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(Communicated by Walter Littman)

ABSTRACT. The Cauchy problem for a degenerate wave equation, for which

the spatial part is essentially a hypoelliptic sum of squares, is solved via a

suitable modification of the standard Hubert space approach for the usual

problem.

Let M be a compact G°° manifold and X\, X2,..., X^ a family of real vector

fields on M satisfying the Hörmander condition.

(H)        The Lie algebra over C°°(M) generated by Xi,X2,...,Xn is of

dimension dim M at every point of M.

The condition (H) implies that the operator JJ,=i X2 is hypoelliptic with loss

of < 2 derivatives. More generally, the operator

TV

L = Et*? + Aixi) + B
3 = 1

where Ai, A2,..., A^,B are classical pseudo-differential operators of order 0, is

hypoelliptic with loss of < 2 derivatives (see [1, Chapter XXII, §2]).

We consider the Cauchy problem for the wave equation of the operator L on

RxM

(ft \ 2
— J   u(t,x) = L(x,Dx)u(t,x);        u(t,x) = u0(x),

—u(0,x) =ui(x)

or, in the form of a system

d_(u(t,x)\      (0    I\ (u(0,x)\      (uo(x)\

[¿> dt\v(t,x)J      \L    0,/' \v(0,x)J      \ui(x)J-

To define the space of initial data for the problem (1) or (2) we assume, for sim-

plicity, that M carries a nonvanishing G°°-density which will be used to trivialize

all density bundles, and, in particular, to define Sobolev spaces HS(M) (s G R),

H°(M) = L2(M). We shall denote by ( , ) and || || the L2(Af)-inner product and

norm respectively.
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Following Rothschild and Stein [2] we define the space S1(M) as the completion

of the pre-Hilbert space G°° (M) equipped with the inner product

N

(f,g)=^2(XJf,XJg) + (f,g).
3=1

We denote by ||/||| = (f,f)1/2 the norm in S1{M).

Rothschild and Stein [2, Theorem 13] had proved the following (the first state-

ment of the assertion is obvious):

LEMMA 1. There is a continuous inclusion H1(M) C S1(M) and, if the con-

dition (H) is satisfied, SX(M) C HE(M) for some £ > 0.

The importance of the space S1(M) for the problem (1) is reflected in the fol-

lowing:

LEMMA 2. For a > 0 small enough, the expression Re((I — aL)u,u)1^2 defines

a norm on C°°(M) which is equivalent to the S1(M)-norm.

We shall prove Lemma 2 below.

It follows from Lemma 2 that for a > 0 small enough, the bilinear form

((/ — aL)u,v), u,v G C°°(M) can be extended by continuity to a bounded bi-

linear form Qa(u,v) on S1(M). Thus

Qa(u,v) = ((I - aL)u,v)    if u,v G Cco(M).

Our main result is

THEOREM. For every u0 G SX(M), ui G L2(M) there is a solution u(t,x) G

C00(R,S1(M)) of the problem (1) such that for some constants a, ß > 0 which do

not depend on uq,ui, (ReQa(u,u))1/2 is a norm on Sl(M) which is equivalent to

the HI II norm and

(3)      ReQa(u,u) + a (^(t,-),^(t,-)j < e0t(ReQa(uo,uo) + a(ui,Ul)).

Moreover, if u0, «i G C°°(M), then u(t, x) G C°°(R x M).

For all s G R, let As be an elliptic classical pseudo-differential operator on M

establishing an isometry of L2(M) and HS(M) satisfying A_SAS = /. Note that

the theorem can be applied to the operator L = A_sLAa since it is of the same

form as L.

Corollary. If s gR,u0g Hs+1(M), ui gHs(M), thenu(t,x) = Asü(t,x) g

C°°(R,HS+£(M)) for some £ > 0, is a solution of the problem (1), where ù is the

solution given by the Theorem of the problem

d,2
— 1   ü(t,x) = Lü(t,x),

ü(0,x) = A-sUo(x) G H1 (M) C S1 (M),

d^t(0,x)=k-sUi(x)GL2(M).
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Thus the Corollary enables us to find in a standard way the fundamental solution

of the Cauchy problem (1) and of the wave equation (d/dt)2 — L. We shall prove

the Theorem by considering the problem (2) and showing that the operator

is an infinitesimal generator of a certain group. The result is deduced from the

properties of this group.

We follow the method of the integration of the Cauchy problem for the usual

wave equation due to Yosida (see [3, Chapter XIV, §3]).

We begin the proof by obtaining Lemma 2. Note that if X* is the adjoint of X3

with respect to the L2(M) inner product, then

(4) x; = Xj + aj

where a,- is of order 0, j = 1,..., N.

LEMMA 3. The bilinear form ((I — aL)u,v), u,v G C°°(M), a > 0, is contin-

uous with respect to the norm of Sl(M).

PROOF. We use (1) and the Schwarz inequality

TV

|((7 - aL)u,v)\ < \\u\\ \\v\\ +aJ2i\(XjU,X;v)\ + \(A3X3u,v)\)
3 = 1

TV

< ||u|| ||v|| ■+cxJ2(\\X3u\\ \\X3V\\ + \{XjU,ajv)\ + \(XjU,A*v)\)

3=1

fcoiHIIMI
for some constant Co > 0 which does not depend on u and v.

LEMMA 4. There exists a constant Gi > 0 such that for every u G C°°(M) and

j = l,...,N

\\Xju\\2 < Ci(Re(-Lu,u) + ||u||2).

For the proof of this fact, which can be easily obtained from (4), we refer to [1,

Lemma 22.2.2]. Combining Lemma 3 and Lemma 4 we obtain the statement of

Lemma 2.

LEMMA 5. For a > 0 small enough and every f G S1 (M) there exists a unique

solution u G S1 (M) of the equation (I — aL)u = f.

PROOF. Lemma 2 and the continuity of the extension Qa(u, v) of the bilinear

form ((/ - aL)u,v) imply

(5) ReQa(u,u)>c\\\u\\\2

for all u G S1 (M) where c > 0 does not depend on u.

By the Lax-Milgram theorem there exists a bounded linear operator A: 51(Af)

-» Sl(M) suchthat

Qa(u,v) = (Au,v),        u.veS'fM).
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It follows from (5) that

||A«||||v||>ReQa((f,tO>eo||u||3,

hence the range âl(A) of A is closed in S1(M) and there exists a continuous inverse

A~1:^(A)^S1(M) of A.

If âl(A) is not dense in S1(M) then some 0 ^ h G S1 (M) is orthogonal to

m(A).
In particular, 0 = (h. Ah) = Qa(h,h) which contradicts (5). Thus ¿%(A) =

Sl(M).

Let u G S1(M), un G C°°(M), n = 1,2,..., and un —* u as n —» oo in

S1(M). Then un —► u in the distribution sense as well and therefore with (I — aL)u

considered as a distribution, we have for g G C°°(M)

(I-aL)u(g)=  lim ((I -aL)un,g) =  lim Qa(un,g) = Qa(u,g) = (Au,g).
n—HX n—*oo

Let / G S1 (M). Obviously the conjugate linear functional <p(g) = (f,g) is contin-

uous on SX(M). Thus for some h G SX(M) and g G C°°(M),

(f,9) = (M = (AA~lh,g) = (I-aL)(A~'h)(g).

Therefore f = (I — aL)(A~1h) in the sense of distributions. Uniqueness of the

solution is an easy consequence of (5).

Note that by hypoellipticity, if / G C°°(M), then the solution u of the equation

(I - aL)u = fis also in C°°(M).

LEMMA 6.   If \n\ is large enough f, g G S1 (M) then the equation

(--H(;)=(D' Mí*'
has a unique solution with u,v G S1 (M) such that for some constants a,/3 > 0

which do not depend on f,g and n, we have (ReQa(u, w))1/2 is a norm on SX(M)

which is equivalent to the S1(M) norm and

-i

1/2(7)       (ReQa(u,u) + a(v,v)yl2 < (l--^)     (ReQa(/,/) + a(g,
\       \n\J

g)V

PROOF.   Let f,g G S1 (M).   By Lemma 5 there exists for |n| large enough

solutions ui,vi G S1 (M) of the equations

Let u = ui + ¿i>i, v = vi + ^Lui. Then the pair (") is a solution of the equation

(6), i.e.

(8) u-v = f,        v-Lu = g.
n n

Note that if /,g G C°°(M) then, by hypoellipticity, ui,vi G C°°(M) and hence

m, u G C°°(M).  The uniqueness of the solution and the estimate (7) is obtained
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therefore by continuity from

LEMMA   7.   If u,v G C°°(M) is the solution of the equation (6) with f,g G

C°°(M), then the estimate (7) holds.

PROOF. It follows from (8) that

Qa(f,f)= (u-v - aL [u-v ) , u-v
\       n \       n  ) n

2 aal
= Qa(u,u)-Re(u,v) H—(Lv,u) H—(Lu,v) -\—~Qa(v,v)

and

ot(q, q) = a ( v-Lu, v-Lu
n n

= a (v,v)-(Lu,v)-(v,Lu) H—w(Lu,Lu)
n n n

Thus

^■eQa(f,f) + a(g,g) > ReQa(u,u) \Re(u,v)

- -r—7\Re((v,Lu) — (Lv,u))\ + a(v,v).
\n\

It is an easy consequence of Lemma 3 that

|Re((«,Lu) - (Lv,u))\ < Ci\\\u\\\ \\v\\

for some Ci > 0 which does not depend on u, v. Thus

ReQQ(/,/) + a(g,g) > ReQa(u,u) + a(v,v) - ±- (l + ^ (||«|||)2 + |M|2).

Hence (7) is a consequence of (5) if a is small enough and |n| is large enough.

We consider now the operator 5C as defined on the domain 2(3') = C°°(M) x

C°°(M) in the Banach space S*(M) x L2(M) equipped with the norm

(9) (ReQa(u,u) +■ a(v,v))1/2.

Let 3 be the minimal closed extension of 3 with respect to this norm. The

estimate (7) implies that the range of the operator ST — ̂ 3 for |n| large enough

is closed, and since it contains, by Lemma 6, all elements (/, g) G S1 (M) x S1 (M),

it is also dense. Hence, the inverse of the operator (&~ — 3/n) for |n| large enough

which exists and is continuous by (7), is defined on S1(M) x L2(M) and

(10) (-HX-Í)
-i

where the operator norm is determined by the norm (9).

The estimate (10) implies that the operator 3 generates a group Tt on S1(M) x

L2(M) (see [3, Chapter X, §§9, 10]) such that

imil^KI,        ÍGR,
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t -» Tt(uv) is a G°°-function for (u,v) G S1 (M) x L2(M), and

= 3kTt(U),        k = 0,l,2,...
dkTt fu\     —fc„ (u

dtk  \v

(see [3]). Thus

u(x,t)\=Tfu0\

v(x,t)J \UiJ

is a solution of the problem (2) and u(x, t) is a solution of the problem (1) which

satisfies the estimate (3) because of (11).

If uo,ui G C°°(M) then it is easy to see that because of the estimate we have

for the solution u(t,x) defined above

+ L)   u(t,x)GLfoc(RxM),        k = 0,1,2,....

Since the operator (d/dt)2 + L is, by Hörmander's Theorem, hypoelliptic with loss

of < 2 derivatives, it follows that u(t,x) G HXoc(R x M) for every s G R, which

proves the Theorem.
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