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ABSTRACT. The authors obtain a modified form of Gehring's Holder-continu-

ity theorem for the family of if-quasiconformal self-mappings of the unit ball

in n-space, such that the distortion coefficient is independent of n and depends

only on K.

1. Introduction. Some fundamental distortion properties of /f-quasiconformal

mappings of the unit ball Bn in Rn are expressed by the fact that these mappings

are Holder continuous. A well-known theorem of this kind was obtained in the

plane by A. Mori [M], who showed that if / is a Zf-quasiconformal mapping of the

open unit disk B2 onto itself, normalized by /(0) = 0, then

\f(x)~f{y)\<16\x-y\^K
_2

for all x, y G B . Weaker results of the same type had been proved earlier by L. V.

Ahlfors [Ah] and M. A. Lavrentieff [L], while some improvements in the constant

were later made by H. Qu [Q]. A theorem of this type with 16 replaced by a constant

< 1241_1//f has recently been obtained by V. I. Semenov [Se, Theorem 9]. In the

special case y = f(y) = 0, it is possible to obtain sharper results. See, for example,

J. Hersch and A. Pfluger [HP] and C.-F. Wang [W] in the plane case and [Sh,

MRV, AVV1] for higher dimensions.

In the multidimensional case n > 2, theorems on the Holder continuity of a K-

quasiconformal mapping in an arbitrary domain 0 in Rn were obtained by E. D.

Callendar [C], Yu. G. Reshetnyak [RI, R2], B. V. Shabat [Sh], and O. Martio, S.
Rickman, and J. Väisälä [MRV]. In each of these theorems the coefficient depends

upon some of the following: the dimension n, the maximal dilatation K, the distance

from dfl of a compact set F to which the points x, y belong, and the diameter of

the image of F.

In the special case where / is a self-mapping of the unit ball Bn, n > 2, with

/(0) = 0, there exists a constant An, depending only on n, such that

(1.1) \f(x)-f(y)\<4Xl\x-y\a, a = 2C1/(17n)-

This fact was proved for n = 3 by Gehring in his "special distortion theorem" [G2,

Theorem 14, p. 387], and the same method extends to give this result for all n > 2.

Another result of this type was obtained by Shabat [Sh]. The coefficient in (1.1)

is independent of the dilatation K but tends to oo as n tends to oo [An].

A local variant of Gehring's theorem was obtained by M. Vuorinen and the

present authors [AVV2, Theorem 1.10], with a constant depending only upon K
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and r, where x,y G B (r), 0 < r < 1. Although the coefficient in the latter theorem

tends to 1 as r tends to 0, it is unbounded as r tends to 1, even when K = 1 [AVV2,

Remark 3.19(3)]. Recently a sharp n-dimensional generalization of Mori's theorem

was obtained by Fehlmann and Vuorinen [FVu], but their Holder constant is rather

complicated.

In the present paper we obtain a variant of (1.1) in which the coefficient is

independent of the dimension n and depends only on the dilatation K. Qualitatively

this theorem is contained in [FVu]; however, the present methods are more direct

and the constant is more explicit.

The authors are grateful to the referee and to M. Vuorinen for helpful comments.

1.2. THEOREM. For n > 2, K > 1, let f be a K-quasiconformal mapping of

Bn onto Bn with /(0) = 0, and let a denote tfVU-«).  Then

(1.3) \f(x) - f(y)\ < 4\2n^\x - y\a < 42^KK2\x - y\a

and

(1.4) \f(x) - f(y)\ < 42~^KK2\x - y\l'K

for all x, ye Bn.

2. Notation and terminology. We shall use the relatively standard notation

and terminology of [V]. We follow J. Väisälä's definition of K-quasiconformality

[V], which is also equivalent to Ä"1/(n_1^-quasiconformality in the definition given

by F. W. Gehring [G2]. The conformai capacities of the Grötzsch and Teichmüller

extremal rings in Rn will be denoted by 7n(s), s > 1, and r„(í), t > 0, respectively.

These functions are related by the functional identity [Gl, §18]

(2.1) 7n(s)=2"-1rn(s2-l).

For n > 2, K > 1, the distortion function <PK,n- (0,1) —► (0,1) in the quasi-

conformal Schwarz Lemma (cf. [LV] for n = 2 and [Sh, MRV, 3.1, W, AVV1,

AVV2] for n > 2) is defined by

(2-2) vK,n(r) = l/1-1(Kln(l/r)).

For the definition and properties of the modulus M(T) of a family of curves T

in Rn the reader is referred to [V and MRV]. For sets D,E,F C R we denote by

A(D, E; F) the family of all curves joining D and E in F in the sense of [V, p. 21].

For a,b € Rn we let [a,b] = {(1 - t)a + tb:0 < t < 1} and, for a/0, [a,oo] =

{ta:l < t < oo}.

3. Proof of Theorem 1.2. By [G2, Theorems 8, 9] we can extend / by

reflection in the boundary sphere Sn_1 to a Ä"-quasiconformal mapping of R onto

itself with /(oo) = oo. Since inequalities (1.3) and (1.4) are trivial if x = y, we may

assume that x ^ y and x ^ 0. If \x — y\ > 1, then

|/(x) - f(y)\ < 2 < 2\x - y\VK < 2\x - y\a.

For \x - y\ < 1, let T be the family A([x,y], [z, oo];R") and V = f(T), where

z — —x/\x\. Then by extremal properties of the Teichmüller ring due to Gehring

[G3, Corollary 7; Vu, Lemma 2.58] (cf. [AVV1, Lemmas 2.6, 2.7]), we have

r" (ifSI'ffl!) ^ M^ ^ KM^ ̂ Krn (jî^ïj - l).\\f{x)-f(y)\J VI*-2/1      /
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By (2.1) we then obtain

,a,, <r-^z-m)i^mr)
<^(iz-2/r1/2).

By applying 7"1 to (3.1) and using (2.2) we find that

(32>    >> - ™ s m.)-ml™-m\s **<* " ̂
Then by [AVV1, (4.11)] we obtain the first inequality in (1.3), while the second

follows from [AVV1, Corollary 4.15].

Finally, when \x — y\ < 1, inequality (1.4) follows from (3.2) and [AVV1, Theo-

rem 1.15].    D

4. Remarks.  (1) By applying Theorem 1.2 to /_1 we obtain

\x-y\< 4A^-«)|/0e) - f(y)\a,        \x - y\ < 42~l'KK2\f(x) - f{y)\l'K,

from which it is easy to derive lower bounds for \f{x) — f(y)\- Thus we arrive at

the symmetric estimates

(4.1) 4-1/°\2r!1-1^\x - y\l'a < \f(x) - f(y)\ < 4\2}1~aï\x - y\a

and

(4.2) 41~2KK-2K\x - y\K < \f(x) - f(y)\ < 42~llKK2\x - y\x'K

for all if-quasiconformal self-mappings / of Bn with /(0) = 0.

(2) We observe that \\mn^00\ln-a = K [AVV3, (4.16)], so that the coefficient

in Theorem 1.2 is bounded, while that in (1.1) tends to oo with n [An]. Also, the

estimates in (4.1) and (4.2) improve those of Shabat [Sh, Remark, p. 731].

(3) Finally, by the proof of Theorem 1.2 the following result is true. Let f:R —>

R be a if-quasiconformal mapping with /(oo) = oo and fBn C Bn. Then (1.3)

and (1.4) hold for all x,y G Bn.
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