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ABSTRACT. Let X x Y be the product of a compact space X and a metric

space Y. We consider a continuous closed image Z of X x Y. Moreover, we

consider a closed subspace R in X x Y which is a neighborhood retract of it. It

is proved in this paper that Z (respectively, R) is a LaSnev (metrizable) space

iff all compact subspaces of Z (R) are metrizable.

1. Introduction. Klebanov [Ki] proved that a continuous closed image Z of

the product of a generalized Cantor cube DT and a metric space y is a Lasnev

space iff each dyadic compact subspace of Z is metrizable. Showing that the "DT"

can be replaced by "a compact space AT," we obtain the first theorem. On the

other hand, Tsuda [T] has recently proved that a nonmetrizable ANR(P) contains

a copy of the Tychonoff cube iWl of uncountable weight, where P is the class of

all paracompact p-spaces. This result is a nice generalization of Scepin's [Si]. The

second theorem is a further generalization of Tsuda's result. These theorems are

stated in §4.

In §2, we deal with maps from subspaces of products. Many results concerning

the question of when such maps depend on countably many coordinates have been

obtained (for example, see the list in [H, p. 27]). However, we give a result which

seems to be new. In §3, using this result, we prove a structural lemma. It is not

difficult from this lemma to derive our main theorems.

All spaces are assumed to be Hausdorff. Without special mention, all maps are

assumed to be continuous and onto. However, pay attention that maps which are

into appear occasionally. For a map / : X —» Y and a subspace A of X, we denote

by /|A the restriction of / to A.

2. Maps from subspaces of products. Let Sx, X E A, be spaces. Consider

the product S = Üaea ^- For eacn T C A,7rp denotes the projection from S onto

[lAer $*• We say that U = f\\e\ ^ C S is a basic open set in S if each Ux is

open in 5a and Ux ^ Sx only for finitely many A G A. Note that each basic open

set U in 5 satisfies ttJ1^^^) = U for some finite f C A.

Let X be a subspace oiS — Üaga ^ ana ^ a sPace- Recall that a map f:X—*T

is said to depend on countably many coordinates (cf. [H]) if there exists a countable

subset r of A such that f(x) — f(x') whenever x, x' E X and 7rp(:r) = nr(x').

Received by the editors January 23, 1986 and, in revised form, April 11, 1986 and August 11,

1986.

1980 Mathematics Subject Classification (1985 Revision). Primary 54B10, 54C05, 54E35; Sec-
ondary 54C10, 54C15.

Key words and phrases. Compact space, metric space, product, closed map, perfect map, LaSnev

space, G¿-diagonal, neighborhood retract.

©1987 American Mathematical Society

0002-9939/87 $1.00 + $.25 per page

577



578 YUKINOBU YAJIMA

Secondly, recall that a space T has a Gg-diagonal if there exists a sequence {Mi}

of open covers of T such that

P| St(i, Mi) = {t}     for each t E T,
i<ul

where St(¿, Mi) — [J{H E Mi: t E H}. Such a sequence {Mi} is called a Gs-diagonal

sequence of T. Let us note that each compact subspace of a space with a G$-

diagonal is metrizable.

Now, we give the following proposition, which plays an important role in the

proof of the Structural Lemma stated in the next section.

PROPOSITION. Let SX,X E A, and T be spaces. Let X be a subspace of the

product I1a€A^- U X is Lindelóf and T has a G s -diagonal, then every map

f:X—*T depends on countably many coordinates.

PROOF. Let {Mi} be a G s -diagonal sequence of T. For each ¿ < u, we take

a collection Ci of basic open sets in Üaga ^ sucn tnat 9i covers X and for each

G E Qi there exists some H E Ml with G n X c f~x(H). Since X is Lindelöf, one

can choose a countable subcollection {Gij : j < lo} oí Çt such that X c (JJ<LJ G%j.

For each i,j < u>, take a finite subset t¡ij of A such that tt71tt£íj(Gíj) — Gtj. Put

T = \Ji ]<ulÍij- Clearly, Y is countable. Now, pick any points x,x' EX with

tty(x) = ttx-(x'). For each i < lo, one can take some j, < w such that x E Gíjt E Qi.

Then we have

x1 E ■k71-kt(x) C n717Tr(Gijt) C Gijt.

So it follows that

{f(x)j(x')}c n/(<?<* n*)

Ef]St(f(x),Mt) = {f(x)}.
iji

This means f(x) = f(x'). The proof is complete.

3. Factoring maps from products. In this section, a map which is not

assumed continuous is called a function. That is, a map is a continuous function.

The following fact is well-known.

FACT. Let A,B, and C be spaces. Let f: A —► B, g: A —> C, and h: C —> B
be functions such that f — h o g.

(1) If f is a (closed) map and g is a quotient map, then h is a (closed) map.

(2) If g and h are maps and f is a perfect map, then g and h are perfect maps.

In the proofs of [Ki, Theorem 1.1] and [K2, Theorem 7], Klebanov proved the

following:

Let C = IIaça ^ be a product of compact metric spaces and Yô a metric space

with dim Yo = 0. If a map /: C x Y0 —» Z satisfies that f(C x {y}) is metrizable

for each y G Yo, then there exist a metric space M, a perfect map g: C x Yq —» M,

and a map h: M —♦ Z such that / = ho g.

Our Structural Lemma below is an extension of this factorization. The proof of

it is a modification of Klebanov's. However, we adopt the style of the proof of [T,

Theorem] instead of his.
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STRUCTURAL LEMMA. Let X be a compact space and Yq a metric space with

dimVo = 0. Let G and F be an open set and a closed set in X x Yq, respectively,

with F E G. If a map f:G—*Z satisfies that f(G O X x {y}) has a Gs-diagonal
for each y E Yq, then there exist a metric space M, a perfect map g: F —► M, and

a map h: M —> f(F) such that f\F = h o g.

PROOF. Since X is compact, we can regard X as a closed subspace of a Tychonoff

cube I1a6A ^' wnere each Ía is a copy of the unit interval [0,1]. Moreover, we may

assume without loss of generality that G is an open i^-set in X x Yq and that

Gy = GnX x {y} is nonempty for each y eYq. Since Gy is an Fa-set in X x {y},

it is Lindelöf (cr-compact). It follows from the Proposition that f\Gy depends on

countably many coordinates. That is, for each y E Yq, there exists a countable

subset Y(y) of A such that

(1) (x,y),(x',y) G G and irT(y)(x) = *r(y)(x') imply f(x,y) = f(x',y).

By the assumption of Yo, it has a base "V = \Ji<ÙJ "^ sucn that for each i < u¡

(2) Vi is a discrete clopen cover of Yq,

(3) sup{diamV : V E\} < l/i,

(4) "V¿+i refines V».

For each y eYq, observe that one can uniquely choose the increasing sequence {Vi}

such that y E Vi E Vi for each i < w. For each V E V, assign a point yy E V.

Moreover, for each V E V, one can take a countable subset r(V) of A such that

(5) Y(yv) E Y(V),
(6) r(Vi) C r(V2) C • • ■ if y G V¡ E Vi for each i < u.

Put I(V) = riAer(V) 7>- Put M* = ©UO7): v é Vi} for each i < w, where ®

denotes the topological sum. Since M¿ is a metric space, so is Yli<üj Mi. For each

i < oj, we take a function <f>% : G —> Mt defined by

4>i(x,y) - Trr(v.)(x) E I(Vi) C Mi    for each (x,y) E G,

where y E V¡ G Vt. Then it is easily seen that each <f>i is continuous (and into).

Moreover, take a map g: G —> Yli<wMi (which is into) defined by g(x,y) =

{(¡>i(x,y)} for each (x,y) E G. Put A(y) = {jl<ulY(Vi) for each y E Y0, where

y G Vi G Vt for each i < to. Then it follows from (3) and the choices of 4>t and g

that

(7) g(x,y) =g(x',y') iff (x,y), (x',y') EG, y = y', and nA{y)(x) = irAiy)(x').

Now, we put M = g(F) and g = g\F. Clearly, M is a metric space and g: F —> M

is a map. We show that

(8) g is a perfect map.

Pick any (x,y) G F. By (7), we have

g~1g(x,y) = g~lg(x,y) r\F = (Tri1{y)TTA{y)(x) x {y})nF.

Since F is closed in X x Y0, g~l(x,y) is compact. Next, take any open set U

in F such that g~xg(x,y) C U. It suffices to show that there exists an open

neighborhood B of g(x,y) in M such that g~l(B) C U. Assume the contrary.

Then one can choose a sequence {(xn,yn)} of points in F\U such that {g(xn, yn)}

converges to g(x,y) in M. Moreover, we may assume that {yn} converges to y

in Yq. Since X is compact, {xn} has a cluster point xq in X. Hence {(xn,yn)}

has the cluster point (xo,y) in X x Yo- Since F \ U is closed in X x Y0, we have

(xo,y) E F\U. By the continuity of g, {g(xn,yn)} has the cluster point g(xo,y)
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in M. This means g(x0,y) = g(x,y). Thus, we get (x0,y) E g_1g(x,y) c U. This

contradiction to (xo,y) £ U establishes (8).

Let us observe that

(9) g(x,y) = g(x',y') imples f(x,y) = f(x',y').
Indeed, for each i < uj, take V¿ G f, with y G V¿ and let y¿ = yy,. By ¿(a;,y) =

g(x',y'), (5), and (7), we have (x,y),(x',y') EG, y = y', and 7rr(?/>)(a;) = irr(Vi)(x')

for each i < oj. Since {t/¿} converges to y and G is open in X x Yn, {(x, yf)} and

{(x',2/¿)} are eventually in G. By (1), we have f(x,yfj = f(x',yi) except finitely

many ¿'s. Hence one can conclude f(x, y) = f(x', y) = f(x', y') because / is a map.

It follows from (9) that a function h: M —» f(F) can be defined such as f\F =

hog. By (8), g is quotient. Hence it follows from Fact (1) that h is a map. The

proof of the Structural Lemma is complete.

4. Main results. Recall that a Lasnev space is a continuous closed image of a

metric space. For a space X, we denote by lx the identity map on X.

THEOREM 1. Let X be a compact space and Y a metric space. Let Z be a

continuous closed (perfect) image of the product X x Y. Then the following are

equivalent.

(a) Z is a Lasnev (metrizable) space.

(b) Each compact subspace of Z is metrizable.

(c) Each continuous image of X into Z is metrizable.

PROOF. The implications (a)—»(b)—>(c) are obvious.

(c)—+(a): Since y is a metric space, there exist a metric space Yq with dim Yq = 0

and a perfect map cb : Yq —> Y. Let i/i: I x F -> Z be a closed (perfect) map.

Considering F — G = X xYq and / = tp o (lx x <j>) in the Structural Lemma, it

assures the existences of a metric space M, a perfect map g: X x Yo —* M and a

map h: M —* Z such that / = h o g. It follows from Fact (1) (and (2)) that h is a

closed (perfect) map. Hence Z is a Lasnev (metrizable) space.

REMARK 1. Since dyadic compact space means a continuous image of a general-

ized Cantor cube DT, [Ki, Theorem 1.1] is an immediate consequence of Theorem

1.
REMARK 2. A space Z, each compact subspace of which is metrizable, is char-

acterized as a continuous compact-covering image of a metric space (cf. [MN,

Theorem 1.1]).

Recall that a subspace R of a space S is called a neighborhood retract of S if

there exist an open set U in S with R E U and a map r : U —► R, called a retraction,

such that r\R — 1/j. A space 5 is said to be a-metrizable if S can be represented

as a countable union of closed metrizable subspaces.

THEOREM 2. Let X be a compact space and Y a metric space. Let R be a

closed subspace which is a neighborhood retract of the product X x Y. Then the

following are equivalent.

(a) R is metrizable.

(b) Each compact subspace in R is metrizable.

(c) Each continuous image of an open Fa-set in X into R is a-metrizable.

PROOF, (a)—>(b): Obvious.
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(b)—»(c): Let A be an open Fa-set in X and A' a continuous image of A into R.

Snce A is cr-compact, so is A'. Hence A' is cr-metrizable.

(c)—»(a): By the assumption, there exist an open set W in X x Y with R C W

and a retraction r: W —► R. We may assume that W is an FCT-set in X x Y. One

can take a metric space Yq with dim Yo = 0 and a perfect map <j>: Yq —► Y. Let

p = lx x 4>. Moreover, let G — p~1(W),F = p~l(R), and / — r o (p|G). Since a

cr-metrizable space has a Gg-diagonal, by (c), /(GflX x {y}) has a G¿:-diagonal for

each y eYq- It follows from the Structural Lemma that there exist a metric space

M, a perfect map g: F —> M, and a map h: M —» R such that f\F = h o g. Since

f\F = r o (p]F) = p|p_1(i2) and p is a perfect map, f\F is also a perfect map. By

Fact (2), h is a perfect map. Therefore R is metrizable.

Let P denote the class of all paracompact p-spaces.

COROLLARY (TSUDA [T]). Each nonmetrizable ANR(P) contains a copy of

Tychonoff cube Iuli of uncountable weight.

PROOF. Let P be a nonmetrizable ANR(P). Note that each paracompact p-

space can be regarded as a closed subspace of the product IT x Y of a Tychonoff

cube IT and metric space Y. So P is a closed subspace of the product F x Y

and is a neighborhood retract of it. It follows from Theorem 2 that there exists

some continuous image of an open FCT-set in IT into P such that the image is

not cr-metrizable. Since an open Fa-set in IT is the countable union of Tychonoff

cubes iT's, P contains some nonmetrizable generalized Peano continuum C (i.e., a

continuous image of some Tychonoff cube). It follows from [S2, Corollary 1] that

C contains a copy of iWl.

As stated above, each paracompact p-space can be considered as a closed sub-

space of some product X x Y oí a compact space X and a metric space Y. So, it is

natural to ask whether "the product X x Y" in Theorem 1 can be replaced by "a

closed subspace R in X x Y7 Moreover, it is also natural to ask whether "neigh-

borhood retract" in Theorem 2 can be excluded. However, the answers to these

questions are both negative by the following [MN, Example 5.2]: There exists a

nonmetrizable paracompact p-space, each compact subspace of which is metrizable.

Finally, the author wish to thank H. Ohta, Y. Tanaka, T. Terada, and K. Tsuda

for their helpful suggestions and advice.
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