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ABSTRACT. In this paper we show that in order for a proper closed subset F

of a plane domain D to be convex it is necessary and sufficient that dist(-, F)

be subharmonic in D. We also show that this result does not hold for higher

dimensions.

1. Introduction and main results. Throughout this paper F is a nonempty

closed subset of RN (N > 2). By CF we denote the complement of F in UN and

by dF the finite boundary of F.

We define the distance function dp from F by

dF(x) = dist(x, F) = inf ||2; - y\\        (x G RN)
y€F

where || • || denotes the Euclidean norm.

For a given x in RN and a positive real number r, 5(2:, r) denotes the sphere

centre x, radius r, and B(x,r) denotes the open ball of centre x and radius r. We

say that B(x,r) touches F if B(x,r) n F is empty and 5(2;, r) n F is nonempty.

Further if B(x,r) touches F and y G S(x,r) n F then we say that B(x,r) touches

F at y. For a function / integrable with respect to the surface area measure a on

S(x, r), M(f,x,r) denotes the surface mean of / over S(x,r).

Given two points, x and y, in R^ we define xy to be the (closed) line segment

joining x and y, and xy to be xy\{x,y}. If T is a closed convex set then we call

ieTan extreme point of T if t is not an element of tit2 for all points ti and t2 in

T.

Motzkin's Theorem [3, Theorem 7.8] states that a nonempty closed set F in RN

is convex if and only if every point in RN has a unique nearest point in F. Armitage

and Kuran [1, Theorem 3] used this result to prove that dp is subharmonic in RN

if and only if F is convex. In this paper we prove a local Motzkin-type theorem in

order to obtain a local version of Armitage and Kuran's result in the case where

N = 2. We also show that our second result does not hold in higher dimensions.

The results are as follows.

THEOREM l. Let F be a nonempty proper closed subset ofRN (N > 2), let t

be a point of dF and let e be a (strictly) positive real number.

If every point in B(t,e) has a unique nearest point in F then there exists a ball

of radius e which touches F at t.

THEOREM 2. Let F be a nonempty proper closed subset of R2 and let D be a

domain such that F C D.  Then dp- is subharmonic in D if and only if F is convex.
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2. Some preparatory results. We first give a fairly classical result which we

do not want to call our own.

LEMMA A. Let F be closed in RN and let B(x,r) be a ball touching F at only

one point yo. Choose any y in B(x,r)\{y0}. Then there exists a (strictly) positive

number 6 such that

(*) B(x + e(y-y0),r)cCF

for all e in (0,6).

For a sketch of the proof we note that if the lemma failed there would exist a

null sequence (e„) such that (*) did not hold for each en. This would give rise to

a convergent sequence of points (x„) such that xn G B(x + en(y — yo), r) f) F for

each n. The limit xq of (xn) would be distinct from j/o and would lie in F and on

S(x,r) which is not possible since yo is the only point at which B(x,r) touches F.

From Armitage and Kuran [1, Lemma 2] we deduce the following whose proof

is left to the reader.

LEMMA B. Let U and F be open and closed respectively in RN. If dp is sub-

harmonic in U then every point in U has a unique nearest point in F.

In the absence of any reference we shall prove the following simple result.

LEMMA 1. Let F be a closed set in RN and let S be a set in RN having the

property that every point x in S has a unique nearest point f(x) in F. Then

f: S —> F is continuous in S.

The proof is as follows. Take any sequence (xn) in S such that (xn) converges

to a point 2:0 in S and (f(xn)) converges to a point t/o in F. It is enough to prove

that yo = f(xo). Now

ll^o — î/o 11 =   I™  ||2;n - /(xn)|| =   lim dF(xn) = dF(x0),
n—>oo n—»oo

so by the uniqueness of /(21o) we obtain the result.

We now move on to the proofs of the theorems.

3. Proof of Theorem 1. Suppose by contradiction that there is no ball of

radius e touching F at t. Hence dp < e in B(t,e) and so, by the continuity of dp,

there exists a positive real number 6 such that dp < 6 < e in B(t,e). Choose any

q G B(t, e — 6) H CF and let Q be the set given by

Q = {x G RN: qG B(x,dF(x))} = {xGRN: dF(x) > \\x - q\\}.

Clearly Q C B(q,6) C B(t,e), Q is nonempty and Q is compact. Therefore dp

attains its supremum in Q at a point xo of Q. By the hypothesis of the theorem

2:0 has a unique nearest point in F so B(xo,dF(xo)) touches F at only one point,

p say. By Lemma A there exists an a in (0,1) such that

(**) B(xQ + a(q-p),dF(x0)) C CF.

Since a G (0,1) we have that q G B(xq + a(q — p),dF(xo)) and therefore 2:0 +

a(q — p) G Q. By (**) we see that

dF(x0 + a(q - p)) > dF(xo) = sup dF(x),
x€Q

a contradiction.
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4. Proof of Theorem 2. The "if" part of the theorem is covered by [1,

Theorem 3] so it remains to prove the "only if" part.

By Lemma B every point in D has a unique nearest point in F so the function /

of Lemma 1 is continuous in D. Since D is a domain and f(D) = F we have that F

is path connected. Suppose, by contradiction, that F is nonconvex. By [3, Theorem

4.2] there exist points x and y in F such that xy C CF. The path connectedness

of F implies that there exists a path in F with no self-intersections joining x and y

(see [4, 31.6, p. 222]). By composing this path with xy we obtain a Jordan curve

7 and by the Jordan Curve Theorem 7 is the boundary of a bounded domain int 7.

Now let fi be the open set equal to CF n int 7. Since xy C CF it follows that

xy c <9fi, therefore xy is contained in the convex hull T of fi and consequently no

point of xy is an extreme point of T. The Krein-Milman Theorem (see [2, p. 1])

says that T is the convex hull of its extreme points, so T has at least 3 extreme

points and hence T has an extreme point which does not lie on xy. Without loss of

generality this point may be taken as the origin 0 and we may suppose (since T is

convex) that T C fin where il0 = {(£,v) € R2: n > 0}. Since 0 is an extreme point

of T it follows that 0 £ dfi. Now <%(0) > 0 so 0 G F and therefore dCü(0) > 0,

hence we may suppose without loss of generality that min{dcn(0),dïa/(0)/2} = 1.

Now

den — mm{d^,dp} = min{dzy, dp}

in fi, so den = dp in 5(0,1) n fi and hence den is subharmonic in B(0,1). By

Lemma B every point in B(0,1) has a unique nearest point in Gfi. so by Theorem 1,

B((0,1), 1) C fi. Now let ¿i and L2 be the sets {(£, 0): f > 0} and {(£,0): t¡ < 0}
respectively. The extremity of 0 with respect to T implies that either Li n T or

L2 D T is empty. Without loss of generality we may suppose that Li n T is empty.

This gives that dCn < h in {(£,n): £ > 0,r¡ > 0} where h: R2 -» R is given by

h((f,n)) = n((f,n) G R2). Further dCn <hinR2 and so

dF((0, ¿)) = dcn((0, D) = § = A((0, ¿)) = M(Ä, (0, J), J)

> M(dCn,(0,t),\) = M(dp,(0,±),\),

a contradiction.

5. A counterexample for higher dimensions. In this section we show that

Theorem 2 does not hold for N > 3.

Let F be the circumference {x — (xi,x2,... ,xn) G RN: x\ + x\ = 1, x3 = 14 =

■ • • = Xn = 0} and let p denote \Jx\ + x\. Then

dp(x) = \J(p- l)2+2;§ + ---+2;^

and so

VV-l)2 + 2;§ + --- + 2;^

Therefore d^ is subharmonic in D = {(xi,x2,... ,xN) G RN: x\ + x\ > (N- 1)~2}

which contains F. Since F is not convex, we have shown that Theorem 2 fails in

higher dimensions.
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