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WEIERSTRASS WEIGHT AND DEGENERATIONS

R. F. LAX

ABSTRACT. It is shown that as a family of projective smooth curves degener-

ates to an irreducible Gorenstein curve the Weierstrass weight at a point P on

the limit curve is the sum of the Weierstrass weights at points on the smooth

curves converging to P.

C. Widland [8] extended the classical notion of Weierstrass point to integral,

projective Gorenstein curves. We considered Weierstrass points of invertible sheaves

on such curves in [5] and showed that a singular point is always a Weierstrass point

of high weight of any invertible sheaf with at least two linearly independent global

sections. We remarked that this may be interpreted to mean that as a family of

smooth curves degenerates to an irreducible Gorenstein curve, then many of the

Weierstrass points tend towards the singularities. Our goal in this note is to make

this statement precise.

We work over C. By a "point" of a scheme, we mean a closed point. If AT is a

scheme of finite type over C, then we denote the associated complex space by Xan.
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Let S be an integral, noetherian scheme over C and let 7r: X —> S be a family

of Gorenstein curves of arithmetic genus g > 2. By this we will mean that tt is

a flat, proper morphism whose geometric fibers are integral Gorenstein curves of

arithmetic genus g. By the theory of duality of coherent sheaves [4, V.9.7 and VII.4

(p. 388)], there is a canonical invertible sheaf w = ijJx/s on •£ whose restriction to

a fiber Xs is the sheaf of dualizing differentials on that curve.

Let L be an invertible sheaf on X. Then £ is flat over S. Assume that

dimh°(Xs, is) = r > 0 for all s e S. Then 7r»£ is locally free of rank r. We

define below an effective Cartier divisor W(£) on X. We will also use "W(L) to

denote the associated locally principal closed subscheme of X. We note that the

subscheme W(C) may not be reduced. The points of 1V(£) are the £-Weierstrass

points of Xj'S. The ^^"-Weierstrass points are called Weierstrass points of order

n and the <j-Weierstrass points are simply called Weierstrass points.

Suppose (s, P) e X and let U be an open neighborhood of (s,P) such that

(1) There are sections d>i,...,</>r of Ü whose restrictions to Xs> form a basis for

H°(Xs,,£sl) foralls'e7r(t/).

(2) £(U) is a free 0x(U)-module generated by ip.

(3) u)x/s(U) is a free 0x(U)-module generated by r.

Define FM eT(U,0x)by

<f>j = Fiji)     for y = l,...,r,

dFi-ij — FijT     for i = 2,...,r and j = 1,... ,r,
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where we view dFj-ij as a rational relative 1-form regular on U. Then "W(£) is

given in U as the scheme of zeros of

fu = det[JFij],       i,j = l,,...,r.

It is easy to see that this definition is independent of the choices we have made

above. The fiber of ~W(£) over s e S consists of the £S-Weierstrass points on Xs

as defined in [5].

If (s, P) e X, then W¿a(P), the £s-Weierstrass weight of P (see [5]), is the order

of vanishing at P of the restriction of fu to Xs, which equals

dim 0/ifu\x.)

where 0 denotes the local ring of Pon Xs- Let 0 denote the normalization of 0

and put 6 — dim 0/0. The following result was shown in [5].

PROPOSITION 1. Wna(P) > 6■ r ■ (r — 1). In particular, if P is a singular point

and r > 1, then P is an £s-Weierstrass point.

PROPOSITION 2.   *W(£) is a relative effective Cartier divisor.

PROOF. We must show that W(£) is flat over S. Since 7r: ~W(£) -+ 5 is proper

and has finite fibers, it is finite. Hence, it suffices to show that every fiber of W(£)

has the same length. But by [5, Proposition 1], the length of the fiber of "W(£) over

s is r ■ deg(£s) -f (r — l)r(g - 1) and the degree of £s is constant over 5 since x(£)

is constant over S by [6, p. 50].    D

We now consider the complex spaces associated to the above schemes and the

induced map rran: "W(£)an —* San- Then 7ran is quasi-finite, hence finite. Also,

note that since

dimO/ifu\x,) = dimÔ/ifu\x.),

the multiplicity of a point on a fiber of n is the same as the multiplicity of the point

on the corresponding fiber of iran. Hence

PROPOSITION 3.   7Tan: W{£)an -> San is flat.

Suppose (s,P) e X and let U' be any neighborhood of (s,P) in the complex

topology. Then there exists a complex neighborhood V Ç U' of (s, P) such that

V <1 Xs contains no £-Weierstrass points of Xs except possibly for P and the map

i^an\y¡)(Z)nv is flat- So for any such neighborhood V we have

THEOREM  1.   2~2Q£X3,nvW£,ÁQ) =Wcs(P) for alls'etr(V).

COROLLARY 1 (upper semicontinuity of weight). For any (s,P) e X there

exists a neighborhood V of (s, P) in the complex topology such that

WCs,(Q)<Wts(P)

for all(s',Q)eV.

The above corollary is similar to the "principle of nondegeneracy" enunciated

by Rauch [7] and is related to results of Arbarello [1]. If 7r is smooth, then the

corollary follows from results of Eisenbud and Harris [3].
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THEOREM 2. Let Z be an integral projective curve of arithmetic genus g which is

locally embeddable in the plane (e.g. having singularities consisting of nodes and/or

cusps). Suppose P e Z is a Weierstrass point of order n. Then there exists a flat,

proper map ir: X —► Y from a nonsingular surface X to a nonsingular curve Y

and a point yo eY such that Z = Xyo and such that P is the limit of Weierstrass

points of order n on nonsingular curves lying over a neighborhood of yo- If P is a

singular point of Z, then there are at least two sequences of Weierstrass points on

nonsingular curves lying over a neighborhood of yr, which converge to P.

PROOF. The existence of such a family of curves was proven by G. Winters [9].

By replacing Y, if necessary, by an open subscheme containing yo we may assume

that Y is irreducible and all fibers of w except Z are nonsingular curves. The fact

that a Weierstrass point P of order n on Z is the limit of Weierstrass points of order

n on nearby smooth curves follows from Theorem 1. If F is singular, then the (u^-)

Weierstrass weight of P is at least g(g — 1), while the Weierstrass weight at a point

on a smooth curve of genus g is at most g(g — l)/2. Hence, by Theorem 1, given

any complex neighborhood of (yo,P) in X, there exists a subneighborhood V such

that there must be at least two Weierstrass points on each fiber of ^\v-(vnz)-    D

We note that S. Diaz [2] has proven that "the generic nonseparating node on a

uninodal stable curve [of arithmetic genus g] is a limit of exactly (g— i)g Weierstrass

points on nearby smooth curves."
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