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ABSTRACT. For a (metric) continuum Z, let 2Z (resp., C(Z)) denote the

space of all nonempty compacta (resp., continua) in Z with the HausdorfT

metric. We prove: (1) If / is a monotone map of a continuum X onto a Peano

continuum Y, then, for any maps g: 2X —> 2Y and h: C(X) —► C(V), there is

A 6 2X and B € C(X) such that f(A) = g(A) and /(B) = h{B). We use (1)
to prove: (2) If X is an inverse limit of dendrites with quasi-monotone bonding

maps, then 2X and C(X) have the fixed point property. Thus, we have a proof

that for certain indecomposable continua X, 2X has the fixed point property.

1. Introduction. A continuum is a nonempty compact connected metric space.

The hyperspaces of a continuum X are 2X — {A C X: A is nonempty and compact}

and C(X) — {A E 2X : A is connected} with the Hausdorff metric [11]. A mop is a

continuous function. A map / : X —» Y is universal [6] provided that for any map

g: X —► Y there is a point p E X such that f(p) = g(p).

It is of interest to know conditions under which a map is universal and to have

nontrivial examples of universal maps (e.g., see [4-7 and 12]). Applications of such

results are in fixed point theory and the structure of continua. For example: In

2.11 of [12] we showed that a certain induced map is universal; then we obtained

Segal's fixed point theorem (Theorem 3 of [15]) and Read's theorem about maps

onto arc-like continua (Theorem 4 of [14]) as immediate corollaries. We remark that

universal maps are used in a disguised form in dimension theory—the Alexander-

Hopf maps onto n-cells are precisely the universal maps onto n-cells (1.3 of [12]).

Thus, universal maps may be viewed as a generalization to arbitrary range spaces

of Alexander-Hopf maps.

If X and Y are continua and /: X —> Y is a map, then there are two induced

maps, /* : 2X ~* 2Y and /: C(X) -» C(Y), defined by f*(A) = {f(a) : a E A) for

a\\AE2x and f = f*\C(X).

In this paper we show that /* and / are universal when / is any monotone

map from a continuum onto a Peano continuum (2.3), and we use this result to

show that 2X and C(X) have the fixed point property for certain continua X (see

§3). One of the consequences of our work is that for the first time the fixed point

property has been verified for 2X when X is some indecomposable continuum (3.5).

We also mention that the result in (2.3) and [3] can be used to construct interesting
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examples of universal maps onto Hubert cubes. Such examples have been lacking

in the past.

We assume that the reader is familiar with the concepts which are intrinsic

to continua theory and hyperspaces. We will provide references at appropriate

places in the paper. Nonetheless, we recall the following few definitions. A map

is monotone provided that each point-inverse is connected [16, p. 70]. A CE-map

is a map such that each point-inverse has trivial shape in the sense of Borsuk [2].

A Peano continuum is a locally connected continuum. If / : X —► Y is a map and

A C X, then f\A denotes the restriction of / to A.

2. Induced universal maps. The main result in this section, (2.3), is proved

using the following two lemmas, the first of which is related to Theorem 1.1 of [10].

(2.1) LEMMA. For any two continua X and Y and a mapping f : X —* Y, the

following three statements are equivalent:

(1) f is a monotone map from X onto Y\

(2) f* is a CE-map from 2X onto 2Y,

(3) / is a CE-map from C(X) onto C(Y).

PROOF. We first prove that (1) implies (2). Assume that (1) holds. Let B E2Y.

Let A = (f*)~x(B). We must show that A has trivial shape. We first show that

A is a continuum. Let L = f~x(B). Since / maps X onto Y, f(L) = B; thus,

f*(L) = B. Hence, L E A. Thus, A ^ 0. Since /* is continuous, A is compact.

Now, to see that A is connected, let A € A and assume that A / L. We show that

there is an arc in A from A to L. Since A E A, f(A) = B. Hence, by the definition

ofL,
(a) A c L.

Let Li be a component of L. Then /(Li) is contained in a component Bi of B.

Note that Li C f~x(Bi) C L and that, since / is monotone, f~x(Bx) is connected.

Thus, since Li is a component of L, ¿j = f~x(Bi). Therefore, since f(A) = B,

A D Li 9¿ 0. Hence, we have proved that

(b) each component of L intersects A.

By (a), (b), and 1.8 of [11, p. 59] there is an order arc T in 2X from A to L.

Since f(A) = B = f(L) and since, for all G E T, A C G C L, it follows easily that
T C A. Thus, it follows that we have proved A is (arcwise) connected. Therefore,

A is a continuum. Hence, by 1.182 of [11, p. 180], C7(A) has trivial shape. For each

a E C(A), let o(a) = [Ja. By 1.48 of [11, p. 100], cr is continuous on C(A). It is

easy to see the o maps C(A) to A and that for all E E A, o({E}) = E. Hence, cr is

an r-map [1, p. 18] from C7(A) onto A. Therefore, since having trivial shape is an a

invariant under r-maps [2, p. 103], A has trivial shape. Thus, we have proved that

(1) implies (2).

The proof that (1) implies (3) is similar to the proof that (1) implies (2).

However, there are some modifications which are worth noting. Let B E C(Y),

A = f~x(B), L = f~x(B), and A E A such that A ¿ L. Since A C C(X), the
monotoneness of / must be invoked to see that L E A. As above, (a) holds. Since

L is connected, (b) follows immediately from (a). Hence, again the order arc T in

2X from A to L exists; however, to see that F C A, we must use 1.11 of [11, p. 64]

to know that T C C(X). It then follows as above that A is a continuum. Define cr

on C(A) as above. To see that a maps C(A) to A we must use 1.43 of [11, p. 97] in
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order to know that cr(a) E C(X) for all a E C(A). It then follows as above that a

is an r-map from C(A) onto A and, thus, that / is a CE-map.

Next we prove that (2) implies (1). Assume that (2) holds. Let y EY. Since /*

is a CE-map, /* is monotone. Hence, (f*)~x({y}) is connected. Thus, since

(r)-1({»})-2/-1wl

2/ (y) is connected. Hence, f~x(y) is connected. Therefore, / is monotone. Since

/* maps 2X onto 2Y, / must map X onto Y. This completes the proof that (2)

implies (1).

Finally, the proof that (3) implies (1) is similar to the proof that (2) implies (1)

using /-1 ({»}) = C(f~x(y)).

(2.2) LEMMA. Let f be a monotone map from a continuum X onto a con-

tinuum Y. Then there are Peano continua Xi and Yi, i = 1,2,..., and a map

F: Xi -> Yi such that X, D Xl+Ï and Yi D Yi+i for each i, f|~ x Xt = X, fj~ , Yt
— Y, F\Xi is a monotone map of Xi onto Yi for each i, and F\X = f.

PROOF. For each n = 1,2,..., let /„ = [0,1]. Let Q = TT^Li In with the
cartesian product metric d given by

CO

d((«„)~=1, K)~ J = J2 2">« - v"\
n = l

for all (un)%Li, (vn)^=1 E Q. Consider X and Y as lying in Q such that for all

(zn)%LiEXL)Y,zn=0 for all n = 2,4,6,... [9, p. 23]. For any u = (u„)£Li and

V = (vn)?t=i in X U Y, and for any j = 1,2,..., we define (u, v; j) as follows: If

u^v, then (u, v;j) is the arc in Q from u to v defined by

(u,v;j) = {(qn)™=1EQ: for some t E [0,1],

qn — (1 — t)un + tvn for all n / 2j and q2j = t — i2}

and, if u = v, then

(u,v;j) = {it}.

Let C denote the Cantor middle-thirds set in [0,1], and let (aj,bj), j = 1,2,...,

be a one-to-one enumeration of the components of [0,1] — C. Let g be a map of C

onto X [9, p. 23]. Then, for each i = 1,2,..., let

Xl=Xul\J(g(aJ),g(b3);j)\,

and

Yi = Yul\J(f(g(aj))J(g(bj));j) J.

Next we define F : Xi —> Fj. For each j = 1,2,..., define a map F3 on (g(a3), g(bj);

j) as follows. If f(g(a})) ^ f(g(bj)), then let Fj be a homeomorphism of the arc

(g(aj),g(bj);j) onto the arc (f(g(aj)),f(g(bj));j) such that Fj agrees with / at the
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two points g(aj) and g(bj). If f(g(a3)) = f(g(bj)), then let F¿ map (g(aj),g(b3);j)

onto the one-point set (f(g(aj)),f(g(bj));j). Now define F: Xi —► Yi by

F(p)f/(P),    ifpex,
I Fjip),   ifpe (g(aj),9(bj);j).

We note that he arcs joined to X to obtain Xi only intersect X in their endpoints,

are mutualy disjoint except possibly for endpoints, and form a null sequence with

respect to the metric d. The same is true of the arcs joined to Y to obtain Y\.

Using these observations it follows that F is a function and is continuous. It also

follows that g can be extended to a map G of [0,1] onto Xi such that for each i > 1,

G maps [0,1] — Ui = i(aji uj) ont° X%- Hence, each Xi is a Peano continuum. Thus,

since F(Xi) = Yi, each Y¿ is a Peano continuum. The monotonicity of F\Xi for

each i follows using the monotonicity of / and the observations made above about

the arcs added to Y (also note that any two different arcs in X, go to different arcs

in Yi under F\Xi). The other properties claimed in the lemma are clearly sataisfied

by the construction.

Now we prove the following main theorem.

(2.3) THEOREM. /// is a monotone map from a continuum X onto a Peano

continuum Y, then f*:2x—> 2Y and f: C(X) —* C(Y) are universal.

PROOF. We prove the theorem for /, the proof for /* being similar. Let g he

any map from C(X) into C(Y). Let Xt,Y{, and F be as in (2.2). By 1.96 of [11,

p. 136], g can be extended to a mapping G: C(XX) -> C(Y). Fix i. By (2.2), Xi

and Yi are Peano continua and F\Xi = F, is a monotone map of Xi onto Y¿. Hence,

by 1.96 of [11, p. 136], C(Xi) and C(F¿) are absolute retracts and, by (2.1), F¿ is

a CE-map from C(X¿) onto C(Y%). Thus, by 3.10 of [12, p. 233], F¿ is universal.

Therefore, since G\C(Xi) maps C(XZ) into C(Yi), there exists Ai E C(Xi) such

that Fi(Ai) = G(Ai). Note that since X¿ c Xu Ai E C(Xi) and F(AZ) = G(AZ).
We have shown that such an Ai exists for each i = 1,2,_ Now, since C(Xi) is

compact [11, p. 7], the sequence {Ai}^.1 has a convergent subsequence {Ai^}kxL1.

Let A = limfc_00 A^ky Then, since F(Ai(k}) = G(A^k)) for each k, it follows from

the continuity of F and G that F (A) = G (A). Since A^k) E C(X,-(fc)) for each k

and since C\™=i Xi(k) = X (by (2.2)), we see that A E C(X). Hence, G (A) = g(A)

and, since F\X = f (by (2.2)), F (A) = f(A). Therefore, f(A) = g(A) and we have

proved / is universal.

(2.4) COROLLARY. /// is a monotone map from a continuum X onto a Peano

continuum Y and g is any map from X into Y, there is a subcontinuum A of X

such that f(A) = g(A).

REMARKS. 1. The condition in (2.3) that Y be a Peano continuum is necessary.

In particular, since all continua with trivial shape are nested intersections of ARs

(2.1 of [8]), it may appear from the nature of the constructions in the proofs of

(2.2) and (2.3) that (2.3) is true for all continua Y with trivial shape. However,

this is false even when / is a universal homeomorphism. To see this, let / be the

identity map on the continuum Y in [13] and apply the Theorem in [13, p. 256] to

/ = idy on C(Y).
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2. The condition in (2.3) that / be monotone cannot be weakened to require only

that / be nonalternating even when X and Y are one-dimensional Peano continua.

For example, let / be the natural map of the unit circle Sx onto a figure eight E

which identifies the points (0,1) and (0, —1). Then / is nonalternating [16, p. 127]

but, since / does not map C(SX) onto C(E), f is not universal. It would be of

interest to know if (2.3) remains valid for quasi-monotone maps [16, p. 151]. By

using Proposition 5 of [6] and (3.2) below it can be seen easily that (2.3) remains

true for quasi-monotone maps of Peano continua onto dendrites.

3. Some hyperspaces with the fixed point property. It is of interest to

know when 2X and C(X) have the fixed point property (see Chapter VII of [11]).

We use (2.3) to prove the general result in (3.1), and then we give some specific

consequences of this result.

The notation X — lim{X¿, /,} means X is an inverse limit of continua Xi with

bonding maps /¿ : Xi+i —* Xi for each i = 1,2,_For any j and k with j < k, we

let fjk denote the composition fj o • • • o fk-i o fk if j < k and, if j = k, fjj = fj.

(3.1) PROPOSITION. Let X — lim{X¿, /¿} where Xi is a Peano continuum for

each i = 1,2,.... Assume that for each i there is a subcontinuum Y,+i of Xi+i

such that /,|Y,+i maps Yl+i monotonely onto Xi. Then, 2X and C(X) have the

fixed point property.

PROOF. We prove the theorem for 2X, the proof for C(X) being similar. It

follows easily that for each j < k there is a subcontinuum Zk+i of Xk+i such that

fjk\Zk+i maps Zk+i monotonely onto Xj. By (2.3), each (fjk\Zk+i)* : 2Zh+l —►

2X> is universal. Thus, since each (fjk\Zk+i)* = f*k\2Zk+l, each f*k\2z"+' : 2Zk+1

—► 2X> is universal. Hence, clearly (Proposition 5 of [6]), each f%: 2Xlc+1 —* 2X>

is universal. Thus, since each 2Xi is an AR (1.96 of [11, p. 136]), Yim{2Xi,f*} has

the fixed point property (Corollary 1 of [6, p. 437]). Therefore, by 1.169 of [11,

p. 171], 2X has the fixed point property.

Recall that a map / from X onto Y is quasi-monotone provided that for any

continuum K in Y with nonempty interior, f~x(K) has only a finite number of

components and each of these maps onto K under / [16, p. 151]. A dendrite is a

Peano continuum containing no simple closed curve [16, p. 88].

(3.2) LEMMA. ///: X —► D is a quasi-monotone map from a Peano con-

tinuum X onto a dendrite D, then there is a subcontinuum Z of X such that

f\Z: Z —» D maps Z monotonely onto D.

PROOF. By 8.4 of [16, p. 153], there is a monotone map m from X onto a

continuum M and a light open map / from M onto D such that f — lorn. By 2.4

of [16, p. 188] there is a dendrite E in M such that l\E is a homeomorphism of E

onto D. Taking Z — m~x(E), it follows easily that f\Z maps Z monotonely onto

D.

(3.3) THEOREM. If X — lim{L>¿,/¿}, where Di is a dendrite and fi is a quasi-

monotone map of Di+i onto Di for each i — 1,2,..., then 2X and C(X) have the

fixed point property.

PROOF. Use (3.2) to apply (3.1).
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(3.4) COROLLARY.   If X = lim{D¿,/¿}, where Di is a dendrite and fi is an

open map of -D¿+i onto Di for each i = 1,2,..., then 2X and C(X) have the fixed

point property.

PROOF. Since open maps between Peano continua are quasi-monotone (8.11 of

[16, p. 152]), (3.4) follows immediately from (3.3).

(3.5) REMARK. The results above can be used to show that 2X has the

fixed point property for certain indecomposable continua X. For example, let

X — Yim{Xi, fi}, where each Xi = [0,1] and each fi is given by

f.m-/2*' 0 < * < 1/2,
JtW      \ -2i + 2,        1/2 <t < 1.

Then X is Knaster's indecomposable continuum [9, p. 204] and, by (3.4), 2X has

the fixed point property. Let us note that X is an arc-like continuum. It is still not

known if 2X has the fixed point property for all arc-like continua (see 7.10 of [11,

p. 299]).
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