
proceedings of the
american mathematical society
Volume 104, Number 3, November 1988

A KOROVKIN TYPE APPROXIMATION THEOREM
FOR SET-VALUED FUNCTIONS

KLAUS KEIMEL AND WALTER ROTH

(Communicated by John B. Conway)

ABSTRACT. This paper is a contribution to the problem of approximating

continuous functions F defined on a compact HausdorfF space X, where the

value F(x) is a compact convex set in R" for every x in X. More specifically we

show how to transfer Korovkin type approximation theorems for real-valued

continuous functions to this set-valued situation.

1. Introduction. We consider the following problem: Given a convex body in

the plane or in space whose shape and position is continuously varying in time (see

Figure 1). Think of a convex body growing continuously. We measure its shape at

discrete time instances. The problem is, whether one can approximate the growth

function arbitrarily well by interpolating the shapes measured at sufficiently many

instances.

Mathematically the growth function is modelled by a multivalued function F

associating a compact convex subset F(x) of R" to every value x G [0,1]. We need

a couple of special functions (see Figure 2): For a given K G Conv(Rn), the set

of compact convex subsets of R", K will denote the constant function F(x) = K,

while xB and x2B denote the functions F(x) = xB and Fix) = x2B, where B is

the euclidean unit ball in Rn.

Recall that Conv(Rn) is a convex cone with the usual addition and scalar mul-

tiplication for subsets of a linear space, and the Hausdorff metric on Conv(Rn) is

defined by

d(K, L) = inf{e > 0|7i c L + eB and L c K + eB}    for K, L G Conv(Rn).

The growth function F is supposed to be continuous with respect to this metric.

If we know F(x) for x = j/n, j = 0,1,...,n, we may interpolate by the nth

Bernstein polynomial ßn(F) associated with F:

B^iF) = Í2(f)F (i) ^ - *r"'i   o<x<i.

R. A. Vitale [9] has proved the following

THEOREM 1.1. For every continuous function F: [0,1] —► Conv(Rn) the se-

quence BniF) of Bernstein polynomials converges to F uniformly in x.

For this result Vitale gives two proofs. Firstly, he gives a direct proof. Secondly,

he derives this theorem from a general Korovkin type approximation theorem for
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set-valued functions which can be viewed as a general scheme for proving approxi-

mation theorems for set-valued functions.

Vitale's proof is rather long and technical. A. Jung [7] has found a shorter proof

based on order theoretical arguments in the context of the theory of continuous

lattices. We want to show in this note how set-valued Korovkin type approxi-

mation theorems can be derived directly from well-known Korovkin theorems for

real-valued functions. At the same time, our approach yields a considerable gener-

alization of Vitale's result.

2. Korovkin type theorems for real-valued functions. Let A be a com-

pact Hausdorff space. By C(A) we denote the Banach space of real-valued contin-

uous functions on A. We consider a set M C C(X) of "test functions", and we

denote by span(M) the linear subspace of C(X) spanned by M.

The Korovkin closure K(M) is defined to be the set of all functions / G C(X)

which satisfy the following property:

For every equicontinuous net (Ta) of positive linear operators on

(*) C(X) one has:

If Taig) -» g for all gGM, then Ta(f) - /■

One says that M is a Korovkin system for C(A) if K(M) = C(X), i.e. if (*) is

fulfilled for all / 6 C(X).
Note, (a) If the constant function 1 belongs to M, then the hypothesis of equicon-

tinuity in (*) is superfluous. Indeed, if Ta(l) —► 1 then the net (Ta) of positive

linear operators is automatically equicontinuous.
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(b) In many papers, condition (*) is restricted to sequences (Tn) of positive linear

operators instead of nets. For compact metric spaces A, this is equivalent to the

above.

We shall use the following two classical examples of Korovkin systems:

EXAMPLES, (a) On the unit interval A = [0,1] the polynomials

Po(x) = 1,    pi(x) = x,    p2ix)=x2

form a Korovkin system.

(b) On the euclidean unit sphere S™-1 in R™, the coordinate projections

Piixi,...,xn) =Xi        ii = l,...,n)

together with the constant function 1 form a Korovkin system.

The following theorem does not seem to be in the literature in this explicite form

although it can be derived from more general results as in [4 or 6]. In the case that

M contains the constant function 1, it is due to H. Bauer [1] and H. Berens and

G. G. Lorentz [3].

THEOREM 2.1. For any family M of continuous functions on a compact Haus-

dorff space X and any f G C(X) the following conditions are equivalent:

(i) / belongs to the Korovkin closure of M.

(ii) fix) = sup£>0 inf{g(x)|g G span(M) and g > f - e}

= inf£>0sup{g(x)|g G span(M) and g < f + s} for all x G X.

(iii) For every x G X and every positive Radon measure ß on X one has ßif) =

fix) provided that ßig) — g(x) for all g G M.

In particular M is a Korovkin system for C(A) if and only if (ii), or equivalently

(iii), is satisfied for all / G C(A).

For a corollary let A and Y be compact Hausdorff spaces. There are natural

embeddings of C(A) and C(Y) into C(X x Y); indeed, every function /: A —► R

may be considered as a function from X xY into R not depending on the second

variable and, likewise, for functions on Y. With this convention in mind we may

state

COROLLARY 2.2. If Mi is a Korovkin system for C(A) and M2 for C(Y),
then M = Mill M2 is a Korovkin system for C(A x Y).

PROOF. Consider (x,y) € A x Y and suppose that ß is a positive measure on

X xY such that ßig) = gix,y) for all g G M, i.e. ßig) = g(x) for all g G Mi,

and ßig) — g(y) for all g G M2. As Mi and M2 are Korovkin systems for C(A)

and C(Y), we conclude that ßif) = fix) for all / G C(A) and ß(f) = fiy) for all
/ G C(Y). Thus, the support of ß is contained in {x} x Y as well as in A x {y}.

So ß = \£(x,y); clearly A = 1, and consequently ß = £(x,y)- Thus condition (iii) of

Theorem 2.1 is satisfied for all / € C(X x Y).

3. Korovkin type theorems for set-valued functions. We now return to

the situation of §1. Instead of the unit interval we consider an arbitrary compact

Hausdorff space A, and we denote by

^ = C(A,Conv(Rn))

the set of all continuous functions F defined on A with values F{x) in the set

Conv(R") of compact convex subsets of Rn. Continuity is understood with respect
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to the Hausdorff metric on Conv(R"). B denotes the unit ball for an arbitrary norm

on Rn. As in §1, for functions F, G G W we define

an addition by (F + G)(x) = F(x) + G(x),

a scalar multiplication by (A7r)(x) = AF(x) for A > 0,

an order by F < G iff Fix) C G(x) for all x,

and we consider on W the topology of uniform convergence.

An operator T : ^ —> ̂ is called linear if

T(F + G) = T(F) + TiG) and T(XF) = AT(F)

for all F,G GW and all A > 0. It is called monotone if

F < G implies T(F) <T(G).

As in the real-valued case, we shall say that a set ^ C §? of text functions is a

Korovkin system for W if the following holds:

For every equicontinuous net (TQ) of monotone linear operators on

(**)       W one has:

If TaiG) -> G for all G G JT, then Ta{F) -* F for all F G g'.

Note, (a) If the constant function B belongs to J!', then the equicontinuity of

the net (Ta) already follows from Ta(B) —» B.

(b) For compact metric spaces A, one may restrict to sequences (Tn) instead of

nets (Ta) of operators in definition (**).

The following theorem which is our main result allows to transfer Korovkin

systems from the single-valued to the multivalued case:

THEOREM 3.1. Let X be a compact Hausdorff space, and B the unit ball for

an arbitrary norm on Rn. If M is a Korovkin system of nonnegative functions for

C(X), then

./# = {x —► /(x)B|/ G M} U {all constant functions}

is a Korovkin system for §?.

PROOF. We denote by Y the dual unit sphere of B, i.e. the set of all linear

functionals y on R" such that

\\y\\ =sup{2/(x)|x€B} = 1.

Topologically Y is homeomorphic to the euclidean sphere 5n_1.

With every compact convex set C C Rn we associate the classical support func-

tional

PC--Y-+R

defined by pciy) — sup{y(x)|x G C}. The following facts are well known (see e.g.

[8]) and easy to check:

(a) Since pc is sublinear on R" it is continuous, thus pc G C(Y).

(b) PbÍv) = 1 for all y GY.
For two compact convex sets C and D one clearly has:

(c) Pc+D =Pc + Pd and pXc = Ape for all A > 0.

(d) sup(pciPd) = Pe, where E is the convex hull of C U D.

(e)CcD + eB if and only if pc < Pd + £> m particular C C D iff pc < Pd-
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(f) The Hausdorff metric on Conv(R") corresponds with the supremum norm

on CiY), since

d(C,D) = \\pc-pD\\.

We conclude that C —» pc is a linear isometric order embedding of Conv(R")

into CiY). The linear subspace L — {pc — Pd\C, D g Conv(Rn)} is a vector lattice

by (d), containing 1 by (b). As clearly L separates the points, L is dense in C(Y)

by the Stone-Weierstrass Theorem.

The embedding p: Conv(Rn) —► C(F) yields a linear isometric order embedding

i:W^CiX,C(Y))

given by ¿(F)(x) = Pf{x) for all F gW and all x G X. Combining with the classical

isomorphism

j:C(X,CiY))-*CiXxY)

given by /(/)(x,t/) = (/(x))(j/) for all / G C{X,C(Y)) and all (i,y) € A x Y, we
obtain a linear order embedding

k: W ̂ CiXxY).

Again the image of k generates a dense vector sublattice of C(A x Y) and contains

the constant function 1. Thus, every monotone linear operator T on W, extends

uniquely to a positive linear operator T on C(A x Y). And for an equicontinuous

family (TQ) of monotone linear operators on W the family (Ta) of extensions is

equicontinuous on C(A x Y).

Thus, for Theorem 3.1, it just remains to prove that fc(^#) is a Korovkin system

for C(A x Y). One easily verifies that, under k,

x -» /(x)B goes to (x, y) -* fix),

the constant function

x ->• K goes to (x, y) -» puiy)-

As M is a Korovkin system for A and the functions pc for C G Conv(Rn) generate

a dense linear subspace of C(Y), Corollary 2.2 allows us to conclude that kiJ?) is

a Korovkin system for C(A x Y), and the proof of Theorem 3.1 is complete.

In general, it is not necessary to include all constant functions in Jt'. It suffices

to take a family Ki,..., Kn of compact convex sets such that the corresponding

functions pa,, • •., Pk„ form a Korovkin system for CiY). For example if B is the

euclidean unit ball in R", then Y is the euclidean unit sphere 5n_1. For Sn_1 the

coordinate projections

Pi '• (Xl, ■ ■ • , Xn)     ► Xj

for i = 1,... ,n together with the constant function 1 form a Korovkin system. As

Pb = 1 and pei — pt, where e¿ = {(0,..., 1,..., 0)} is the singleton set having the

ith canonical basis vector as its only member, we conclude

THEOREM 3.2. Let X be a compact Hausdorff space, andB the euclidean unit

ball in Rn. If M is a Korovkin system of nonnegative functions for (7(A), then the

¡unctions

x -» /(x)B,    / € M,
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together with the constant functions with values

B, ei,..., en, respectively,

form a Korovkin system for W.

EXAMPLES, (a) If we use the Korovkin system {l,x,x2} on A = [0,1], we

immediately obtain Vitale's result [9], that the constant functions together with

x —► xB and x —> x2B constitute a Korovkin system for C([0,1], Conv(R™)).

(b) For A = S1 (the unit circle) we identify functions on S1 with periodic

functions on R and we obtain: For the 27r-periodic continuous functions F: R —►

Conv(Rn) the functions

sini ■ B, cosí • B

together with the constant functions with values

B,ei,...,en, respectively,

constitute a Korovkin system.
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