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CONVEXITY AND BANACH ENVELOPE
OF THE WEAK-L, SPACES

MIGUEL A. ARINO

ABSTRACT. The Banach envelope and a representation of the topological dual
of the weak-lp sequence spaces which involves the Lorentz sequence spaces are
computed. The local convexity of weak-Ly spaces is studied also.

w-L,, spaces are function spaces which are closely related to L, spaces. They
were introduced in analysis when it was observed that several important operators
such as the Hardy-Littlewood maximal function and the Hilbert transform map L,
into L, for p > 1 but they do not map L; into L; and rather satisfy the weak
condition:

il

p{z: (Tf)(z) >y} <C ”

The space weak-L, (w-Lp) on a measure space (X, X, u) consists of the measur-
able function f such that

171l = sup(e®u{z: [£(2)] > a})/? < oo,

w-L, space and its topological dual—avoiding the case when the measure is
atomic—have been studied by several authors (see Cwikel, Sagher, and Hunt [1,
2, 5, 7]). The Banach envelope and the topological dual of w-L; are unknown
(although the envelope norm is known), but their properties were studied by Cwikel
and Fefferman, and Kupka and Peck (see [3, 4, 9]).

Our purpose in this paper is to study the Banach envelope and the topological
dual of w-L, when the measure is atomic. Surprisingly, the topological dual turns
out to be a classical Lorentz sequence space (see [10]); we also show that the Banach
envelope is a known space studied by Garling [6].

For 0 < p < oo the weak-I,, sequence space is

w-lg = {x = (zn)oy: liyrlnnl/”z;; = 0}

quasi-normed by ||z|| = sup, n!/Pz%, where (%), is a nonincreasing rearrange-
ment of (|z,])32;.

If v = (vn)32, is a sequence of real numbers in ¢g \ [} with 1 =v; > v > --- >
vp > -+ 20, d(v,1) denotes the Lorentz space of all sequences a = (a,)5%, of real

numbers such that
oo
lallv,1 =sup D |axm)lvn < oo,
" n=1
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where the supremum is taken in the set of permutations of the integers and it is
attained when (a(n))o2; = (ay)52; (see [10]).

If X is a quasi-Banach space whose dual X* separates the points of X, then X*
is a Banach space under the norm

lz*]|* = sup |z*(z)].
llzll<1

The closure of X in (X**,| ||**) is a Banach space called the Banach envelope of
X. X can be identified with its Banach envelope if and only if X is locally convex.

With these preliminaries we can study the w—lg spaces.

1. LEMMA. The unit standard vectors e, = (6;n){2, are a basis ofw-lg.

PROOF. Let z = (z,)3%; be in w-I9. We can suppose z is nonincreasing and
zn > 0. We only need observe that

n
T — E T;€;
=1

and thus lim, ||z — Y7 zie| =0. O
Easy computations show

= sup kP gn i = sup(n + k) Pz,

2. LEMMA. [, C w-lg C lg for every 0 < p < q < 00, and the inclusion maps
are continuous.

Now we need to point out that every expreme point of the closed unit ball of an
n-dimensional w-lg space is a finite sequence a = (a;)7_; such that

() = (1,277, .. ,n7/P).
Let y™ = (1,271/7,...,n~1/?,0,0,...). We denote by
I, ={z = (2K)52;: (25)pz; =¥", 2k 20, and 2 =0 if k > n}.

3. THEOREM. The topological dual of w-lg can be identified with the Lorentz
sequence space d(v,1) with v = (v,)3,, vy =n"1/P,

PROOF. If 0 < p < 1, then d(v,1) is isomorphic to [, and Lemma 2 ensures
that o is the topological dual of w-I9. If 1 < p < oo, let f € (w-I9)*, and put
b= (f(e:))2,, where (e;)$2, is the unit basis. For every injection 7 from {1,...,n}
into N, the vector Y i Fen(;)/1}/? has norm one in w-I9 and so

n
supZi‘l/pb,,(i) <|flI* and bed(v,1).
™1
Conversely, if b = (b,)32; belongs to d(v, 1), we can define a linear functional f on
the linear span of the sequence (e;)$2, such that f(e;) = b; for every <. We denote
by [ei]”, the linear span of {e;,...,en}. On every subspace [e;]"; f attains its
norm at an extreme point of the closed ball, and so we can write

n

Eiln(i

supsup sup  |f(a)| =supsup sup f () 1'17;1(:)

n T a€lennli, n w g=x%l1 i-1 1
llall<1

[o, o]
=3 imPb: = |[bllo.s
=1

and f admits a continuous linear extension to w-I9 with norm < |[bl,,;. O
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The following result is a description of the Banach envelope of w-lgz

4. PROPOSITION. (a) If0<p <1, ! s the Banach envelope ofw—lg.
(b) If1 < p < 00, the Banach envelope of w-lg can be identified with the sequence
space Gp of all sequences T = (zy)5%, such that

n *
D
lim 2= =
7 )
n Zi=11, /p
normed by n
*
i1 3

llzll = Sup W’

and thus if 1 < p < oo, w-lg can be identified with Gp.

PROOF. (a) is direct from Lemma 2.

In order to prove (b) since (e,)32, is a basis of w-I9, its Banach envelope is the
closed linear span of (e, )52, in the second dual of w-lg. This closed linear span was
computed by Garling [6, Theorems 11, 12] concluding the proof of the theorem. O

The galb G(X) of a quasi-Banach space (see [8]) is the space of all sequences
(an); such that if z, € X and ||z,|| < 1, then (3°;_, akzk) is bounded. X is
said to be galbed by a space of sequences E if E C G(X).

A quasi-Banach space is p-convex (0 < p < 1) if it is galbed by [,. This is
equivalent to the existence of a constant A such that

lz1+ -+ 2nl < A(|Z2]P + - - + [|z0||P) /P

for zy,...,2, € X. And it is said to be log-convex if it is galbed by the Orlicz
sequence space l, with o(t) = t(1 +log™ 1/t). This is equivalent to the existence
of a constant A such that

n n_ Z.
||:1;l + "‘+-’En" <A I:Z "%" (1 +10g+ E]i;:llll ]")l
1

1=1

for z;,...,2, € X.

The next theorem summarizes the convexity properties of w-L,. The statement
(a) is well known, (b) was partially proved by Kalton in [8], and (c) is new, and its
proof is inspired by the proof of (b). We will suppose that the functions are defined
on (0,+00) and p is the Lebesgue measure:

5. THEOREM. (a) w-Ly s locally convez if and only if p > 1.
(b) w-Ly, is log-convez if and only if p > 1.
() If0<p <1, w-Ly is g-convez if and only if p > q.

PROOF. (b) Since w-L; is log-convex [8], we only need to prove that for0 < p < 1
w-L, is not log-convex. Fix n and let

fr=1""Px00 + 27 Px g+ + 17X (1)
fr=n"Px 0+ 17 Px(1 2+ + (= )TV PX (o

Fa =27 YPx 00 + 3 Px(a g+ + 17 PX (a1 )
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If1<i<n,|fil=1and | X5, fi ||= n*/P(Xr, i~1/?). Since

“ D]
n il (1 tog* (oo 1A/

= sup nl/P Yy P
n n(l+logn)

Zw,

w-L, is not log-convex.

(¢) In order to prove that w-L, is p-convex, let f1,..., f» € w-L, with || f1||? +
o+ || fallP=1,and f = fi+ -+ fn. Let 2 >0and A= {¢:|f(t)| > z}. Let
u(A)=r1. For1 <i<nlet E; = {t: |fi(t)| > (2/7)}/P}. Then u(E;) < (v/2)||fill?,
and thus, if E = E1U- - -UE,, then u(E) < 7/2. Following the same steps as Kalton
[8, Theorem 3.4],

: 2 ¢
SUCEEY [, e

<2y [ min (Ifi(t)l, (3)/) a

(by [11, Lemma 3.17, p. 201])

. 2\
<23 [ min (llfz'““"l/p’ () ) "
n c 1/p T
=§Z(/o (2) " s | Ilffllu_l/pd") (vith o= g51°)
=1 ¢
g ™ 9\ ~1+1/p If:llrt=2P (r/2) 22| £
=_§[(-) e S Y R ey
r—1/p91/p
T

Hence z(u(A))'/? < infiea|f(t)|r}/P < 2V/P/(1 — p) and ||fy + -+ + ful <
21/7/(1—p); thus w-L,, is p-convex. The converse can be proved using the technique
of (b). O

REMARK. This theorem is also valid when the measure is atomic because a
sequence = = (Zn)n can be regarded as a function f on (0, 00),

)
f= E InX(n-1,n)>

n=1

and the norm of z in w-I is the same as the norm of f in w-L,.

We shall remark also that in [7, §2] it is proved that w-L,, is r-normed for r < p
when 0 < p < 1 and the measure is not atomic.
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