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ABSTRACT. We characterize the ideal of inessential operators 1(E) on a com-

plex Banach space E as the largest ideal of the class A(E) of all bounded linear

operators A having the property that the restrictions A\M of A on any closed

infinite-dimensional invariant subspace M may be.

There are several characterizations of the closed ideal of inessential operators

1(E) on a complex Banach space E. The first one, used by D. C. Kleinecke when

he introduced this class [3], is the following: 1(E) = the inverse canonical image of

the radical of the Calkin algebra B(E)/K(E), where B(E) and K(E) denote the

Banach algebra of all bounded linear operators and the closed ideal of all compact

linear operators acting on E, respectively. It is well known that for all the operators

of 1(E) the basic statements of the Riesz theory hold (cf. [1 or 2]). Moreover if we

denote by

R(E) = {A e B(E) : XI — A is a Fredholm operator for each complex A^O}

the class of all Riesz operators, we have (cf. [2, Proposition 52.6])

1(E) = the uniquely determined largest ideal of R(E).

Denote by $(E) the set of all Fredholm operators on E and by n(A) the dimension

of the kernel N(A) for any A e B(E). In [5] it is shown that

(*) 1(E) = {Ae B(E) : n(S - A) < co for each S e $(£)}.

The purpose of this note is to give an internal characterization of inessential opera-

tors by observing their behavior on a certain class of subspaces of E. We shall prove

that 1(E) is the largest ideal of the class A(E) of all bounded linear operators A

having the property that the restrictions of A on any closed infinite-dimensional in-

variant subspace M for A is not bijective. In the sequel we shall use the terminology

of Heuser 's book [2].

The following characterization of the inessential operators is due to A. Pietsch

[4]. We shall give a very simple proof starting from Schechter's characterization

(*)•

THEOREM l.   1(E) = {Ae B(E) : n(I - BA) < co for each B E BiE)}.

PROOF. Let A E I{E). Since I{E) is an ideal, the operator BA belongs to

I{E) and taking S = I in (*), the identity on E, we have n(I — BA) < oo for each

B E B(E).

Received by the editors December 4, 1986.

1980 Mathematics Subject Classification (1985 Revision). Primary 47B05.

Key words and phrases. Inessential and Riesz operators.

This work was supported in part by the Italian Research Science Foundation (C.N.R.).

©1988 American Mathematical Society
0002-9939/88 $1.00 + $.25 per page

625



626 PIETRO AIENA

Conversely let A ^ 1(E). Then there exists a Fredholm operator S such that

(**) Sx = Ax   for each x E M = N(S - A),

where M is infinite dimensional. Since S E $(E), by Atkinson characterization,

there exists an operator U E B(E) and a finite-dimensional operator K E B(E)

such that US = 2 - K (see [2, Proposition 24.1]). It follows from the equality (**)

that USx = UAx = (I - K)x for each x E M, thus (2 - UA)x = Kx for each

x E M. If (2 — UA)\M denotes the restriction of 2 — UA to the subspace M, we

have n(I - UA) > n[(I - UA)\M] = n[(K\M)\ = oo so A does not belong to the

set {A E B(E) : n(I - BA) < oo for each B E B{E)}.

The following result will be useful in the proof of the subsequent main result.

THEOREM 2.   If A is a Riesz operator, then AE A{E).

PROOF. Let us suppose A E R(E) and let M be a closed invariant subspace

for A such that the restriction A|M of A on M has a inverse (A|M)_1. Since E is

a complex Banach space, A|A2 is still a Riesz operator (see [2, Proposition 52.7]).

Moreover the operators A|A2 and (A|A2)_1 commute so their product 2|A2 is a

Riesz operator (cf. [2, Proposition 52.3]), hence M is finite dimensional.

Now we can give our internal characterization.

THEOREM 3. 1(E) is the uniquely determined maximal ideal of A(E)-operators.

Each ideal of A(E)-operators is contained in 1(E).

PROOF. Let G be any ideal of yí(2£)-operators (such ideals do exist, e.g. the ideal

K(E)). Furthermore, let A be a fixed element of G and B any bounded operator on

E. Then BA E G, N(I — BA) is a closed subspace invariant under BA, moreover

the restriction of BA to N(I — BA) coincides with the restriction of the identity

to N(I — BA) and has therefore a bounded inverse. It follows from the definition

of ^(2i)-operators that n(I — BA) must be finite. Pietsch's characterization now

implies A E 1(E). Hence any ideal of >!(25)-operators is contained in 1(E). On

the other hand, the ideal 1(E) is itself an ideal of Riesz operators, and therefore of

i!(2i)-operators (see Theorem 2). It follows that 1(E) is the uniquely determined

maximal ideal of >?(2£)-operators. D

At this point I wish to thank H. Heuser for several valuable discussions on the

topic of this paper. The author is also indebted to the referee for useful suggestions

and especially for the simple and short proof of Theorem 2.
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