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Abstract. We prove a rigidity theorem for Riemannian manifolds of nonpos-

itive curvature, whose metric is locally symmetric in a neighborhood of the

boundary.

1. Introduction

The purpose of this paper is to obtain local rigidity results in the sense of

[BGS, §5], [SZ] for symmetric spaces of nonpositive curvature. The main result

is the following:

Theorem 1. Let (M ,dM) be a compact Riemannian manifold with sectional

curvature K < 0 (resp. K < -1) and dim M > 3. Assume that all principal

curvatures of dM with respect to the outer unit normal are > 0 (> -1 ) and that

dM is compact and simply connected. If the metric of M is locally symmetric of

rank > 2 (rank = 1, such that the maximum of the sectional curvature is -1)

in some neighborhood U of dM, then M is isometric to a compact domain of

a simply connected symmetric space X of rank > 2 (rank = 1 ) and curvature

K<0  (K<-\).

This result is a generalization of [SZ, Theorem 5] where the theorem is proved

for rank > 3 and [SZ, Theorem 7] where the rank one case is proved under the

assumption that dM is convex. In contrast to the local method in [SZ] we use a

global argument by embedding dM into a symmetric space by the developing

map. Our method is even simpler than the proof in [SZ], but it works only

for nonpositively curved manifolds and cannot be used to obtain dual rigidity

results for symmetric spaces of compact type.

The above theorem implies in particular that M is flat, if the metric is flat

in some neighborhood of dM. If dim M = 3, it suffices to assume that the

curvature vanishes only on the tangent planes of the boundary. We formulate

this in the following way (comp. [BGS], p. 66).
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Theorem 2. Let S be a compact strictly convex immersed surface in a three-

dimensional Hadamard manifold X (i.e. X is complete, simply connected and

of curvature K < 0). If the sectional curvature vanishes on all 2-planes tangent

to S, then S bounds a flat region which is isometric to a convex domain in

Euclidean 3-space. In particular S is an embedded sphere.

Let S be any closed convex surface in A and let L be the Weingarten map

of S. Then the Gauss-equation and the Gauss-Bonnet formula implies that

/= Í [detL[dV>4n

Equality holds if and only if the curvature of all tangent planes vanishes. For

an arbitrary convex hypersurface S in an «-dimensional Hadamard manifold

A one would expect

i \detL\dV>con_x

where ton_x is the volume of the standard («-l)-sphere. Using ideas from

[GW] we can prove this asymptotically by considering parallel hypersurfaces.

This gives a partial answer to a question raised in [BGS, p. 66]).

Theorem 3. Let X" be a Hadamard manifold and S —» X a compact strictly

convex immersed hypersurface. Let St be the outer parallel hypersurfaces of

distance t>0 with total curvature I(t) = ¡s |detL;|<i^ where Lt denotes the

Weingarten map of St. Then I(t) is monotone increasing in t. Furthermore

I(oo) = lim/_>00 /(/) > conX and equality holds if and only if X is isometric to

R" .

2. Proof of Theorem 1

We first recall some facts from the theory of Hadamard manifolds which we

will use frequently (compare e.g. [BGS]): A Hadamard manifold is a complete

simply connected Riemannian manifold A of nonpositive sectional curvature.

The manifold X is diffeomorphic to Euclidean space R" . Any two points

x, y e X can be joined by a geodesic which is unique up to parametrization.

A function f:X —y R is called convex, if for any geodesic c:R —y X the

composition t i-> foc(t) is convex. A subset A c X is convex, if for x, y e A

also the geodesic from x to y is contained in A. Examples of convex functions

are the distance function dist(x0, ) of any point x0e X or more generally the

distance function dist(^, ) to a convex subset A c X.

We start with a generalization of Hadamars result [H] (see also [S]) on im-

mersions of convex hypersurfaces to Hadamard manifolds.

Lemma 1. Let X be a Hadamard manifold of dimension « > 3 and let tp:S—y

X be an immersion of a compact hypersurface S which is convex with respect

to a unit normal vectorfield along cp . Then cp is an embedding and cp(S) is the
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boundary of a compact convex domain in X. In particular S is diffeomorphic

to a sphere.

Proof. As the immersion cp: S —► A is convex and A has nonpositive curvature,

the exponential map

e: S x [0, ce) -» A

e(s,t):=eí(s):=exp     tN(s)

is of maximal rank and the parallel hypersurfaces St = S x {t} are immersed by

e. We first claim that for t sufficiently large, et is an embedding. In order to

see this choose x0e X, let p(x) :- dist(x0 ,x), rQ := sup{dist(x0, <p(s)\s e S}

and define t0 := 3r0 . By the triangle inequality p(et(s)) > p(tp(s)) for t > t0.

The convexity of the function p (note that K < 0 ) implies

(grad/>,^,(s)) >0

for all t > t0 . Thus the immersed hypersurface St is transversal to the vector-

field grad p . This implies that the composition y/¡ := n o et is an immersion,

where n is the projection of A\{x0} onto the distance sphere 5"4r (x0) along

the integral curves of grad p. Hence y/t is a covering map and, since the dis-

tance sphere is simply connected, a diffeomorphism. It follows that et is an

embedding for t > tQ.

We will prove that et is an embedding for all t > 0. Let us assume the

contrary and let t := sup{/ > 0[et is not an embedding}. Since the set of

all t such that et  is an embedding is open,  ex  is not an embedding.   Let

A := {s e S\e~ (eT(s)) ^ {s}}. Then A is not empty and closed since ex is

an immersion. We claim: A is open and ex is totally geodesic on A. It then

follows that A = S and ex is a totally geodesic immersion of 5. This is a

contradiction since there are no compact totally geodesic submanifolds in A.

To prove the claim let N(s) = (d/dt,t=x)et(s) be the normal vectorfield of

ex. Let p e A. Then there exists a point q e S with x = ex(p) = ex(q).

Since et is an embedding for all t > r it follows N(p) = -N(q). Define Y =

expx (N (p)) and let A, ,X2 be the closure of the two components of X\Y

where N(p) points towards A, and N(q) towards A2. We consider small

neighborhoods Ux, U2 c S of p resp. q and the embedded hypersurfaces Qi =

er(i/). Since these hypersurfaces are convex, it follows that Qx c A2 and Q2 c

A, . If Qx and Q2 were not completely contained in Y for sufficiently small

UX,U2, then et(Ux) and e,(U2) intersect for some / > t which contradicts

to the definition of t. Thus we can choose Ux and U2 such that ex(Ux) =

ex(U2) c Y . Thus A is open and since ex(Ux) c Y it follows that ex is totally

geodesic at p which proves the claim.   D

For the proof of the rank one case we need a similar result.

Lemma 2. Let X be a Hadamard manifold of dimension « > 3 with curvature

K < -1 and let cp:S -* X be a compact immersed hypersurface such that the
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second fundamental form with respect to a unit normal vectorfield N along cp

has eigenvalues > -1. Then the normal exponential maps et:S —► X, et(s) =

expç>(i)l ' N(s) are immersions for all t > 0 and there exists a tQ > 0 such that

et is an embedding for al t > t0.

Proof. The curvature assumptions imply that the immersed hypersurface S has

no focal points with respect to the normal N and thus et is an immersion for

all t > 0. The argument of the first part of the proof of Lemma 1 implies that

et is an embedding for t large enough,     o

Proof of Theorem 1. Let S := dM and define for e > 0 the set Ue =

{p e M\dist(p,S) < e}. For e sufficiently small Ue is contained in U and

diffeomorphic to S x [-e, 0] where (p, t) corresponds to expp t • N and Np

denotes the outer unit normal. By assumption, UE is locally isometric to a

symmetric space X. Since S is simply connected there exists an isometric

immersion DQ:S x [-e,0] —► A (developing map, see [T]). The assumptions

on the curvature imply that the immersed hypersurface has no focal points and

we can extend D0 to an immersion D:S x[-e,oo) —► A. The pull back metric

on S x [-e, ce) is locally symmetric and agrees on S x [-e, 0] with the given

metric. Thus there exists an isometric embedding h:M —> W where W is

a complete open manifold which is locally isometric to A outside of h(M).

Since W is simply connected at infinity one checks easily that W is simply

connected and hence a Hadamard manifold.

Note that by Lemma 1 and Lemma 2 Z),iSx[ ^ is an embedding for t0

sufficiently large. Let ßcl be the complement of the smallest ball contain-

ing D(S x {i0}) then / := (D^n)~ :Q —y W is a totally geodesic isometric

embedding.

If rank A > 2 then by Gromov's rigidity theorem [BGS, §5], / extends to

an isometry /: A —► W and the conclusion follows. If rank A = 1, then /

extends to an isometry f:X —*• W by [SZ, Theorem 7]. (Note that dQ. is

convex.)   D

3. Proof of Theorem 2

The proof of Theorem 2 is based on the following

Lemma 3. Let Xm+ be a Hadamard manifold and S —y X a convex embedding

of the compact hypersurface S. Let St denote the outer parallel hypersurfaces of

distance t > 0 with total curvature I(t) = Js \detLt\dVt. Then the derivative

l'(t) is > 0 for all t > 0. If S —> X is strictly convex then equality holds iff for
all radial 2-planes a with footpoint lying on St the curvature K(a) is zero. (By

a radial 2-plane we mean a plane which contains the tangent vector of a geodesic

starting orthogonally from S.)
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Proof of Lemma 3. As in the proof of Lemma 1 we consider the map

e: S x [0, oo) -* X

e(s,t) :=et(s) :=txps t-N(s)

where N denotes the outer unit normal field along S. Furthermore consider
_ _    def

the (l-l)-tensor Lt defined on the vectorfields on 5 by L( = P_t o Lt o P ,

where Pt denotes the parallel transport up to distance t along the geodesies

t r-> e(s, t) and Lt is the Weingarten map of St with respect to the outer unit

normal. Let dV\ = f • dV0 (with ft e C°°(S)) be the volume element of S

induced by the map et:S —* St. Then

ç
I(t)=     dtXLt-ftdVQ

JS

and

l'(t) = jsd(dtiLrft)dV0

where d := d/dx. Fix (s,t) e [0,oo) and let e. \... ,e be an orthonormal

basis of eigenvectors of Lt(s) with eigenvalues Xx, ... ,Xm. Note that X¡ > 0

for all i. Define

pi:^(R(Ptel,y(t))y(t),Pie,)<0

where y(x) := e(s ,x). Using the Riccati-equation for L( a direct calculation

shows:

A: =ô(dt\Lt(s)-ft(s))

= \ -1>? + fi.) • IR + detI((J) • trace(L,(í)) 1 • f(s).

Observe that A > 0 if detL,(s) = T[X¡. = 0. If detLr(j) ¿ 0 then

A = ft(s)-detLt(s)-jr-ÏL>0
i= 1 '

and equality holds if and only if all p¡ are zero. As A has nonpositive curvature

this implies that for all i the vector Pe¡ is an eigenvector of the endomorphism

x^R(x,y(t))y(t)

for the eigenvalue 0. Thus R(-, y(t))y(t) = 0.

Proof of Theorem 2. By Lemma 1 S is embedded. For small t0 < 0 the inner

parallel hypersurface St :=e(S,t0) is still embedded and strictly convex. Thus

St is diffeomorphic to a sphere and hence the Gauss-Bonnet theorem together

with the Gauss equation implies:

/(i0) > An.

As the curvature is zero for all 2-planes tangent to S the total curvature 1(0) is

equal to 4n and thus I(tQ) > 1(0). By Lemma 3 this implies that I(t) - 1(0)
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for all t e [t0,0] and K(at) = 0 for all radial 2-planes at with footpoint lying

on St. Furthermore I(t) = 4n is only possible if all 2-planes tangent to St

have curvature zero. Since K < 0 this implies that all 2-planes with footpoint

on St have curvature zero.

Let R denote the convex region bounded by 5 = dR. Then the above

argument shows that R is flat in some neighborhood of the simply connected

boundary S and thus Theorem 1 implies that R is flat. D

Remark. With the same method one can prove a dual result:

Let M be a compact Riemannian manifold of dimension 3 and with non-

negative sectional curvature. Assume that the boundary d M is strictly convex

and that K(a) = 0 for all 2-planes a which are tangent to dM. Then M

is flat.

4. Proof of Theorem 3

By Lemma 1 S is embedded and we may consider S as a subset of A. The

monotonicity of I(t) follows from Lemma 3. We will show that /(oo) < con_x

implies that X is isometric to Rn :

If /(oo) < com where m = « - 1 then I(t) < com for all t > 0. Let

e: S x [0, oo) —► X be the normal exponential map as in Lemma 1 and let L(

denote the Weingarten map of S, = et(S) with respect to the outer unit normal.

As S is strictly convex there exists a positive number p. such that all eigenvalues

of L0 are > 1 /p. Then a comparison argument shows that all eigenvalues of

Lt are > l/(p + t). Thus

tm-detLt> (I + p/t)~m ^ 1.

Therefore for given e € (0,1) there exists t0 > 0 such that

ím-/(í)>(l-e)vol(5()

for all t > t0 . We may assume without loss of generality that t0 = 0. Let Bt

denote the compact region bounded by St. Then

\ol(Bt - B0) = /  vol(5T) dx
0

<(1 -e)_1 -com- f   xdx
Jo

<(\-E)-x.8n-t"

where 8n denotes the volume of an Euclidean ball of radius 1. Fix jc0 e B0 .

Then 5((x0) := {x e A|dist(x0 ,x) < t} is clearly contained in Bt and thus the

above equality implies:

vol(5,(jcn))     ,. vol(5,)      „
hm sup —v  '„   °" < hm sup —^ < Ö„ .

/—»oo t t—>oo I

Since the volume grows as in Euclidean space,   A   is isometric to  R"

[BGS, §1].
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