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ABSTRACT. An explicit construction shows that the 3-Neumann operator

and the Bergman and Szegô projections are globally regular in every smooth

bounded pseudoconvex domain whose set of boundary points of infinite type

has Hausdorff two-dimensional measure equal to zero. On the other hand there

are examples of domains with globally regular d-Neumann operator but whose

infinite-type points fill out an open subset of the boundary.

Is the ¿9-Neumann problem globally regular on every smooth bounded pseudo-

convex domain in C"? Although this basic question remains open, some sufficient

geometric conditions on the domain for an affirmative answer are known. For in-

stance the answer is yes if the boundary of the domain repels analytic discs in a

suitable differential-geometric sense.

Here I show that the answer is yes if the boundary of the domain excludes analytic

discs in a suitable measure-theoretic sense. This result was recently obtained by

Sibony [25] as a corollary of a general theory. What is new in this paper is the

simple proof, an elementary and explicit construction.

It was a quarter of a century ago that Kohn [17] made the first breakthrough on

the 9-Neumann problem by establishing both global and local regularity in case the

domain is strongly pseudoconvex. More recently Catlin [8] proved that a subelliptic

estimate holds near a boundary point p if and only if p is a point of finite type in

the sense of D'Angelo [11], meaning that complex varieties have bounded order of

contact with the boundary at p. Consequently the ¿5-Neumann problem is locally

regular near points of finite type, and so if obstructions to global regularity exist

then they must lie in the set of boundary points of infinite type.

Catlin [7] also found a more general condition, property (P), guaranteeing global

regularity of the (9-Neumann problem. This property says that there exist bounded

plurisubharmonic functions having all eigenvalues of their complex Hessian arbitrar-

ily large at the boundary. Catlin proved that property (P) is satisfied by domains

that are regular in the sense of Diederich and Fornsess [13, 15]. For instance a do-

main whose weakly pseudoconvex boundary points lie in a totally real submanifold

is regular, but a domain that contains a complex disc in its boundary is not.

Subsequently Sibony [25] introduced the notion of S-regularity. The bound-

ary of a smooth bounded pseudoconvex domain is ß-regular if every continuous

function on the boundary is the boundary value of a function plurisubharmonic
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on the interior of the domain. By studying Choquet theory for plurisubharmonic

functions, Sibony showed that this property is equivalent to Catlin's property (P).

This enabled him to give some new examples of domains with globally regular

¿5-Neumann problem. One corollary of Sibony's elegant abstract theory is the fol-

lowing result (stated in [25, Remarque, p. 310] in different language): if the set

of points of infinite type in the boundary of a smooth bounded pseudoconvex do-

main has Hausdorff two-dimensional measure equal to zero, then the (5-Neumann

problem is globally regular.

To prove this assertion, I explicitly construct a bounded plurisubharmonic func-

tion with large Hessian near the set of points of infinite type. I also localize the

statement: even if the set of points of infinite type has large Hausdorff dimension,

the ¿5-Neumann operator is regular in a neighborhood of any separated piece of this

set having Hausdorff two-dimensional measure equal to zero.

Using a different method, I give some simple examples of domains that have

analytic discs in the boundary (and hence do not have 5-regular boundary), but

nonetheless have globally regular (5-Neumann problem. To do this I use the equiv-

alence in C2 of global regularity of the 9-Neumann operator and of the Bergman

projection.

The connection with the Bergman projection is an important application of the

¿/-Neumann theory, for it leads to results on the boundary behavior of holomorphic

mappings. Global regularity of the ¿9-Neumann problem implies global regularity of

the Bergman projection, which is condition R of Bell and Ligocka. A biholomorphic

mapping between two smooth bounded domains satisfying condition R extends

smoothly to the boundaries [4]. For elaboration of this theme see [3, 14], and their

references.

1. Local property (P). Suppose Ü is a smooth bounded pseudoconvex domain

in C". Let d* be the L2 adjoint of <5. The 3-Neumann operator N is the bounded

operator on the space of (0, l)-forms with L2 coefficients that is the inverse of the

closed, densely defined, unbounded operator 83* + d*B (the complex Laplacian).

One says that the (5-Neumann problem is globally regular if Nf has coefficients

in C°°(n) whenever / does. This of course implies that when / is a ¿5-closed

(0, l)-form with coefficients in C°°(Q), then the canonical solution orthogonal to

holomorphic functions of the equation du — f also lies in C°°(Cl); indeed this

solution is u = DNf, where ß is the formal adjoint of ¿5. For more details on the

¿5-Neumann problem see [16].

The following assertion is essentially a localized version of Catlin's result [7] that

property (P) implies global regularity.

PROPOSITION. Let il C C" be a smooth bounded pseudoconvex domain. Let

S be a closed subset of the boundary bU having an open neighborhood V in Cn such

that all points in V nbQ\ S are of finite type. Suppose that for every positive M

there exist an open neighborhood U of S in Cn and a function X in C2(U) such

that 0 < A < 1 and

t f^i* >- "ifi2
>,fc=i azJazk

for all z in U and all £ in C". // the (0, \)-form f has coefficients smooth in a

neighborhood of S in fi, then so does Nf.
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PROOF. Multiplying A by a suitable cut-off function and shrinking U slightly,

we may assume that A is defined, twice continuously differentiable, and bounded

between 0 and 1 in a neighborhood of fl. For such A a fundamental inequality of

Catlin [7] says that

if g is a (0, l)-form in the common domain of 8 and <5*. Here || ■ || denotes the norm

in L2(Q). The hypothesis of the Proposition implies that

(1) M||ff||2<16(||äff||2 + ||öi/||2)

if g is supported in the neighborhood U corresponding to M.

We may assume without loss of generality that / is smooth on V and that U C V.

Let <p and tp be cutoff functions in C"o°(C") such that <p is supported in U and is

identically equal to one in a neighborhood of S, while tp is supported in U\S and is

identically equal to one on the support of Vcp. Take g in (1) to be equal to <j> times

a (tangential) derivative of Nf of order s. Applying the machinery of Kohn and

Nirenberg [20], one finds

MH0A7II2 < K(Uf\\2s + UNf\\2s) + C(\\tPNf\\2s + UV/H2),

where the first constant K is independent of <p, and || • ||s denotes the norm in

the Sobolev space WS(U). (Roughly speaking the machine runs like this: com-

muting derivatives and integrating by parts on the right-hand side of (1) makes

(êd + 3tf)Nf — f appear, which gives a term of the form

\{Dad>f,Da<l,Nf)\ < K(\\<Pf\\2s + UNf\\2s).

Commuting ê or 3 with a derivative of order s makes an error term of the form

II0A//H2, and commuting any derivative with <p makes an error that lives on the

support of tp. The normal derivative is controlled by 3, d, and tangential deriva-

tives.)

Since bü fl supp^> is contained in the set of points of finite type, where the 8-

Neumann problem is locally regular by Catlin's theorem, the second term on the

right-hand side is dominated by the sum of the squares of the WS(UC\Ü) norm of /

and the L2(ïï) norm of /. If Nf is known a priori to be smooth in U f~l Q, then

the term ||0Ar/||2 on the right-hand side can be absorbed into the left-hand side as

soon as M > K. This gives the estimate

IIWIU < C(||/|Uno + 11/11).
Let W CC V be a fixed open neighborhood of S, independent of (p. The previous

estimate combined with the local regularity of N on the set W C\ supp(l — <p) gives

||A7lkwnn < CCI/IUvnn + ||/||).

To finish the proof it remains to remove the hypothesis that Nf is a priori

smooth. This can be done by standard techniques: either by the method of elliptic

regularization [20], or (in this case) by approximating fi from inside by strongly

pseudoconvex domains (cf. [5]). From the last estimate, which holds for every

positive integer s, it follows by Sobolev's lemma that Nf E C°°(W fl f2).
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2. The main resuit.

THEOREM. Let U be a smooth bounded pseudoconvex domain in C™. Suppose

that the set of boundary points of infinite type is the union of two disjoint closed

sets S and T, and that S has Hausdorff two-dimensional measure equal to zero.

If the (0, l)-form f has coefficients smooth in a neighborhood of S in fi, then so

does Nf.

COROLLARY (AFTER SIBONY [25]). If the set of points of infinite type in the

boundary of a smooth bounded pseudoconvex domain has Hausdorff two-dimensional

measure equal to zero, then the 3-Neumann problem is globally regular, and so are

the Bergman and Szegö projections.

PROOF. The first conclusion of the Corollary follows by taking T = 0 and

using the local regularity at the points of finite type. (Note that the set of points

of infinite type is closed [11].) Global regularity of the Bergman projection follows

immediately from global regularity of the 5-Neumann operator (see the proof of

the Lemma below). I will show in the proof of the Theorem that local property (P)

holds in a neighborhood of S in the sense of the Proposition. Since the rest of the

boundary consists of points of finite type, it follows [8, 25] that global property (P)

holds, and hence [5, Theorem 4.1] the Szegö projection is globally regular.

The Theorem admits a very simple proof in case S has Hausdorff a-dimensional

measure equal to zero for some a strictly less than two. Indeed if D is the diameter

of O and M is a fixed positive number, then this hypothesis implies that there is a

finite set of points pm in S and corresponding radii rm such that

(1) the open balls of center pm and radius rm cover the set S;

(2) £C<l;and
(3) if r = maxrm then this maximum radius r is small: namely,

4r2-Qlog(l + 4D2/r2) < 1/M and r < L»exp(a - 2)"\ which entails

ir2ma log(l + 4D2/rm) < 1/M for all m.

Let U be the union of the balls with center pm and radius rm, and set

w  -, = V- rm\og{l + \z-pm\2/rm)

[>      ^        \og(l + 4Dyrm)        ■

By construction A is a smooth, strictly plurisubharmonic function in Cn, and 0 <

\(z) < 1 when z E U. Moreover \i z E U, then \z — pm\ <rm f°r some rn, and so

V &2x{z)c f  > l^l2 > Mlf\2
¿¡ dz.dzk3^ - Ar2ma\og(l+W*/rm) "     Kl

for all £ in C". Since by assumption V := Cn \T is a neighborhood of S containing

no other points of infinite type, the hypotheses of the Proposition are satisfied, and

so the conclusion of the Theorem follows.

In the general case a slightly more elaborate construction is required. To begin we

may reduce to the case of one variable. Indeed if Sj denotes the projection of S onto

the Zj coordinate plane, then Sj still has Hausdorff two-dimensional measure zero;

and if there exists a smooth subharmonic function \j in a neighborhood of Sj (in C)

such that 0 < Aj < 1 and AA^ > M, then X(zi,... ,zn) :— (1/n) ]C?=i ^](zj) m a
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smooth plurisubharmonic function in a neighborhood of S satisfying the hypothesis

of the Proposition (with M replaced by M/An).

Thus we may assume that S is a subset of the complex plane C of planar

Lebesgue measure zero, and we are to construct a smooth subharmonic function A

in a neighborhood of S such that 0 < A < 1 and AA > M. There is a finite set of

points pm in S and corresponding radii rm such that

(1) the discs B(pm,rm) of center pm and radius rm cover S; and

(2) Ed<l/2M.
It will suffice to construct a smooth subharmonic function <pm defined in an open

set Um containing S U B(pm,rm) such that 0 < <pm < 1 in Um and A<pm >

l/2rm in B(pm,rm)- For then A :— 2M^,rm<pm will have the required properties

in f|m Um if we assume, as we may, that each Uk c Um B(pm,rm)-

So fix a point p in S and a radius r. I wish to construct, in a reasonably explicit

way, an open set U containing S U B(p,r) and a smooth subharmonic function (p

on U with 0 < <p < 1 and with Acp > l/2r2 on B(p,r). Let {[/,} be a decreasing

sequence of open sets, each bounded by a finite number of closed analytic curves,

whose intersection is S U B(p,2r); and let Vj be the connected component of Uj

containing p. I will construct the required </> from the solutions on V3 of two extremal

area problems.

I follow [22, Chapter VII, §4]. If D is a domain containing p then the inner area

of D is the minimum of JD \g'(z)\2 dxdy over the class of analytic functions g in D

normalized by g'(p) = 1 and g(p) = p; the unique extremal function achieving the

minimum is denoted M*(z). It is easy to see that when D is a disc of radius R

centered at p, the extremal function M* is the identity and the inner area equals

the usual area -kR2 . The outer area of D is the maximum, taken over the class of

univalent analytic mappings from D into the sphere whose difference from \/(z — p)

vanishes at p, of the area of the complement of the image of D; the unique extremal

function achieving the maximum is denoted N(z). It is easy to see that when D is a

disc of radius R centered at p, the extremal function N(z) is inversion with respect

to p and the outer area is n/R2. When D is bounded by a finite number of closed

analytic curves, then the analytic function F(z) := (ir/A)M*'(z)/N'(z), which has

a double zero at p (A being the inner area of D), turns out to map D onto the unit

disc [22, p. 340, ex. 4] with multiplicity twice the connectivity of D.

I claim that the functions Fj(z) associated in this way to the domains Vj con-

verge uniformly on compact subsets of the disc B(p, 2r) to the corresponding func-

tion — (z — p)2/Ar2 for this disc. Granted this claim, we may take for the required

subharmonic function <p simply \Fj\ on Vj and zero on the other components of Uj

for a sufficiently large j, since A|.F,| converges uniformly on B(p,r) to 1/r2.

To complete the proof, it suffices to show that the inner area of Vj converges

to the (inner) area of B(p,2r) and that the extremal functions M*(z) and Nj(z)

converge normally in B(p, 2r) to the corresponding extremal functions for this disc.

By its definition the inner area of Vj is trapped between the usual Lebesgue area

of Vj and the (inner) area of B(p, 2r). But since S has measure zero, the Lebesgue

area of V0 converges to the (Lebesgue = inner) area of B(p,2r); so the inner area

of Vj converges as well to the same limit. The extremal functions M* form a normal

family on B(p,2r). If g is the limit of a subsequence, then by Fatou's lemma the

integral of \g'\2 over B(p, 2r) does not exceed the limit as j —* oo of the inner area
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of Vj, which was just shown to equal the (inner) area of B(p, 2r). Therefore g must

equal the unique extremal function on the domain B(p,2r), namely the identity.

Since the normal family {M*} has a single limit point, the whole sequence converges

to the identity. The family {Nj} is normal because the Nj are univalent; let h be

the limit of a subsequence. The integral

2

dxdyIS,N'(z) +
'K~>     (z-pf

equals [22, p. 363] the outer area of Vj minus the area of the complement of the

image of Vj under inversion with respect to p. By monotone convergence and the

definition of the outer area, this difference has a nonpositive limit as j —> oo, so by

Fatou's lemma
1

//, E(p,2r)

h'(z) +
z-pf

2

dx dy = 0.

Accordingly the family {A^} has a unique limit point h, which is inversion with

respect to p. This completes the proof.

3. Remarks and examples.

EXAMPLE 1. Let F be the Cantor set constructed not by removing from the unit

interval the usual middle thirds, but instead by removing at the fcth step from the

middle of each of the 2k~1 remaining intervals I an interval of length (rC-r-2)/2(fc-l-l)

times the length of / (that is, slightly more than half). One readily computes that

the set E := F x F has Hausdorff dimension one and Hausdorff one-dimensional

measure equal to zero. Let g be the Green function with pole at infinity for the

complement of E in the Riemann sphere. (This Green function exists since points

of Cantor sets are regular for the Dirichlet problem [27, pp. 106-109].) Let vbea

smooth nonnegative function on the real line that is strongly convex for x > 0 and

tends to zero so rapidly as x —► 0+ that x ° 9 1S smooth and vanishes to infinite

order on E. By Sard's theorem the equation x(a(z)) + lwl2 < c defines a smooth

bounded domain fl in C2 for almost every positive value of c. The Levi form acting

on the complex tangent vector w(d/3z) — x'(g(z))(dg/dz)(8/dw) equals

||    (\w\2x"(g(z)) + x'(g(z))2),    XztE;

0, if z € E;

and so fi is pseudoconvex. Moreover the weakly pseudoconvex boundary points

are precisely the ones for which either z E E (these are points of infinite type)

or z is a critical point of g (these are points of finite type). The set of boundary

points of infinite type, being the Cartesian product of E with a circle, is a set of

Hausdorff dimension two and Hausdorff two-dimensional measure equal to zero.

The domain fi is not regular in the sense of Diederich, Fornaess, and Catlin because

it contains "too much" of a complex disc, in the sense that any smooth submanifold

of the boundary that locally contains E x {\/c} must have 8/3z as a tangent vector

at points of this set. However Ü does satisfy the hypothesis of the Corollary, and

so is globally regular for the ¿5-Neumann problem.

Sibony [25] has given a more sophisticated example of a smooth bounded pseu-

doconvex domain in C2 that is globally regular for the 5-Neumann problem and
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whose weakly pseudoconvex boundary points form a set of positive Hausdorff three-

dimensional measure. (Since it has property (P), this domain has no complex disc

in the boundary.) I give here two examples of domains with globally regular ¿5-

Neumann problem but with maximally degenerate boundary: not only does the

boundary contain analytic discs, but the points of infinite type even fill out an

open subset of the boundary. These examples are based on the following unpub-

lished observation of Catlin, which has been circulating underground for a number

of years. With his permission I supply here a proof (my own).

LEMMA (CATLIN). Let Í2 be a smooth bounded pseudoconvex domain in C2.

Then the Bergman projection is globally regular if and only if the 3-Neumann op-

erator on (0, \)-forms is globally regular.

PROOF. That global regularity of the ¿5-Neumann operator N on (0, l)-forms

implies global regularity of the Bergman projection P (the orthogonal projection

from L2(U) onto the subspace of holomorphic functions) is well known and follows

immediately from the formula P = I — dN3. To prove the converse, the nontrivial

part of the Lemma, it evidently suffices to write N as the composition of (I — P)

and operators that preserve smoothness up to the boundary. In hopes of clarity I

will write on each operator a subscript 0, 1, or 2 according as the operator acts on

functions, on (0, l)-forms, or on (0,2)-forms.

Here is a formula relating the ¿5-Neumann operator Ai on (0, l)-forms to the

Bergman projection Pn on functions:

(2) N, = PiX^N^doXo^Hlo - P0)4t]N[t]Pi + V2N2N23i

where P\ = I\ — d2N28i is the orthogonal projection onto the space of ¿5-closed

(0, l)-forms (A^2 being the 5-Neumann operator at the level of (0,2)-forms), N^'

and d\ ' denote the ¿5-Neumann operator and the formal adjoint of ¿5 computed

for the space of forms with coefficients square-integrable with respect to the weight

exp(—1\ ■ |2), and x^' is the operator of multiplication by the function exp(—i| • |2).

To derive (2), start with the formula

(3) A, = (tfiAAn^W,) + (#2N2)(-d2N2y

due to Range [24]. Obviously the second terms in (2) and (3) agree. Taking the

canonical solution in the weighted metric of the equation dnu = Pif shows that

Pi = 3o^\ ' N¡ 'Pi. Applying the operator t/iAi to this equation gives #i Ai =

(lo — Po)ti[ N{ 'Pi, since tfiAi annihilates i^-exact forms. Inserting this in (3)

gives (2) since (i^'a^1)* = xi'^i'^oXo"'' and (I0 - P0) and Pi are selfadjoint

projections.

In view of (2), to conclude that global regularity of Pn implies global regularity

of A/i one need only know that N2 and Af ' preserve global regularity. Certainly

N2 does, because the 5-Neumann operator is always regular in top dimension [16,

p. 63], and we are in C2. On the other hand, by Kohn's global regularity theorem

[18] for ¿5 there is, for each fixed positive s, a sufficiently large t that N[ ' preserves

the Sobolev space WS(U). Thus if for every s there exists m such that Pn maps

Wm+s(U) continuously into WS(Q), then Ai has the same property. This completes

the proof, since the space C°°(ü) is the projective limit of the spaces WS(Q). (With
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a little care, using (2) and the relation P0 = Xo ̂ o^Xo '' ~ ^iNi8oXo] po]Xo '\

one can show that P0 and Ai lose exactly the same number of derivatives in Sobolev

norms, if any; cf. [19, p. 139].)

REMARK. It is not known if the Lemma is true for domains in C" when n > 2.

EXAMPLE 2. Ligocka [21, p. 201] has considered the convex Reinhardt domain fi

in C2 defined by

Q = {(z,w):  \w\2 <<P(\z\)},

where <p: [0,1] —> [0,1] is a smooth concave function such that <p(x) — 1 for x in

a neighborhood of 0 and <p(x) = 1 — x2 for x in a neighborhood of 1. The bound-

ary contains the Cartesian product of the complex disc {\z\ < e} with the cir-

cle {|w| = 1}. This domain is globally regular for the 5-Neumann problem in view

of the Lemma, because all smooth bounded pseudoconvex Reinhardt domains have

globally regular Bergman projection [2, 26]. However by Ligocka's result [21] the

5-Neumann operator for this domain is not compact in the Ws(fi) topology for any

s > 0.

EXAMPLE 3. Let O be a smooth bounded pseudoconvex domain in C2 contained

in the half-space {(z,w): Rew < 0}, and suppose the boundary 6fi intersects

the hyperplane {Rew = 0} in a set F with nonempty interior and is strongly

pseudoconvex (finite type will do) off this plane. For instance slice the top off a

strongly convex egg with a hyperplane, and round the edges. That fi has globally

regular Bergman projection P follows by localizing Barrett's argument [1, proof of

Theorem 2].

For the reader's convenience I indicate the necessary modifications of his proof,

which in fact shows that P is bounded from the Sobolev space Wk(U) to itself

for each positive integer k. (See [9] for a related localization argument.) We

assume by induction that ||P/||fc_i < C||/||fc_i. and we start with the estimate

||P/||fc < C(\\XkPf\\ + \\Pf\\), where X is any smooth vector field of type (1,0)

that is everywhere transverse to the boundary of fi. (Transverse derivatives control

Sobolev norms of holomorphic and harmonic functions quite generally [12].) Let

<p be a smooth nonnegative cut-off function that is identically equal to one in a

neighborhood of F. By taking this neighborhood sufficiently small, we may assume

that on the support of <p the field X coincides with 8/3w and the argument of

the complex inner product of X with the normal to bQ has magnitude less than

say 7r/5rC. In this case there exists a smooth function a such that Reafc > c > 0

and such that (aX — X) is tangential to bfl on the support of (p.

Since X annihilates holomorphic functions, (aX — X)kPf differs from akXkPf

by derivatives of Pf of order at most k — 1. Since aX — X is tangential to the

boundary on the support of <p, we may integrate by parts with no boundary terms

to deduce

\\(PXkPf\\2 < CRe((PakXkPf,(PXkPf)

<C\{<f>(aX - X)kPf,(pXkPf}\+0(\\Pf\\k.1\\Pf\\k)

<C\(Pf,<P2X2kPf)\ + E.

The error terms making up Í come from commuting derivatives and have the form

\(DJPf, DlPf)\ with j + I < 2k - 1. By the Cauchy-Riemann equations, arbitrary

derivatives of holomorphic functions are effectively tangential, so we may integrate
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by parts again to conclude that the error term <? is 0(||P/||fc_i ||P/||fc). Recalling

that X agrees with (d/8w) on the support of <p, we obtain

\\Pf\\l < C(\(f, (d/dw)2kPf)\ + \(Pf, (1 - <p2)(d/3w)2kPf)\

+ ||P/|U_1||P/IU + ||(i-<A)xfcp/||2).

Using integration by parts, the local regularity of P at points of the support of (1 —

<p) (these points being strongly pseudoconvex), the induction hypothesis, and the

Cauchy-Schwarz inequality, we conclude

\\Pf\\l<ï\\Pf\\l + CH/HÎ.
This gives the required estimate if the left-hand side is finite.

To complete the proof, approximate fi from inside by smooth strongly pseu-

doconvex domains Q£ (sublevel sets of a suitable defining function for Q). If

/ E Wk(U£) then Pef belongs to Wk(Q£) a priori, and so the above argument

gives ||Pe/||fc < CH/IU with C independent of e. It follows from Ramadanov's

convergence theorem for the Bergman kernel function [23] that for each fixed 6

the functions P£f converge to Pf weakly in L2(fl¿). By testing against func-

tions in Co°(n¿) and letting first e and then 6 tend to zero one concludes that

\\Pfh<C\\f\\k.

Note added February 1988. The forthcoming papers [6 and 10] consider

settings more general than those of Examples 1 and 2.
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