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Abstract. This paper is concerned with the study of the dual of a C*-algebra

as a matrix ordered space. It is shown that an n x n matrix of linear functional

of a C*-algebra, satisfying the generalized positivity condition, induces a rep-

resentation of the algebra that generalizes the classical Gelfand-Naimark-Segal

representation. This allows analysis of the relationship between the compara-

bility of cyclic representations of the algebra and the matricial order structure

of the dual. We consider the problem of unitary diagonalization of linear func-

tional and show that positive normal functionals on a matrix algebra over a

semifinite von Neumann algebra can always be diagonalized.

1. Introduction and preliminaries

The dual of a C* -algebra has the natural matrix order. An n x n matrix

[pjk] of linear functionals on a C*-algebra ^ is said to be an n-positive linear

functional on ^ if [p¡k{Ajk)] is a positive n x n matrix whenever [Ajk] is a

positive element of the C* -algebra of nxn matrices over ^. If [pjk] satisfies

the normalization condition p..,(/) = 1 for each j in {1,...,«}, we say that

[pjk] is an n-state (multi-state, when n is not specified).

In this paper we develop basic theory of multi-states, and our approach is mo-

tivated by the case of a single state. Thus with each «-positive linear functional

of ^ we associate a representation of % that generalizes the classical GNS

representation (Theorem 2.1). This enables to clarify the relationship between

the comparability of cyclic representations of í¿ and the matricial order struc-

ture of %*. We characterize irreducible and factor representations engendered

by multi-states in terms of component functionals, and use this characteriza-

tion to locate a certain class of extreme points in the set of identity preserving

completely positive maps of í¿ into Mn (C). Finally, we consider the prob-

lem of unitary diagonalization of linear functionals on a matrix algebra over

a C*-algebra (see Section 3). We give a necessary and sufficient condition for

the diagonalization. While the answer is negative in general, it is shown that
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positive normal functionals on the von Neumann algebra of n x n matrices

over a semifinite countably decomposable von Neumann algebra can always be

diagonalized.

Throughout the paper all C* -algebras are assumed to be unital and 7 will

always denote the identity. If L is a linear space and « is a positive integer,

Mn(L) will denote the linear space of nx n matrices over L. If 5? is a

Hilbert space and x, y are two vectors in 3t, we shall denote by cox the

linear functional on 33 (Jf), the algebra of all bounded operators on 3?, given

by (ox   (A) = (Ax,y)   (A e 33(5?)). cox is the abbreviation of œx x .

The «-positive linear functionals of a C*-algebra í¿ form a positive cone

that induces the natural order on Mn(^'). This order is also induced by the

positive linear functionals on the C*-algebra Mn(^), as seen from the follow-

ing well-known fact.

Proposition 1.1. The map T:Mn(%*) -* (Mn(%S))* given by

(T([Pjk]))([Ajk]) = ¿ Pjk(Ajk)       ([P]k] e Mn(V*), [Ajk] e M„(20)

is an order isomorphism between Mn(í/*) and (Mn(%/))*.

Proof. Each p in (Mn(^))* is uniquely determined by the linear functionals

Pjk on % given by pJk(A) = p(A®Ejk), where A®E-k denotes the matrix in

M„(^0 whose (j ,k) entry is A and all the other entries are 0; and we have:

(T([pjk]))([Ajk])= ¿ Pjk(Ajk)= ¿ p(Ajk®Ejk) = p([Ajk])
j,k=\ j,k=\

If [Pjk\ ls an "-positive linear functional on èV and [,4 ,¿] e M.n(í¿)+ , then

(7-^lM^l) = ¿ Pjk(Ajk) = ([Pjk(Ajk)]e, e) > 0,
jjc=i

where e is the vector (1,1,...,1) in C". Hence T([pjk]) is positive. Con-

versely, if p e ((MfJ(%'))*)+ , then [pjk] = T~ (p) is an «-positive linear

functional. Indeed, given [Ajk] in Mn(^)+ and a = (ax, ... ,an) e C", the

matrix [a~akAjk]   (= (diag(a;))*[^A.](diag(a7))) belongs to Mn(%?)+ ; so that

0 < p([a-akAjk]) = LZ",k=i ñ~jakPjMjk) = ([Pjk(Ajk)]a<a) • Therefore T is an
order isomorphism.

Remark. Suppose % is a C*-algebra acting on a Hilbert space ßf. Then

MnÇ%f) is represented faithfully on ®"=x%', the direct sum of n copies of f%?,

through the usual matrix action on "column vectors"; and we see that for each

vector x = (xx, ... ,xn) in ®"k=x^ the functional œx\MnC%f) corresponds

through the isomorphism T to the «-positive linear functional [co¡k], where

%* = GV*,I^ U,k e {!,...,«}).
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2. The associated representation

The following theorem establishes the analogue of the GNS representation

for «-positive linear functionals. The construction involved is similar to the

Stinespring construction for completely positive maps.

Theorem 2.1. If % isa C*-algebra and [pjk] is an n-positive linear functional

of %, then there is a representation n of % on a Hilbert space 3t, and n

vectors xx, ... ,xn in Jf such that {xx, ... ,xn} is a generating set for 7t(%S)

on 5? and

Pjk = coxk,xJ07t       (j,ke{l,...,n}).

Proof. Let 3? be the linear space of all «-tuples of elements of ^. Define the

conjugate-bilinear form (, ) on £? by:

(A,B)= ¿ p]k(B*Ak)(A = (A¡),B = (Bi)).
j,k=\

We shall show that (, ) is an inner product on J?. For this note first that

pkJ(C*) = Pjk(C) for each C in % and j,k e {1, ... ,n}. Indeed, this is

apparent when j = k. If, say, j < k, consider the « x « matrix M whose

(j,j) and (J,k) entries are C* and 7 respectively, and all the other entries

are 0. The nonzero entries of M*M e M„(^)+ form the matrix

CC*
C*

Consequently the matrix

Pjj(CC*)

l Pkjin

C
I

Pjk(C)

Pkk(l)

is positive, and pk.(C ) = pjk(C) for all C in %. Thus,

<A>B) = E Pjkiß]Ak)= E Pkj(AlBj) = (B,A).
j,k=l j ,k=l

Given A = (Ai)"=x in ¿¿?, the matrix [,4*^] belongs to Mn(zSQ+ , since it is

the product

Hence the matrix [pjk(A*Ak)] is positive, and with e = (1, ... , 1) e Cn we

have:   0 < {[pjk(A*Ak)]e,e) = ¿J^, pjk_(A*Ak) = {A, A).   Therefore  (,)

is an inner product on 3?. Let JV = {A e Sf\(A,A) = 0}. By standard

arguments the equation (A + ¿V,B + AV) = (A,B) defines a definite inner

product on the quotient space S?/AV whose completion is a Hilbert space 3?.

Each element A of ^ defines the linear transformation n(A) on S?¡Jf by

n(A)((A¡) +JV) = (AA^+yV. To see that n(A) is bounded note that

7? =
A*A0-

0
< iMir/o-.-o

0
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so that with

T = AX---An
0

we have: [A*A*AAk] = T*RT < T*ST = [\\A\?A*Ak], and [pjk(A*A*AAk)] <

\\A\\2[pjk(A*jAk)^ « °y Positivity of [pjk]. Therefore

((AAi),(AA¡))=   ¿ pjk(A*A*AAk) = {[pjk(A*A*AAk)]e, e)
j,k=l

< \\A\\2([pjk(A*Ak)]e, e) = ||,4||2((,4(), (AJ).

Consequently, n(A) is bounded on 5f ¡JV and extends by continuity to a

bounded linear operator on 3? (also denoted by n(A)). It is easy to see that

n is an algebra homomorphism of %. Furthermore, for any A = {A{)"=1 and

B = (B¡)"i=x inSf,

(n(A)(A + Jf),B+jr)=   ¿ p.k(B)AAk)= ¿ p]k((A*B})*Ak)
j,k=\ j,k=\

= (Ä + yr,n(A*)(B+J^)),

which implies that n(A)* = n(A*). Therefore n is a representation of ^

on 3t.

Finally, for each /' in {1,...,«} let x¡ denote the vector /.-+JV, where Ii

is the element of S? whose /-th component is 7 and all the other components

are 0. Since A + AV = J2"=\ n(Ai)xi when A = (At)"=x, {xx, ... ,xn} is a

generating set for n(%) on 3?. Also pjk(A) = (n(A)(7k +Jr),(7j + JV)) =

{n(A)xk,Xj) = o)XkX(n(A)) for all A e % and all j,k e {1,...,«}. This

completes the proof.

In the sequel the representation n of Theorem 2.1 will be called the repre-

sentation engendered by [pjk].

Remark. In the case when [pjk] is diagonal «-positive linear functional (that

is, p¡k = 0 for j ^ k ) the representation engendered by [pjk] is (equivalent

to) the «-fold direct sum of the GNS representations engendered by p (j =

1,...,«).
The following proposition provides a link between comparability of cyclic

representations of % and the order structure of WLffl*}. Recall that two

positive linear functionals of %( are called disjoint (quasi-equivalent) if the

corresponding GNS representations are disjoint (quasi-equivalent). ([3, 10.31]).

Proposition 2.2. If pxx and p22 are positive linear functionals of a C*-algebra

%/, then pxx and p22 are disjoint if and only if there are no nonzero linear

functionals Pi2>.P2i(= P*z) on %■ such that the matrix [pjk] (j,k = 1,2) isa

2-positive linear functional.

Proof. Suppose pxx and p22 are disjoint and [pjk] is a 2-positive linear func-

tional of %. From Theorem 2.1 pjk (A) = (n(A)xk ,x¡)   (A e %?, j, k = 1,2),
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where n is the representation engendered by [p k] and Xj ,x2 are vectors in

the Hilbert space of n. Let P[ and P2 be the projections in n(%()' whose

ranges are [n(%')xx] and [n(%')x2] respectively. Then the GNS represen-

tation engendered by p (j = 1,2) is equivalent to the subrepresentation

A —> n(A)Pj ([3, 4.5.3]). Since pxx and p22 are disjoint, the central carri-

ers of projections P[ and P2 are orthogonal. In particular P[P2 = 0, so that

0 = (n(A)P2x2,P'xxx) = px2(A) = p2x(A*) for each A in %.

Conversely, suppose there are no nonzero functionals px2 and p2x such

that [pjk] is 2-positive. Letting nx and n2 denote the representations of %

engendered by px, and p22, consider the direct sum representation O = nx ®n2

on a Hilbert space Jjf. Assuming, as we may, that pxx, p22 ^ 0, we have

nx(%f) = <&(%!)ÉX, n2(W) = <&($¿)E'2 for some nonzero projections E'x and E2

in <&($()' ; and PXi = coz °®, p22 = ojz o O for some vectors zx and z2 such

that [0(^)zy] = ËÂ%?) (j = 1,2). If 7Cj and n2 are not disjoint, then there

are nonzero projections T7,' < E\, F2 < E2 and a partial isometry V' in 3>(^)'

such that V1* V' = T7,' and V1 V1* = F2. Since the projections F'x and F2 have

ranges [<b(%f)F[zx] and [<&(f2/)F2z2] respectively, the vectors y¡ = 7^'z, and

v2 = V* z2 = V'*F2z2 are nonzero. Furthermore, as y, is a generating vector

for the C*-algebra k>(f%¿)F'x acting on F[(ß^), the functional «yy2 o <t> is

nonzero. The map T:M2(&) - M^O^T7'), given by T([Ajk]) = [Q{Ajk)F[]

is a * homomorphism. Therefore the matrix [o)jk], where o)jk = œyk y o$

is a 2-positive linear functional on ^. Letting p12 = coX2 and p21 = co2X , we

have

/>n   Pn
Pi\    Pnl

wxx   col2 zi yi

0 (O,   o$-(D    o$

But

wz, ° * - % ° * = "V, ° * + w(£;-f;)z, ° * - wf;Z| ° * = «(¿¡-F,')*, ° *

Wz2 ° * - My; ° ° = WF2'z2 ° • + œ(E'2-F^ ° * - <V-F¿z2 ° * = ^(E'-F^ ° *

Thus [pjk] > [ojjk] > 0, while Px2-a>y y °Q> ¥= 0 contradicting the assump-

tion. Consequently pxx and p22 are disjoint.

In the following proposition we characterize irreducible and factor repre-

sentations engendered by «-positive linear functionals in terms of component

functionals. For simplicity of exposition we consider the case of «-states. The

general statement can be derived along the same lines.

Proposition 2.3. Let [pjk]  be an n-state of a  C*-algebra % and n  be the

representation of % engendered by [pjk]-

(i)   n is irreducible if and only if p..   (j = 1, ... ,n) are (equivalent) pure

states and for each j and k  there is a unitary Ujk e % such that

PjkWjk) = I-
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(ii)   n is a factor representation if and only if p     (j = 1, ... ,n) are quasi

equivalent factor states.
u

Proof. By Theorem 2.1  p.. = cor  _ o n for some generating set of unit vec-
JK Xfc ,Xj

tors xx, ... ,xn. As noted before, the GNS representation engendered by p

(7 = 1, ... ,«) is equivalent to the subrepresentation A -» n(A)Pj, where

Pj is the projection in n(?/)' whose range is [n{%)x\. If rc is irreducible,

then T3' = 7 and so ^(^) = ni^)P'. for each 7 . Thus the representations

A —► 7r(^)7)' are irreducible and p are equivalent pure states. By transi-

tivity of n(W), for each j and k there is a unitary Ujk in ^ such that

n(UJk)xk = Xj ([3,5.4.5]); so that pjk(Ujk) = (n(Ujk)xk,Xj) = 1.

Assuming the converse we have (n(U¡k)xk,x,) = PJk(Ujk) = 1. As

\\n(Ujk)xk\\ = \\x.\\ = 1, it follows that n(Ujk)xk = xj. Therefore [n(&)xj] =

[n{f2¿)xk], and P1- = Pk for each j and k. Since x,,... ,xn form a gen-

erating set for nifit), this implies that 7?' = 7 for each /. Consequently

k(&) = n(%f)Pj acts irreducibly.

If n(%/)" is a factor, then the central carrier, Cpl, of P\ is the identity for

each /; so that n{^¿) is isomorphic to n(fî/)P'., and p are quasi-equivalent

factor states ([3, 10.3.3]).

Conversely, if p.. are quasi-equivalent factor states, then n(^)"p'. is a fac-

tor and  Cpl = I for each j.   If C  is a nonzero projection in the center

of n(%f)", then C73' ^ 0 for some î. Since CP' belongs to the center of

n(W]"P\, CP\ = P\; so that C > Cpl = I. Hence C = 7, and n(%)" is

a factor.

Proposition 2.4. Let [p.k] and [ojk] be n-positive linear functionals on a C*-

algebra %, and n be the representation engendred by [pjk] on a Hilbert space

5f, so that pJk = cox x on for some generating set of vectors xx, ... ,xn for

1t{W). If [ojk] < [p]k], then there is a positive operator 77' in the unit ball of

n(&)' suchthat a.. (A) = to r     (H'n(A))   (A e % ; j,k = 1,...,«).
JK Xk ,Xj

Proof. Let S? denote the linear span of the set {n(1f)xf\i = 1,...,«}. Define

a conjugate-bilinear form y/ on S" by :

v(x,y)= E °jk(B]Ak)>
j.k=\
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where x = J2l±i n(Aj)x¡ anu* v - J2"=\ n{Bi)x¡. Applying the Cauchy-Schwarz

inequality,

\w(x,y)\2 E Ojki^A)
j,k=i

< E V^X) E **(*&)
j,k=l j,k=\

< E PjM'iAk) E Pjk(PjBk) = ii*
j ,k=\ j,k=\

|2ii_ _ 112

since [rjyj < [p J . Thus (^ is bounded by 1 on S* and extends by continuity

to a conjugate-bilinear form on 3? (also denoted by y/ ). Therefore there is a

positive operator 77' of norm 1 on 3Í suchthat y/(x,y) = {H1 x ,y) for all x

and y in 5f. Since

(H'n(A)n(B)xk, n(C)Xj) = y/(n(AB)xk , n(C)x¡) = o]k(C*AB)

= ajk((A*C)*B) = v(n(B)xk , n(A*C)Xj)

= (n(A)H'n(B)xk, n(C)xß

for all A, 77, C in ^ and xx, ... ,xn is a generating set, it follows that

H' e n(%S)'. Also we have ojk(A) = y/(n(A)xk,Xj) = (H'n(A)xk ,x).

The set of all «-states of a C*-algebra ^ is convex and compact in the

topology of weak * convergence on Mn (ÎS* ). From the Krein-Milman theorem

it is the weak * closure of the convex hull of extremal «-states.

Proposition 2.5. Let [pJk] be an n-state of a C*-algebra %.   Suppose p

(7 = 1,...,«) are pure states of % and whenever pss is equivalent to ptt for

some s and t in {1, ... , «}, there is a unitary Ust in % such that psi(Ust) = 1.

Then [pjk] is an extremal n-state.

Proof. Let m be the number of equivalence classes of the pure states p .

By Proposition 2.2 the matrix [pjk] is a block-diagonal sum of the matrices

[Pjin kiA (1 < i < rn) corresponding to each equivalence class; and for each i

[p¡i¡\ krn] is an «;-state for some «;. By Proposition 2.3(i) the representation

7t/ engendered by [p .(J, k,A is irreducible for each i, and is equivalent to

the GNS representation induced by any one of the states p (l) (l). Since ni

is (equvialent to) the subrepresentation of the representation n engenered by

[Pjk], ti is the sum of disjoint representations n¡. Let Ci denote the central

support of %i (so that nfä) = n(%)C¡).

Suppose a ■ [aJk] < [pjk] for some «-state [ojk] and 0 < a < 1. Then

a-Ojk(A) = ojx x(H'n(A)) (Ae%) for some 77' in n(^)', from Proposition

2.4. But, since H,Ci belongs to n{(&') and 77'C, ¿0, H,Ci = a-Ci for each

I. Consequently H'Ci = aI, [ajk] = [p k], and [pjk] is extremal.
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Proposition 2.6. There is a one-to-one correspondence between the set of all n-

positive linear functionals p = [pjk] of a C*-algebra % and the set of all com-

pletely positive maps ^V:^ —* Mn(C), given by ^„(^4) = [pjk(A)]

(p = [pjk],Ae%).

Proof. First we show that *F is completely positive. Let [Ajm] = Yl] m=\ Aim®

Fim be a positive element of MA$¿) for some integer q. Since [Aim] is a

sum of positive elements of NL(2Q of the form [B*Bm], we may assume that

[Aim] = Yl] m=\ A*iAm ® Pim • Moreover, by Theorem 2.1 we may assume that

%? acts on a Hilbert space %? and pjk = to x\2¿ for some vectors xx, ... ,xn

in %f. Then \!¥ (Aim)\ is the matrix

E   [ E (Am*k . V,> ® Ejk    9 Fim       in M9(M„(C)).
i,m=\   \jjc=\ I

This matrix can be identified with the representing matrix of the operator T* T

in some basis {us} (s — I, ... ,qn) for a <?«-dimensional subpsace M!L of %?

containing all the vectors Amxk (m = 1, ... ,q;k = 1, ... ,n), where T is the

operator on %^ given by Tus = Amxk when s = (m - l)n + k . Consequently

rxVp(Ajm)] e Mi(Mn(C))+ , and *F   is completely positive.

On the other hand, given a completely positive map *F from ^ into Mn(C),

let pJk be the linear functional on ^ given by pjk(A) = (x¥(A))Jk, where

(*¥(A))jk denotes the (j,k) entry of the matrix *¥(A). Given [77 J in

M„(^)+, the matrix 5 = E^W^) ® F,fc belongs to Mn(Mn(C))+ by

the complete positivity of *F. Thus, with {et} the standard basis for C" and

z = ®"i=xe¡ in ©;=1C", we have 0 < (Sz, z) = J?JJtml Pjk(Bjk). From Propo-

sition 1.1 it now follows that [pjk] (= p) is an «-positive linear functional,

and it is clear that *F = *F .

The following corollary is an immediate consequence of Propositions 2.5

and 2.6.

Corollary 2.7. Let [pJk] bean n-state of a C*-algebra f¿. If[pjk] satisfies the

assumptions of Proposition 2.5 a«<7 pjk(I) = 0 for all j ^ k, then the map

*F:^ —» Mn(C) given by *P' (A) = [pjk(A)] is an extreme point in the set of all

identity preserving completely positive maps from í¿ into Mn(C).

3. Unitary diagonalization

This section is concerned with the problem of diagonalization of linear func-

tionals on a matrix algebra over a C*-algebra. Given a (unital) C*-algebra ^,

we shall denote by Et (i = 1, ... ,«) the projection in MnÇ%/) whose ma-

trix has 7 on the z'th diagonal entry and has all the other entries 0. A linear

functional tp on Mn(f/) is called diagonal if <p(EAEk) = 0 for all j j= k

and A e Mn(W) In terms of the matrix [<pJk] in Mfl(^*) corresponding to
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tp this is equivalent to the condition that [<pjk] is diagonal. The problem we

consider is whether for a linear functional co on M¿(S8Q there exist a uni-

tary U e Mn(%f) such that the functional tp given by <p(A) = co(UAU*) is

diagonal. In this case we shall say that co is unitarily diagonalizable. Recall

that the centralizer of a linear functional co on a C*-algebra 33 is the set

Ww = {He 33\co(AH) = co(HA) for al A e 33}. ^ is a C*-subalgebra of 33

if co is positive.

Proposition 3.1. Let *2¿ and E¡{i (i = 1, ... ,«) be as above. A linear func-

tional co on Mn(%f) is unitarily diagonalizable if and only if there are n or-

thogonal projections F¡ (i = 1, ... ,n) with sum I in the centralizer W^, such

that E¡ is (Murray-von Neumann) equivalent to F¡ in Mn(^¿).

Proof. If such a family F} (i = 1, ... ,n) exists, let Vi be the partial isometry

such that V[F,,V¿ = E¡. The element U = £"=1 Vt is a unitary and UF¡U* =

Ei. Therefore for each A e Mn[$f) and j ^ k we have:

(o(UEjAEkU*) = co(UEjU*UAU*UEkU*) = co(F)VAU*F\) =

= co(FkFjUAU*) = 0;

so that co is unitarily diagonalizable.

Conversely, if there exists a unitary U in MnÇ%f) suchthat œ(UE.AEkU*)

= 0 for all j / k and A e Mn(20, let F¡ = UE^* (i = 1,...,«). Since

E"=1 F¡ = I and F¡Fk = 0 for all j' ± k, we have:

œ(AFi) = œ [ ¿ F1AFkFi    =J2co(FjAFi) = J2^(UEjU*AUEiU*)

= œiUEfi'AUEiU*) = co^AF,).

Similarly co(F¡A) = (^(F^F^ for each i and A. Thus, the family F¡

(i = 1, ... , «) belongs to Wm and has the asserted properties.

Theorem 3.2. If 31 isa semifinite countably decomposable von Neumann algebra

and co is a positive normal linear functional on Mn(3?), then co is unitarily

diagonalizable.

Proof. The von Neumann algebra MB(J) is semifinite and countably decom-

posable. Hence it admits a faithful normal semifinite tracial weight x. From the

version of Radon-Nikodym theorem in [3, 9.2.19] there is a positive operator

K in the unit ball of Mn(£?) such that t(7 - K) < oo and

(*) t((I-K)A) = oj(KA) = co(AK)       foralMeMn(^).

We shall show first that the relative commutant {K}c = {K}' n Mn(3?) be-

longs to the centralizer Wm. For this we note that K is a one-to-one map.

Indeed, if P is the null-projection of K, then KP = 0 and from (*), x(P) =

t((7 - K)P) = to(KP) = 0. Since x is faithful, this implies P = 0. Thus,

the inverse K~   is a closed densely defined positive operator affiliated with the
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abelian von Neumann algebra JPQ generated by K ([3, 5.6.12]). If En de-

notes the spectral projection of AT-1 corresponding to the interval [1/«,«],

then En —> 7 strongly and K~xEn  belongs to Jfü.   Consequently if 77 G

{K}c, then <y(,477) = \imn to(KK~xEnAH) = lim„ x((I - K)K~lEnAH) =

limnx(H(I - K)K~xEnA) = limn t((7 - K)K~xEnHA) = limnco(EnAH) =

co(HA), from (*). Hence {K}c ç ?ffl. In particular, if Jt is a maximal

abelian subalgebra of M («S?) containing K, then J'ç^. From [2, Theo-

rem 3.18] JK contains « orthogonal equivalent projections T7. (i = 1, ... ,«)

with sum 7. By comparison theory F¡ is equivalent to 2s( for each i. There-

fore co is unitarily diagonalizable, by Proposition 3.1.

Remark. The possibility of unitary diagonalization of normal states on matrix

algebras over semi-finite countably decomposable von Neumann algebras is due

to the fact that the centralizers are always relatively large. This need not be the

case if the von Neumann algebra is of type III. In [ 1 ] the example was shown

of a faithful normal state on a type III factor, whose centralizer consists of the

scalar multiples of the identity. This indicates a counterexample illustrating the

failure of unitary diagonalization in the type III case.
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