
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 103, Number 2, June 1988

BEST APPROXIMATION IN METRIC SPACES

ROSHDI KHALIL

(Communicated by Doug W. Curtis)

ABSTRACT. A metric space (X, d) is called an M-space if for every x and y in

X and for every r 6 [0, A] we have B[x, r] Cl B[y, A — r] = {2} for some z € X,

where A = d(x, y). It is the object of this paper to study M-spaces in terms of

proximinality properties of certain sets.

0. Introduction. Let (X, d) be a metric space, and G be a closed subset of X.

For x E X, let p(x,G) = inf{d(x, y) : y E G}. If the infimum is attained for all

x E X, then G is called proximinal in X.

The problem of priximinality of subsets in normed spaces has been studied by

many authors. We refer mainly to the encyclopedia of Singer [10], and other

references cited there, where the problem is treated in detail. Singer suggested the

problem of proximinality in the so-called convex metric spaces.

In metric linear spaces, many results on the proximinality problem were obtained

in [1, 2] and other papers cited in [2].

Some results on proximinality in metric (but necessarity linear) spaces appeared

in [6 and 7]. In [7], Busemann considered externally convex metric spaces (X, d)

[4, p. 51], which satisfy the following conditions:

(i) For any x,y,E X there exists z E X, z & {x, y} such that d(x, z) + d(y, z) =

d(x,y)

(ii) If x,y,zi,z2 E X such that d(x,y) + d(y,zi) = d(x,zi), d(x,y) + d(yz2) =

d(x,z2) and d(y,zi) = d(y,z2), then zx = z2.

(iii) Every bounded infinite set in (X, d) has an accumulation point. Busemann

proved that the balls in (X, d) are convex if and only if they are Chebyshev.

In this paper we prove results which relate proximinality of sets to the metric

structure in the space. We prove among other things that Busemann's result is true

for a larger class of metric spaces. More results on convexity and Chebyshevity of

sets are presented.

In §1, we define and characterize M-spaces. In §2, we study the convexity of balls

in relation to prominality of convex sets in M-spaces. Some results on proximinality

in strictly convex metric spaces are obtained.

1. M-spaces. Let (X, d) be a metric space. For x E X, r > 0, we let B(x,r) =

{y E X: d(x,y) < r), B\x,r] = {y E X: d(x,y) < r} and S(x,r) = {y E

X: d(x,y) = r}. Following Menger [11], we call (X,d) a convex metric space if

B[x, ri ] fl B[y, r2\ ^ 0 whenever rx +r2> d(x, y). Some of the properties of these
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spaces were introduced by Blumenthal [4]. Further results can be found in [3 and

5).
DEFINITION 1.1. A metric space (X, d) is called an M-space if for every two

points x and y in X with d(x, y) = X, and for every r E [0, A], there exists a unique

zr E X such that

B[x,r]r\B[y,X-r] = {zr}.

If r = A/2, the point zT is called the midpoint of x and y, and we write zr — m(x, y).

For x and y in X, a curve joining x to y in X is the image under a one-to-one

continuous map 7 of a closed interval [o, b] into X such that 7(0) = x and 7(6) = y.

We write 7 to denote the curve and the function at the same time.

If 7 is a curve joining x to y in X, then the length of 7 is defined by

n

l(l) =   i™   y^d(7(a¿_i),7(a¿))
t=i

where A„ = sup1<î<n |a, — a¿_i|, and {a = an,ai,... ,a„ =6} is a partition of

[a,b} = [1-l(x),1-~1(y)}.

If d(z,j/) = A and if {z} = B[x,(l - t)X] n P[j/,iA], t E [0,1], then we write

z — tx + (1 — i)y.

THE SET G[x,y]. Let (X, ci) be an M-space and x,y E X. For each n, let us

define a set 2?(n) Ç X as follows:

P(0) = {a(0,0) = x,a(0,l) = y},

E(l) = {a(l,0) = z,a(l,l),a(l,2) =y},    where a(l, 1) = m(x,y).

Assume that E(n) has been defined such that E(n) = {a(n,0) = x,a(n, l),a(n,2),

.. .,a(n,2n) = y}, where a(n,A;) = m(a(n,k - l),a(n,fc + 1)), 0 < k < 2". Then

we define P(n + 1) as follows

E(n + 1) = {a(n +1,0)= ¡s, a(n + 1,1),..., a(n + 1,2"+1) = y},

where

J m(a(n, (fc - l)/2), a(n, (k+l)/2))    if fc is odd,

\ a(n, fc/2) if fc is even,

for 0 < fc < 2™+1. For each n, we have

2"-l

d(x,y) = y^ ti(a(n, k),a(n,k + 1)).

0

Further, for all positive integers 0 < í < 2", we have

í-i

d(a(n, s), a(n, t)) = YJ d(a(n, fc), a(n, fc + 1))

Set j4(a;, y) = U^o^'í") ana- ^[x'2/] = -^(^lî/)- G[i,y] is called a line segment

joining x to y.
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THEOREM 1.1. Let (X, d) be an M-space and x, y E X. Then G[x, y] is a curve

of minimum length joining x to y.

PROOF. Let d(x, y) = 1, and Q be the dyadic numbers in [0,1]. Define the map:

7: Q -» A[x,y] such that 7(7-) = a(n,k) E E(n), when r = fc/2" and 0 < fc < 2".

It follows from the definition of 7 and the construction of A(x,y) that 7 is an

isometry from Q onto A(x,y). Let t E [0,1], and tn be a decreasing sequence in

Q such that tn —» t. Since i„ is a Cauchy sequence in Q and 7 is an isometry on

Q, it follows that i(tn) is a Cauchy sequence in G[x,y]. Further, d(^(tn),x) is a

decreasing sequence. Thus d(^(tn),x) —» t. Since (X, ci) is an M-space, there exists

zEX such that B[x, t] f~l B[y, 1 - t] = {z}.

We claim that 7(in) converges to z. We have d(q(tn), x) > t, and using the fact

that (X, d) is an M-space, we find a unique zn such that B[x, t] n B[~¡(t„), rn — t] =

{zn}, where r„ = d(~f(tn),x). Furthermore, d(y,i(tn)) + d(i(tn),x) = d(x,y), and

d(i(tn)zn) +d(zn,x) = d(~i(tn),x). It follows that d(y,zn) +d(zn,x) = d(x,y).

But d(zn,x) = t, so zn = z because (X,d) is an M-space. Since d(^(tn),zn) —+ 0,

l(tn) -+ 2-

We now define 7(£) = a. This establishes the extension of 7 from Q to [0,1]. But

7 is an isometry on Q. Hence 7 is continuous (and an isometry by construction)

on [0,1]. This completes the proof of the theorem.

Now, we give a characterization of M-spaces.

THEOREM 1.2. Let (X,d) be a metric space. Then (X,d) is an M-space if

and only if any two points x and y in X can be joined by a unique curve of length

d(x,y).

PROOF. Let (X, d) be an M-space, and x, y E X, with d(x, y) = X. By Theorem

1.1, there is a curve of length A joining x to y, namely G[x,y\. If possible, let 7

be another curve of length A joining x to y. Since 7 is connected and (X, d) is an

M-space, it follows that zt — (1 - t)x + ty E 7 for all t E [0,1]. Hence G[x, y) C 7.

But ¿(7) = l(G[x, y]) = A. Hence 7 = G(x, y).

Conversely, let (X, ci) be such that any two points of X are joined by a unique

curve of minimum length. If x, y E X, d(x,y) — A, let 7 be the unique curve of

length A joining x to y.

Let E(t) = B[x, (1 - t)X] n B[y,tX\, 0 < t < 1. Since 7 is connected, Ei(t) =

1C\S(x,(l-tX))¿0, E2(t) = 1C\S(y,tX) ¿0. We claim that E(t) / 0. For if
E(t) = 0 then there exists zi E Pi and z2 E E2 such that d(zi,z2) > e > 0. The

set {l~1(x),"i~1(zi),i~1(z2),i~1(y)} is a partition of the domain of 7. Hence

l(l) > d(x, zi) + d(zuz2) + d(z2, y) > d(x, y) + e.

Hence E(t) £ 0.

Now, we claim E(t) Ç 7. Let z E E(t). By the hypothesis, there exist unique

curves 7^ and 72 joining x to z and z to y, respectively, such that /(7*) = d(x,z)

and l("i2) = d(z, y). We may assume by using a standard scaling down method that

the domain of 7* is [0, (1 — i)A], and the domain of 72 is [(1 — i)A, A]. Consider the

function 7o : [0, A] —> X, defined by

|TÍ(í)    on[0,(l-i)A],

l0[S)      Í72(s)    on[(l-í),A].
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Then 7¿(0) = x, 70((1 — t)X) = z, ~i0(X) — y. Also 7g is continuous, and ¿(7Ó) =

'(M) + l(l2) = d(x,y) = ¿(7). Consequently, 7^ = 7, for all t. Hence E(t) Ç 7.

Finally, E(t) consists of one point for each t E [0,1]. For otherwise, one can

easily see that ¿(7) > d(x,y). Thus (X,d) is an M-space. This completes the proof

of the theorem.

REMARK. Blumenthal [4], proved a similar result. However, he assumed com-

pleteness and convexity of (X,d). Our method of proof is different from his.

2. Best approximation in (X,d). Let (X,d) be a given metric space, and G

a closed subset of X. Set b(x, G) — {y EG: d(x, y) = p(x, G)}. The set G is called

proximinal if b(x, G) ^ 0. It is called Chebyshev if b(x, G) contains only one point.

Much work has been done to determine the proximinality of closed subspaces in

normed spaces. It is not our objective to work on this problem. But here we study

some properties of the metric d in terms of proximinality and Chebyshevity of some

sets in X.

For xeG, set P(G,x) = {veX: p(y,G) = d(x,y)}.

THEOREM 2.1. Let (X,d) be a convex metric space. Then the following are

equivalent

(i) (X,d) is an M-space;

(ii) B[z, r] is Chebyshev for all z E X, r > 0;

(iii) P(A, x) n P(A, y) = 0 for x ^ y and all closed balls A in X.

PROOF, (i)—»(ii). Let B[z, r] be any closed ball. Let x E X\5[z, r] and d(x, z) =

s = r + A. Then p(x, B[z, r}) = A. By (i), B[x, X] n B[z, r] = {y} for some y EX.

Clearly, b(x,B[z,r]) = {y} and B[z, r] is Chebyshev.

(ii)—►(iii). If P(A, x)C\P(A,y) ^ 0 for some ball A = B[z,r], and some x,y E A,

then for w E P(A, x) n P(A, y)

d(w,x) =d(w,y) = p(w,A).

which contradicts (ii).

(iii)—+(i). Let x,y E X and d(x,y) = X. By the convexity of (X,d), there exists

a t such that B[x, (1 - t)X] n B[y,t\\ = E(t) / 0. If zi,z2 E E(t), zx ¿ z2, then

x E P(B{y, tX], zi ) n P(B[y, tX},z2) ¿ 0,

which contradicts (iii). Hence (X,d) is an M-space.

A set G Ç X is called convex if for every x,y E G, B[x, (1 — i)A] n B[y, tX] Ç G

for all t E [0,1], where A = d(x, y). Set

L(x,y)=   U   (B[x,(l-t)X}nB[y,tX})=    (J   (B[x,r\ n B[y, X - r}).
0<Í<1 0<r<A

REMARK. It follows from the construction of G[x, y] and the proof of Theorem

1.1 that G[x, y] = L(x,y).

THEOREM 2.2.   Let (X,d) be an M-space.  The following are equivalent

(i) Closed balls in (X,d) are convex;

(ii) If G is a closed convex set in (X,d) and x <£ G, then b(x,G) is convex.
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PROOF, (i)—>(ii). Let G be a closed convex set in (X, d) and x <£ G. If b(x, G) —

0 then it is trivially convex. So, let zi, z2 E b(x, G) and d(zi,z2) = X. If p(x, G) =

r, then zi,z2 E B[x, r\. Since closed balls are assumed to be convex then G[z\, z2] Q

B[x,r]. Since G is convex, we get G[zi,22] Q G. Consequently, G[zi,z2] Ç S(x,r).

Hence G\zi,z2] Cb(x,G).

(ii)—>(i). Let P[2,r] be any closed ball in (X, d) and x,y E B[z,r]. If possible

assume that for some t E [0,1], {B[x, (1 — £)A] n B[y, tX}} c¿ P[z,r], where A =

d(x,y). By Theorem 1.2, the points x and y can be joined by a unique curve of

length A = d(x,y). If 7 is this curve, then again by Theorem 1.2, 7 is a convex

closed set in (X,d).

By the connectedness of 7, there exists at least two points zi and z2 such that

{21,22} Ç -)C]S(z,r). Then zuz2 E 6(2,7). However, G[zi,z2] % 6(2,7). This

contradicts (ii). Thus P[2,?-] must be convex.

THEOREM 2.3. Let (X,d) be an M-space in which every proximinal convex set

is Chebyshev.  Then B[z,r] is convex for all z E X and r > 0.

PROOF. Let x,y E B[z,r], d(x,y) = X. If possible, let {B[x, (l-í)A]nP[y,íA]} £
B[x, r] for some t E [0,1]. Then as in the proof of Theorem 2.2, there exist distinct

points 21,22 E S[z,r] such that 7 = G¡2i,22] is not contained in B[z,r). Since 7

is compact (being the continuous image of [0, ¿(21,22)]) it is easily seen that 7 is

proximinal. But 21,22 € 6(2,7), contradicting the Chebyshevity of 7, since 7 is

convex. Hence B\z, r] is convex.

A convex metric space (X,d) is called strictly convex if, for x,y E B[z,r] with

d(x,y) = A, then B[x, (1 - t)X] n B[y,tX] Ç B(z,r) for all t E (0,1), and all
2 E X, r > 0. For normed linear spaces, it was proved in [9] that strict convexity

characterizes M-spaces. This was generalized to uniform convexity in [8]. Here we

can prove:

THEOREM 2.4. Let (X,d) be a strictly convex metric space. Then (X,d) is an

M-space.

PROOF. Let x, y E X and d(x,y) = A. By the convexity of (X,d), E(t) -

B[x,(l-t)X]nB[y,tX] ¿0 foralUe (0,1). If possible let zx,z2 E E(t). By strict

convexity of (X, d) we get

B[zi, (1 - s)fl n B[z2, s£] Ç B[x, (1 - t)X)} n B[y, ¿A],

for all s E (0,1), where £ = ¿(21,22).   This can happen only if zi = z2.  Hence

(X, d) is an M-space.

Chebyshevity of proximinal convex sets in strictly convex metric linear space

was proved in [1]. We prove the same result in our setting.

THEOREM 2.5. Let (X,d) be a strictly convex metric space. Then every prox-

iminal convex set in (X, d) is Chebyshev.

PROOF. Let G Ç X be proximinal and convex. If possible let z E X\G such that

b(z,G) contains more than one element. Let p(z,G) = r, and consider {21,22} Ç

6(2,G). Let ¿(21,22) = A. Since {21,22} Ç B[z,r], it follows from the strict

convexity of (X, d) that

w(t) = S[2i,(l-i)A]nB[22,£A] EB(z,r).
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The convexity of G implies that w(t) E G. This is impossible [10]. Thus 21 =22,

and G is Chebyshev.

Set G(x,y) — G[x,y]\[x, y\. A point w E S(z,r) is called an extreme point of

S[2,r] if w E G(x,y) for all x, y E B[z,r}. The following characterization of strict

convexity is immediate (but useful).

THEOREM 2.6. Let (X,d) be a convex metric space. The following are equiva-

lent:

(i) (X, d) is strictly convex;

(ii) Every point of S(z, r) is an extreme point of B[z, r) for all z E X and r > 0;

(iii) S(z,r) does not contain any line segment.

Using these theorems one obtains a stronger version of Theorem 2.3.

THEOREM 2.7.   Let (X,d) be an M-space.  Then the following are equivalent:

(i) (X, d) is strictly convex;

(ii) Every proximal convex set is Chebyshev.

PROOF. It suffices to show that if every proximinal convex set is Chebyshev, then

every closed ball is strictly convex. Let B[z, r] denote any such ball and suppose it

is not strictly convex. Then by Theorem 2.6, there exist three points u, v, w that

are elements of S(z,r) such that v E G[u,w\. Then as in the proof of Theorem

2.3, G[u, w] is proximinal. Then G[u,w\ is Chebyshev and thus by connectedness

of G[u, w] and continuity of the metric, there exist points x,y E G[u,w] such that

v E G[x, y] with d(z, x) = d(z, y) = k < d(z, v). Thus v c¿ B[z, k] and hence B[z, k]

is not convex, contrary to Theorem 2.3.

3. Results in strong M-spaces. In light of the fact that every M-space is

convex and every strictly convex metric space is an M-space, one might conjecture

that every M-space is strictly convex. That this is not the case is shown by the

following example.

Let (X, c) be a closed ball of the S2,r [4, pp. 16-18] of radius p with 7rr/4 < p <

nr/2. Since X is convex and contains no diametral point pairs of the S2,r, X is an

M-space. However, letting x, y denote points of X such that d(x, y) = d(x, z) =

7rr/2, then all points w of X between y and z have the property that d(x, w) = nr/2

contradicting strict convexity.

DEFINITION 3.1. An M-space (X, d) is called a strong M-space if for every two

points x, y in X with d(x, y) = A and for every positive real number r ^ A, there

exists a unique zT such that S[x,r] n S[y, \X — r\] = {zr}.

DEFINITION 3.2. A metric space is called externally convex if for all distinct

points x, y such that d(x, y) = A, and fc > A there exists a unique 2 of X such that

d(x, y) + d(y, z) = d(x, z) = fc.

It is clear that not every convex metric space is externally convex. It may be

noted that not every externally convex metric space is convex, as is illustrated by

the following example.

Let the point set of (X, d) be the union of the two lines in the cartesian plane

whose equations are y = 1 and y = 2. Let the distance d(pi,p2) for pi = (xi,yi)

and p2 = (x2, y2) be given by |xi - x2| if j/i = y2 and by 1 +|zi|+ |ar2| if yi ¿ y2-

This satisfies the condition of external convexity but convexity fails when applied

to the points (0,1) and (0,2).
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It may be further noted that not every externally convex M-space is a strong

M-space. Such a counterexample is constructed from three distinct half-lines of

the euclidean plane with common origin O. The metric of points x, y in the space

is defined to be their euclidean distance if they lie on the same half-line, but their

distance is defined to be the sum of their respective distances from O if they lie on

different half-lines.

Using the method of proof of Theorem 1.1 and Theorem 1.2, one obtains

THEOREM 3.1. For any two points x, y of a strong M-space and real numbers

k',k" > d(x,y) there exist unique points u, v such that G[x,y] is contained in

G[u, v] with d(x, u) = fc' and d(y, v) — fc".

THEOREM 3.2. For any two points x, y of a strong M-space (X,d) there exists

exactly one set L(x, y) containing x, y such that L(x, y) is congruent to the euclidean

line.

PROOF. The theorem follows by using Theorem 3.1 a denumerable number

of times, extending the partial congruence each time, as the fc', k" become large

without limit.

LEMMA 3.1. Let (X,d) be any metric space and G be a proximal subset of

(X, d). Let x E X\G. If z E b(x, G), then z E b(y, G) for all y E G(x, z).

PROOF. If possible let 2 E b(y,G) for some y E G(x,z). Thus d(y,w) < d(y,z)

for w E b(y,G).

This implies that

d(x, w) < d(x, y) + d(w, y) < d(x, y) + d(y, z) = d(x, z).

This is a contradiction.

REMARK. Lemma 3.1 is similar to Lemma 2.1 in [10] for normed linear spaces.

Let x, y be any two elements in an M-space (X, d). We let G(x, y, —) denote the

largest line segment containing G(x, y) for which x is an extreme point.

A set G Ç (X,d) is called a sun if for all x E X\G and y E b(x,G), one has

y E b(z,G) for all z E G(y,x, —). This is similar to the concept of sun in normed

linear spaces.

THEOREM 3.3.   Every closed ball in a strong M-space (X,d) is a sun.

PROOF. Let B[z,r] be any closed ball in (X,d) and x E X\B[z,r\. From

Theorem 2.1, B\z,r) is Chebyshev. Hence b(x, B\z,r}) — {y} for some y E S(z,r).

If w E G(y,x), then by Lemma 3.1, {y} = b(w,B[z,r]). So let w E G(y,x,—)

be such that d(w,y) > d(w,x). But from the definition of G(y,x,—), d(w,y) =

d(w,x) + d(x,y), and by Theorem 3.2, d(z,w) = d(z,y) + d(y,w). Hence {y} =

b(w, B[z, r]) and B[z, r] is a sun.

In an M-space, it is not the case that every convex set is a sun. The closed ball

of 52,r considered earlier in this paper in which G is a connected portion of a great

circle contained, together with its pole, in the interior of the defining closed ball, is

such a set. It is an open question whether every closed ball in an M-space is a sun.

Part of this research was done while the author was on sabatical at Univ. of

Michigan.
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