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THE FIRST DIRICHLET EIGENVALUE AND RADIUS
OF A GEODESIC BALL
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(Communicated by David G. Ebin)

ABSTRACT. We give certain relation between the first Dirichlet eigenvalue

and radius of a geodesic ball in a connected, compact n-dimensional Rieman-

nian globally symmetric space of rank one.

Let M be a connected, compact n-dimensional Riemannian globally symmetric

space of rank one, L the diameter of M, A(r) the surface area of a sphere with

radius r (0 < r < L), in M, A the Laplace-Beltrami operator on M, and B(r)

denote a geodesic ball with radius r, in M.

Consider the following Dirichlet eigenvalue problem:

A/ + A/ = 0in B(r),    f = 0 on dB(r).

Let A = X(M, n,r) be the first Dirichlet eigenvalue of B(r). By domain mono-

tonicity of Dirichlet eigenvalues, for fixed n, X(M,n,r): (0,L) —* (0,oo) is strictly

decreasing. For our convenience, we introduce r = r(M, n, X) which is the inverse

function of X(M, n, r).

THEOREM. If\(M, n, r) = 2ka(n+2ß+2k) (k = 1,2,3,... ), then r = r(M, n, X)
is the first positive zero of

m/, yrK,     . 2   ,-„;Vt (k-m)(n + 2ß + 2k + 2m)
T(t) = 1 + >(- s in2 sfottV 1 [--T+——j-—-—r--,

w ¿-"K v    ;   J-1 (m+l)(n + 2m)
j = l m=0 .  •

where a and ß are constants determined by M. (See Table 1.) In particular,

y/ar(M, n, 2a(n + 2ß + 2)) = aresin \/n/(n + 2ß + 2),

y/ar(M, n, 4a(n + 2/3 + 4))

= arcsin \/{n + 2 - ^(4^ + 8)(n + 2)/(n + 2/3 +~4)}/(n + 2ß + 6).

PROOF OF THE THEOREM. It is well known that M is isometric to one

of the following spaces: Sm(a) (the sphere with constant curvature a), Pm(a)

(the real projective space with constant curvature a), CPm(a) (the complex pro-

jective space with constant holomorphic sectional curvature 4a), QPm(a) (the

quaternionic space with maximum sectional curvature 4a), and CayF2(a) (the

Cayley plane with maximum sectional curvature 4a), and also well known that
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A(r) = C(smy/ctr)n  1(cosy/ar)2^+1 for some constant C determined by M. (See

[3].)

M ß

Sm(a)

Pm(a)

CPm(a)

QPm(a)

bayP2(a)

■ïï/y/â

n/2y/a

n/2^a

7T/2v/â

ic/2y/a

-1/2

-1/2 m

2m\

4rrù

16

TABLE  1

Note that we may take a = 1.  Since M is two-point homogeneous, the eigen-

function of A(M, n, r) is radial. In geodesic polar coordinates on M, the radial part

of A is
d2      (dA  I t. j\ d

A* = aV + {-dt/AU)dt        (0<Í<L)-

Now the eigenfunction T(t) of X(M, n, r) satisfies

T" + [(n - 1) cot í - (2/3 + 1) tan t]T'(t) + AT(i) = 0.

Solving ODE we have

T(t) = F(a, b; n/2; sin2 i)        (t < r < tt/2),

where F is the Gauss hypergeometric function, a = (n + 2/3+ \J(n + 2/3)2 + 4A)/4,

and b = (n + 2/3 - ^(n + 2/3)2 + 4A)/4. Finally, we obtain

-A + 2(to - l)(n + 2^ + 2^7-2)

m(n + 2m — 2)
T(r.) = l + 5>in2W [J

j=l m=l

(t<r< tt/2).

Since T(r) does not vanish in B(r), r = r(M, n, A) is the first positive zero of T(t).

This completes the proof.    D

REMARK. When M = Sm(a) or Pm(a), using the properties of the Gauss

hypergeometric functions, we have many results of different type which are not

available for other spaces CPm(a), QPm(a) and CayP2(a).
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