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SUBNORMAL ELEMENTS OF G*-ALGEBRAS
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(Communicated by John B. Conway)

ABSTRACT. An algebraic characterization of a subnormal operator on Hubert

space is given. The result also characterizes subnormal elements of certain

abstract C*-algebras

Throughout this note M will denote a complex Hubert space and C(H) the C*-

algebra of all bounded linear operators on M. Recall that an operator S in t(M)

is said to be subnormal if there exists a Hilbert space K which contains M and a

normal operator N in Ù(K) such that M is invariant for N and N\U = S. For

an element T in a G*-algebra A, let C*iT) denote the G*-algebra generated by T

and 1. There are several known characterizations of subnormal operators in the

G*-algebra £(#)■ The following theorem appears in [5].

THEOREM A. The following statements are equivalent for an operator S in

t(M):
1. S is subnormal.

2. S has a quasinormal extension.

3. (Halmos [8]). For any fo,fi,.-.,fn in M,

¿¿(5Vfc,5fc/,)>0,

j=0 fc=0

and there exists a constant c > 0 such that for any /o, /i, • • •, /n in M,

j=0 k=0 j=0 k=0

4. (Bram [2]). For any /o,/i, • • •, fn in U,
n      n

^X^/fc,^/,)^.
j=0 fc=0

5. (Embry [7]). For any /0, fx,..., /„ in X.

¿¿(5^fc/J,^+fc/fc>>0.

j=0*:=0

6. (Bunce and Deddens [4]). For any Bq,Bx,. .. ,Bn in C*(S),
n      n

j2Y,Bis'kS3Bk^°-
j=0 k=0
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7. (Embry [7]). There exists a positive operator-valued measure Q on some

interval [0, a], a > 0, such that for every integer n > 0,

S*nSn= f  t2ndQ(t).
Jo

Note that each of the above characterizations of subnormal operators is spatial

except for number 6. Bunce used number 6 to define a subnormal element of

an abstract G*-algebra (cf. [3]). An element S of a G*-algebra A is said to be

subnormal if for all B0,Bx,...,Bn in A, £"=o £Lo B*S*kS^Bk > 0. (According

to Remark 1 of [4], an operator S in L(U) is subnormal if and only if for any

Bo, Bx,...,Bn in £(#), ¿"=0 YTk=o B*S*kS^Bk > 0. Thus it is correct to allow

Bk to be an element of A and not insist that Bk belongs to C*(S).) The purpose of

this note is to give another characterization of subnormal elements of a C* -algebra

provided that the algebra is "large enough."

We shall begin with the following theorem. Recall that an element W oî a

C*-algebra is said to be an isometry if W*W = 1.

THEOREM 1. Suppose that A is a C*-algebra and S € A. Suppose that there

exist a normal element N and an isometry W in A such that S = W*NW and

NP = PNP, where P = WW*.  Then S is a subnormal element of A.

PROOF. Let fc be a nonnegative integer, and assume that Sk = W*NkW. Then

Sk+i _ Sksw*w = w*NkWW*NWW*W

= W*NkPNPW = W*NkNPW = W*Nk+1W.

Hence an induction argument implies that Sk = W*NkW for each nonnegative

integer fc. Thus S*k = W*N*kW and

s*kSj _ s*ksjw*w _ w*N*kWW*NjWW*W
= W*N*kPN:JPW = W*N*kNjPW = W*NjN*kW

for all nonnegative integers j and fc.   (We have used the fact that NP — PNP

implies that N^P = PN^P for each nonnegative integer j.) Thus

B*S*kS3Bk = B*W*NjN*kWBk = {N*>WBj)m{N'kWBk) = E*Ek,

j,k = 0,1,...,n, where E{ = N*iWBl, i = 0,l,...,n. It follows that

n      n n      n I   n \    /  n \

j=0k=0 j=0k=0 \j=0        J    \k=0       )

\fe=0        /       \*:=0        /

Therefore, S is a subnormal element of A.

Note that when A = £(#), the condition NP = PNP simply asserts that the

range of W is invariant for N.

Is the converse of Theorem 1 true? We shall see that the answer to this question

is affirmative if the G*-algebra is "large enough". The following theorem shows

that the answer to the above question is affirmative for A = £,(M).
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We shall call a pair of isometries Wx and W2 in a G*-algebra A complementary

if WXW* -Y W2W2 — 1. The element Wx is called a complement of W2, and vice

versa.

THEOREM 2. Suppose that S is a subnormal operator in £(X). Then there

exist a normal operator N and an isometry W in Z{M) such that S = W*NW and

NP = PNP, where P = WW*.

PROOF. Since each subnormal operator on a finite dimensional Hubert space

is normal, we may assume that M is infinite dimensional. Let M be the minimal

normal extension of S. Halmos showed in [8] (see also [1]) that M is unitarily

equivalent to the operator 'S    X'

0    T*

on M®n. A routine matrix calculation shows that S*S-SS* = XX*, T*T-TT* =

X*X, and XT = S*X. Let Wx and W2 be a pair of complementary isometries in

Ù{M). Let TV = WXSWÍ + WXXW2*+W2T*W¿. Observe that W¿WX = WÏW2 = 0.
Now an easy calculation shows that N*N — NN* = 0. Thus N is normal, and it is

straightforward to verify that WX*NWX = S and NP = PNP(= WXSWX*).

The operator T in the proof of Theorem 2 is called the dual of 5 (cf. [6]). Let

A be an abstract C*-algebra and let S be a subnormal element of A. We shall call

an element T in A the algebraic dual of S if there exists an element X in A such

that S*S - SS* = XX*, T*T - TT* = X*X, and XT = S*X. (Observe that
an algebraic dual of a subnormal operator S in Z(M) is an operator T as in the

proof of Theorem 2 for any normal extension (not necessarily the minimal normal

extension) of S.) Conway observed that any two duals of a subnormal operator

S in ¡¿(M) are unitarily equivalent. It is easy to verify that if T is an algebraic

dual of a subnormal element of a C* -algebra A and if Tx is unitarily equivalent

to T, then T, is also an algebraic dual of S. (Let Xx = XU where Tx = U*TU

and U*U = UU* = 1.) However, two algebraic duals of a subnormal element of

a G*-algebra need not be unitarily equivalent. For example, let A = £(#) for a

separable, infinite dimensional Hubert space M, and let V be the unilateral shift

in Z(M). Then the dual of V is V itself and X = 1 - VV*. Then for any normal
element N in £(#), the operator

'V     X       0 '

0      V*      0
0      0      JV*_

is a normal extension of V. Thus V 0 N is unitarily equivalent to an algebraic dual

oîV.

We shall say that a G*-algebra A is dual-closed if for each subnormal element S

of A, there exists an element T of A such that T is an algebraic dual of S. We have

the following result for an abstract G*-algebra.

THEOREM 3. Suppose that A is a C*-algebra that has a complementary pair of

isometries and is dual closed, and suppose that S belongs to A. Then S is subnormal

if and only if there exist a normal N and an isometry W in A such that S = W*NW

and NP = PNP, where P = WW*. Furthermore, ifW is any isometry in A that
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has a complement in A and if S is a subnormal element of A, then there exists a

normal element N of A such that S = W*NW and NP = PNP, where P = WW*.

PROOF. Consider the first assertion in the statement of the theorem. Since the

proof of Theorem 2 is all algebraic after the point where we assert the existence of

the operators X and T, the stated necessary conditions for the subnormality of S

follow from the same proof. The fact that the stated conditions are sufficient for

the subnormality of S is just Theorem 1. The second assertion in the statement of

the theorem also follows from the proof of Theorem 2.

The key ingredient in proving that the conditions that are stated in Theorem 3

are necessary conditions for the subnormality of S is the fact that the algebra A

contains the algebraic dual of S. Accordingly, let A be a C*-algebra that contains

a pair of complementary isometries and that is not necessarily dual-closed. Then if

S is a subnormal element of A and if A contains an algebraic dual of S, then there

exist a normal TV and an isometry W in A such that S = W*NW and NP = PNP,

where P = WW*.

Observe that if A is £(#) for an infinite dimensional Hubert space M or A is

the Calkin algebra, then A contains a pair of complementary isometries. However,

there exist G*-algebras which do not contain a pair of complementary isometries.

For example, if A is a commutative algebra, then A does not contain a pair of

complementary isometries. (In this case A does not even contain any nonunitary

isometries.) Observe that £(#) is dual-closed.

QUESTION. Is the Calkin algebra dual-closed?

Let A be a G*-algebra, S a subnormal element of A, and T an algebraic dual

of S. Since A has faithful representation in C(K), for some Hubert space K, the

element T is also subnormal. In the following we provide an algebraic proof of this

fact under certain conditions on A.

THEOREM 4. Suppose that A is a C*-algebra and A has a complementary pair

of isometries. Suppose that S is a subnormal element of A. IfT belongs to A and

T is an algebraic dual of S, then T is subnormal.

PROOF. In the proof of Theorem 2, it is easy to verify that T = W2*N*W2 and

N*E = EN*E, where E = W2W2*. Hence T is subnormal by Theorem 1.

THEOREM 5. Suppose that S belongs to L(H) and there exist a normal operator

N and an isometry W in Ù(M) such that S = W*NW and NP = PNP, where

P = WW*. If the orthocomplement of the range ofW is finite dimensional, then

S is normal.

PROOF. The equation NP = PNP implies that the range of W, R(W), is

invariant for N. Thus R.(W)X is invariant for N*.

Since N*\Z(W)± is subnormal and JZiW)-1 is finite dimensional, then N*\R.(W)±

is normal. It follows that both ^.(W)1- and R(W) reduce TV. Thus NP = PN, and

a calculation shows that S*S - SS* = W*(N*N - NN*)W = 0. Therefore, S is

normal.

We have seen that G*-algebras that have a pair of complementary isometries and

that are dual-closed are "large enough" for the converse of Theorem 1 to hold. The

following example shows that the converse of Theorem 1 can fail if the C* -algebra

is not "large enough". For T in £(#), let T denote the image of T in the Calkin
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algebra under the natural quotient map of £(M) onto £,{M)/C, where C denotes the

ideal of all compact operators in /¿(M).

EXAMPLE 6. Let V denote the unilateral shift of multiplicity 1 in ¿(M), where

M is separable and infinite dimensional. Let A = C*(V). Then A does not have a

pair of complementary isometries. (Indeed, if Wx and W2 are isometries in A and

WXWX* -Y W2W2* = 1, then Wx and W2 are isometries in B = C*(V). But S is a

commutative algebra since it is generated by V, which is normal, and 1. Thus,

1 = WXWX* + W2W¿ = W¡WX -Y W^W-2 = 1 + 1 = 2.) In fact, if W is an isometry

in A, then WW* = W*W = 1. Thus ^(W)-1- is finite dimensional, and Theorem

6 implies W'NW is normal for each normal operator N in A. Thus, the converse

of Theorem 1 does not hold for A = C*(V) and S — V. Observe that there exist

a normal operator A^ and an isometry W in Ù(M) such that V = W*NW and

NP = PNP, where P = WW*. (But of course W is not in C*(V).) Thus the

algebra is just not large enough to contain both N and W.
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