0 <

z < fc - 1, |zo| = 1}-
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