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ESTIMATES FOR GREEN'S FUNCTIONS

A. G. RAMM AND LIGE LI

(Communicated by Walter Littman)

-V2 + q(x), x S R3, 0 < q < c(l + \x\)~a, a > 2,

lqGg(x,y) = S(x - y). If q > p > 0, q ^ p, then c\x - j/|_1 < Gq(x,y) <

Gp(x,y) < (47r|i — y\)~l,x ^ y, for some positive c = c(q). If p ^ 0 then

Gp < {i-K\x-y\)-l,x^y.

Introduction.  If A and B are linear selfadjoint operators on a Hubert space

H,

(*) A>B>0,D(A)cD(B),    then 0 < A'1 < B-1.

Here A > B means that (Af, f) > (Bf, f) for all / G D(A). However, if A'1 and
.B-1 are integral operators, the inequality (*) does not imply that

(**) GB(x,y) > Ga(x,v)    for all x and y,

where Ga(x,j/) is the kernel of A~x.  This is well known and can be easily seen

already in the example when A"1 and £?_1 are matrices (e.g. if

i-i

(¡Î)  --' = (_51 V).
then B~l > A-1 but the inequality BT^ > A~^\ does not hold, where B~^\ are the

entries of the matrix B~x).

It is therefore of interest to give conditions under which (**) holds. For matrices

such conditions are known, the corresponding matrices are called M-matrices (see

[1, 2]). For positive definite elliptic differential operators of second order in L2(D),

where D is a bounded domain, it is established in [3] that their Green's functions

are nonnegative. See also a discussion in [7, p. 209] of Beurling-Deny criteria for

a selfadjoint operator to generate a positivity preserving semigroup. For higher

order elliptic positive definite operators (such as biharmonic operator, for example)

Green's function is not necessarily pointwise positive (some references can be found

in [3]).

Formulation of the results. Assume that A is selfadjoint in L2 = L2(R3)

operator defined by the expression Au = —V2u-Yq(x)u on D(A) = H2(R3), where

H2(R3) is the standard Sobolev space, and

(1) 0 < q(x) < c(l-Y [x[)~a,        a>2.

By c we denote various positive constants, |x| is the length of the vector x G R3.

Let

(2)_ 0<p(x)<q(x)
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and let Gq (x, y) denote Green's function:

(3) [-V2+q(x)]Ga(x,y) = 6(x-y).

LEMMA 1.   // (1) and (2) hold then

(4) (4tt|x - î/I)-1 >Gp(x,y)>Gq(x,y)>0   for all x,y G R3.

Ifp^O and q ^ p, then

(4') (4tt|x - t/l)-1 >Gp(x,y) > Gq(x,y) > 0,    forx^y.

REMARK 1. Estimates of the type (4) are useful in applications [5, pp. 309-317,

6].
PROOF. First let us prove the right inequality (4) using the strong maximum

principle [4]. Suppose that Gq(xo,yo) '•— G(xo,yo) < 0 for some xq and yo- Clearly

xo / 2/0 since G(x,y) —► -f-oo as x —» y. Since G(x,y) —* 0 as [x — y\ —> oo, one

concludes that the function G(x,yo) := u(x) attains a nonpositive minimum at a

point £ t¿ t/o- Consider the function u(x) := G(x, yo) in a ball Ba — {x : |£ — x\ < a}

which does not contain yo- This function solves the equation

(5) V2u(x) - q(x)u(x) = 0    in Ba.

Since q(x) > 0, we conclude that u cannot attain in Ba a nonpositive minimum at

the point £ unless u = const for x ^ yo-  The function u(x) = G(x,yo) ^ const:

if u = const then the property G(x,yo) —► oo as x —* yo cannot hold.   This

contradiction proves that Gq(x,y) > 0 for all x,y.

The left inequality (4) follows from the equation

(6) Gp(x,y) = g(x,y)-        g(x,z)p(z)Gp(z,y)dz,        g := (4tc\x - yl)'1.
Jrs

Since p > 0 and g > 0 one concludes that Gp < g.

In order to prove that Gp >Gq, define

(7) v:=Gp(x,y)-Gq(x,y).

Subtract from equation (3) the equation for Gp to get

(8) V2v -pv = (p- q)Gq < 0

where assumption (2) was used. Since v —* 0 as |z — y\ —► oo and v is bounded on

compact sets, the strong maximum principle says that v cannot attain a nonpositive

minimum, therefore, v > 0. Thus Gp > Gq.

Note that in order that Green's function Gq(x,y) in Lemma 1 be positive, it is

not necessary that q(x) be nonnegative. Indeed, the following lemma holds. Let

a(x) > 0, aM(r) = sup|x|=r a(x), a(oo) = 0, a G L~*(R3), 7 > |.

LEMMA 2. If for some u0(x) > c(\x\ -Y l)~a, 0 < a < 1, c = const > 0, the

equation (—A — a(z))ito = 0 holds in R3, then Gq(x,y) > 0 in R3 provided that

q(x) > —a(x). If0>q> —a(x) and q(x) ^ 0 then Gq(x,y) > (47r|a: —y|)_1, x / y.

PROOF. Define V by the equation Gq(x,y) = uo(x)V(x,y). Then

AxGq(x, y) = VAxu0 + 2Vxu0 ■ VXV -Y u0AxV(x, y).
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Substitute this into the equation — AGq -Y qGq = 6(x — y) to get for fixed y

(9) -u0AV - 2Vw0 ■ W + (-Au0 + qu0)V = 6(x - y).

Note that V is by definition positive in a neighborhood of y. Therefore it is

sufficient to prove that V > 0 outside of this neighborhood. This is done by proving

that V cannot attain a nonpositive value outside of the above neighborhood. If it

does, then the maximum principle says that V S const and this is a contradiction.

Since in (9) we have — At¿n + quo > — Auo — a(x)uo = 0, and V = UQlGq =

0(|x|a_1) as |x| —* oo, so that [V\ —* 0 as |x| —♦ oo, the maximum principle applies

to V. Hence V(x,y) > 0 and this yields positivity of Gq(x,y). To prove the last

statement of Lemma 2, start with the formula Gq = g — fR3 gqGq dz, which is

analogous to (6), and note that the integral term is positive since q < 0, q ^ 0, and

Gq > 0, as we have already proved.

EXAMPLE. Let |x| = r, u0 := (r -I- e)~a, 0 < a < 1, £>0isan arbitrary small

number, a(r) — (r + e)~2[a(l — a) + 2ear~1}. If q > —a(r) then, by Lemma 2,

Gq(x,y) > 0. If a = \ and q > ~(r + e)~2[\ +er~1] then Gq > 0. In particular, if

q > — (r + e)~2/4 then Gq > 0. This result is close to the best possible as follows

from Remark 2.

REMARK 2. Let qm(r) := inf^i^r^x), <7m(0 := suP|z|=r QÍX)- The following

result is known [9, §48]. If x G R3 and

lim inf r2qm(r) > —1/4
r—>oo

then the equation —Au + qu = 0 does not have nontrivial solutions with nodal

surface in a neighborhood of infinity, that is there is no nodal surface in the region

fifi :— {x '■ \x[ > R} for some R > 0, (in this case the equation —Au + qu = 0 is

called nonoscillatory). If

lim sup r2qM < —1/4
r—>oo

then the equation — Au-Yq(x) — 0 is oscillatory, that is any solution to this equation

has nodal surfaces in any neighborhood Q/j of infinity (i.e. for any R > 0 sufficiently

large).

If the equation (-A — a(x))u = 0 has a positive solution uo, then this equation is

not oscillatory. Since (—a)m = -o« one has for q = —a(x) the sufficient condition

lim inf r2aM(r) < 1/4,
r—»oo

for the equation [—A — a(x)]u = 0 to be nonoscillatory. This condition generalizes

Kneser's condition known in the one dimensional case as a sufficient condition for

the equation — u" — a(x)u = 0, x G Rl, to be nonoscillatory. Practically one cannot

take a(x) large: if a(x) were large, then the operator —V2 — a(x) would have a

negative eigenvalue [—V2 — a(x)]iß = — Xip, A > 0, where ip decays exponentially

at infinity. The corresponding eigenfunction is strictly positive, and the equation

[—A — a(x)]u = 0 cannot have positive solution which grows not faster than a power

of |x| at infinity. Indeed, if [-A — a(x)]tp = -Ái¡>, ip > 0, and [-A - a(x)]w — 0,

w > 0, then

—X I    tpwdx= I    w(-A — a)tpdx= /    [-A — a(x)]wijjdx = 0.
Jr* Jr3 Jr3
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This is a contradiction since / tpw dx > 0. An integration by part was used and the

integrals over the large sphere go to zero as the radius of the sphere grows since if)

decays exponentially at infinity.

Therefore Lemma 2 is useful practically in the case when a(x) is a function for

which the operator — V2 — a(x) does not have negative eigenvalues and for which

zero is a resonance with positive resonance function, that is with positive solution

to the equation (—V2 - a(x))w = 0.

The following theorem gives a positive lower bound of Green's function in R3.

THEOREM 1.   Under the assumption in Lemma 1, the estimates

(47r|x-y|)_1 >Gp(x,y) > Gq(x,y) > c|x-y|_1,        x ^ y,

hold where c = cq > 0, and the inequalities are strict ifp^q, p ^ 0.

PROOF. Lemma 1 shows that the first two inequalities hold. The last inequality

is proved in [6, p. 1341, formula (4)].

Extensions.  In this section we extend the results in several directions.

(1) The result in Theorem 1 and its proof remain valid in Rd for d > 3

after the obvious modifications: (47r|x — y|)_1 should be substituted by

T(d/2)|x - y|2-d/2(d - 2)7Td/2 and |x - y]"1 by |x - y|2~d.

(2) General second order selfadjoint elliptic operators

d

Lu = -  22  dj(amj(x)dmu)-Yq(x)u,
j,m = l

where
d d d

AX!M2-     J2    amj(x)tmtj<\^2\tj[2.
j=l J,m = l j = l

X and A are positive constants which do not depend on x, amj(x) G G1 and q(x)

satisfies assumption (1), can be studied in place of —A + q(x).

(3) In this section we discuss the Green functions with boundary conditions on

dD, where D C Rd, d > 3, D is a domain with smooth boundary dD, D = DUdD.

By Bdu = 0, Bpju — 0 and Bru = 0 we mean u[qd = 0, du/dn\go = 0 and

(du/dn + o(x)u)[dD = 0 respectively, where 0 < a(x) is smooth, n is the outer

normal. By Pq, Pn,Pr we denote the set of functions a(x) G C(D) for which there

exists a u(x) > 0 such that (—A + a(x))u(x) > 0 in D and u satisfies Bpu = 0,

B^u = 0 or Bru = 0 respectively. Let Xx (a) denote the first eigenvalue of — A+a(x)

and uo(x) denote the nonnegative eigenfunction corresponding to Xx(a) under one

of the three boundary conditions. We use P to denote one of the sets Pd,Pn or

Pr in what follows. It is easy to see that o(x) G P if and only if Xx(a) > 0.

REMARK 3. If a(x) > 0 then u0(x)\dD > 0 under Neumann or Robin boundary

condition (B^u = 0 or Bru = 0).

PROOF. From the monotonicity of the dependence of first eigenvalue Xx(a) on

a(x), one concludes that a(x) G P. Since un(x) > 0 in D, uo(x)\grj > 0. Suppose

i*o(s) = 0 for some s G dD. Since — Auo + aurj = Ai(a)tio > 0, the strong maximum

principle and Hopfs lemma imply that duo(s)/dn < 0. This is a contradiction to

the assumption B^u = 0 or Bru = 0.
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LEMMA 3. Let a(x) > 0 and continuous function q(x) > a(x) — Xx(a), then

q(x) e P. If u(x) > 0 for all x G D satisfies the inequality (—A + q)u(x) > 0 and

one of the boundary conditions B^u = 0 or Bru = 0, then u(x)\go > 0.

PROOF. Since the first eigenvalue Xx(q) of — A-Yq(x) is not less than that of the

operator —A + (a(x) — Xx(a)) which is Xx(a) — Xx(a) = 0, it follows that q'(x) G P.

Let urj(x) denote the (nonnegative) eigenfunction corresponding to Xx(a) with

one of the conditions B^u = 0 or BRu = 0. Define the function V(x) by the

equation u(x) = uo(x)V(x). Then

0 < (-A + q)u = -u0AV - 2W • Vu0 + (q + Xx(a)- a(x))u0V.

Note that q + Xx(a) — a(x) > 0 by the assumption and that on boundary dD we

have:

(i) In the case of Neumann condition B^u = 0,

.      du duo ^     dV dV
0 = — = V —-Y v-o^- = u0 — .

dn dn dn dn

One thus concludes by Remark 3 that dV /dn = 0.

(ii) In the case of Robin condition

„     du .', (duo \ dV dV
0 = -s— + cru = V \ —-Y cruo ) + u0-z- = u0-^-■

dn \ dn ) dn dn

One can also conclude that dV/dn = 0.

By the strong maximum principle, V either attains its nonpositive minimum on

dD or it is a constant. Using Hopfs lemma, which says that at the point s G dD of

minimum dV(s)/dn < 0, and the result dV/dn = 0 one concludes that V cannot

attain its minimum on dD and therefore V = constant. Since itrj(x) > 0 in D, it

follows that this V = const > 0, and, by Remark 3, that u(x) = u0(x)V > 0 for

xedD.
We now discuss the estimates for Green functions under the Dirichlet, Neumann

or Robin boundary conditions. By Gqo, Gqr, and GqN we denote the corresponding

Green functions. In the case of Neumann condition we always assume q(x) ^ 0 so

that the Green function Gqn is uniquely determined.

We then have the following propositions.

PROPOSITION 1. If q(x) > a(x) - Xx(a) and a(x) > 0 then Gq(x,y) > 0 for
x,y e D.

Let a(x) = 0 and Ai be the first eigenvalue of the Laplacian —A under one of

the three boundary conditions, Proposition 1 implies

COROLLARY.   Gq(x,y) > 0 for x,y e D, provided that q(x) > -Xx.

PROOF OF PROPOSITION 1. Since q(x) e P by Lemma 3, it follows that

—A + q(x) is nonnegative definite. Therefore the positivity of Gq follows from the

Aronszajn-Smith theorem (see §5 in [3]).

One can also prove Proposition 1 by applying the strong maximum principle to

the function V(x, y), where V(x, y) is defined by GQ(x, y) = uo(x)V(x, y), and using

the argument in Lemma 3.
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PROPOSITION 2. If qx(x) > q2{x) > a{x) - Ai(a) for some a(x) > 0, and

qx£q2, then Gq2(x,y) > G9l (x, y) > 0 for x ¿ y, x, y G D.

PROOF. Strict positivity of Gqi is a result of Proposition 1. The first inequality

follows from the equation

Gq2(x,y)-Gqi(x,y)= / (qx(z) - q2(z))Gqi(x,z)Gq2(z,y)dz
Jd

and from the positivity of G9i ,¿ = 1,2.

PROPOSITION 3.   Ifq(x) > a(x) - Xx(a) for some 0 < a(x) G P, then

(10) GqD(x, y) < GqR(x, y) < GqN(x, y)    for x,yeD, xj^y,

and

(11) 0<GqD(x,y)    forx,yeD.

PROOF. Step 1. Let us prove the first inequality in (10). The argument

in the proof of Lemma 3 shows that GqR(x,y) > 0 for x or y on dD.

Thus (-A + q)(GqR - GqD) = 0, (GqR - GqD)[dD > 0. Define V by the equation

(12) GqR(x, y) - GqD(x, y) = u0(x)V(x, y),

where un(x) is the (positive) eigenfunction of —A + a(x) corresponding to the

eigenvalue Xx(a) under Robin condition. One has

(13) -uoAXV - 2VXV • Vu0 + (q(x) + A, (a) - a(x))u0V = 0

with q-YXx(a) —a(x) > 0 and V(x,y) > 0 for x or y on dD. Note that GqR(x,y) —

Gqd(x, y) = Gqr(x, y) > 0 for x or y on dD and since un > 0 on dD, formula (12)

implies that V(x,y) > 0 for x or y on dD. The maximum principle implies that

V(x, y) > 0 for x, y G D. Therefore

(14) GqR(x, y) > GqD(x,y)    for x,y eD.

Step 2. Let us prove the second inequality in (10). Note that

d_

dn
(GqR - Gqn)

dD

- d c
dD

= -a(x)GqR < 0.

Define V by the equation

(15) GqR(x, y) - GqN(x, y) = u0(x)V(x, y)

where un(x) is the (positive) eigenfunction of the operator —A+a(x) corresponding

to Neumann boundary condition with first eigenvalue Xx(a). Then

diu0V)

dn dD

djGgR — Gqn)

dN
<0.

dD

Thus UoidxV/dn)[dD < 0. Since t¿o(x)|aD > 0 by Remark 3, it follows that

dxV\
(16) dn

<0.
dD

Equation (13) and the strong maximum principle imply that V(x,y) can at-

tain its nonnegative maximum only at some x on dD for any given y G D.   By
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Hopfs lemma, dxV/dn\gc, > 0. This contradicts to (16). Therefore GqR{x,y) —

GqNix,y) < 0 for x,y eD, x / y.

Note that there is no positive lower bound for Green's function Gqix,y) which

is uniform in q. Indeed if g(x) —► +00 in D C D, then Gq{x, y) —* 0 in D as follows

from the results in [8].

Acknowledgement. A.G.R. thanks ONR and NSF for support.

REFERENCES

1. J. Schröder, Operator inequalities, Academic Press, New York, 1980.

2. J. Ortega and W. Rheinboldt, Iterative solution of nonlinear equation in several variables, Aca-

demic Press, New York, 1970.

3. N. Aronszajn and K. Smith,   Characterization of positive reproducing kernel,  application to

Green's functions, Amer. J. Math. 79 (1957), 611-622.

4. D. Gilbarg and N. Trudinger, Elliptic partial differential equations of second order, Springer-

Verlag, Berlin and New York, 1977.

5. A. G. Ramm, Scattering by obstacles, Reidel, Dordrecht, 1986.

6. _, Sufficient conditions for zero not to be an eigenvalue of the Schrödinger operator I, II,

J. Math. Phys. 28 (1987), 1341-1343; 29 (1988).
7. M. Reed and B. Simon, Analysis of operators, Academic Press, New York, 1978.

8. A. G. Ramm, Exterior boundary value problems as limits of interface problems, J. Math. Anal.

Appl. 84 (1981), 256-263.
9. I.  Glasman,  Direct methods of qualitative spectral analysis of singular differential equations,

Davey, New York, 1965.

Department of Mathematics, Kansas State University, Manhattan, Kansas
66506


