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CANONICAL DOMAINS ON RIEMANN SURFACES

BERNARD MASKIT

(Communicated by Irwin Kra)

Abstract. Let 5 be a Riemann surface of genus g > 0 , and of finite topo-

logical type. Then S can be uniquely realized as a closed Riemann surface

from which a finite number of disjoint points and closed circular discs have

been removed. As a corollary, we obtain that the moduli space of surfaces of

genus g with one hole is a topological product of the moduli space of surfaces

of genus g with one puncture and an interval.

It is well known that every planar Riemann surface can be uniquely repre-

sented as a slit domain in any one of several classes of such domains. Also,

every topologically finite planar Riemann surface can be uniquely represented

as a circle domain on the sphere. Some results along these lines are also known

for surfaces of higher genus. It was shown by Grötzsch [G] that every topologi-

cally finite surface of genus 1 can be represented as a slit domain on a torus; see

also Royden [R]. It was shown by Strebel [S] and Jost (unpublished) that every

topologically finite surface of genus 1 can be uniquely represented as a circle

domain on a torus. It was shown by Haas [H] that every topologically finite

Riemann surface can be represented as a circle domain on a closed Riemann

surface of the same genus. In this paper, we extend these results to show that

Haas's circle representation is unique for every genus. We then give an appli-

cation of our result to Teichmüller theory, and show that the moduli space of

Riemann surfaces of finite genus g > 0, with one hole, is topologically equiv-

alent to the product of an interval and the moduli space of Riemann surfaces

of genus g with one puncture.

1. Circle domains on Riemann surfaces

Let 5 be a closed Riemann surface of genus g > 0. Then there is a canonical

metric on S defined as follows. If g > 1, there is an essentially unique Fuch-

sian group F, acting on the upper half-plane, H , so that S is conformally

equivalent to H2/F. We endow H2 with its usual Poincaré, or hyperbolic,

metric ds = \dz\/lm(z), and we call the projection of this metric to S the

canonical metric.
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If S has genus 1, then we can represent S as C/F, where F is a fixed

point free group of Euclidean motions. Every such motion is a translation; we

normalize F so that it has unit minimal translation length. It is easy to see that

this normalization is equivalent to requiring that F be generated by z -* z +1,

and z —» z + t , where |t| > 1, and |Re(r)| < \ . We use this normalization for

F, and call the projection of the Euclidean metric to S the canonical metric

on S.

Suppose S is a closed Riemann surface of genus g > 0, and suppose S is

a subsurface of S where S - S has finitely many components, each of which

is either a point or a closed circular disc in the canonical metric on S ; then we

say that S is a circle domain on S.

A Riemann surface S is topologically finite if it is homeomorphic to the

interior of a compact (orientable) 2-manifold S ; this definition is equivalent

to the statement that 5 can be topologically embedded in a closed surface S,

where S - S has finitely many components. Each boundary component of a

topologically finite Riemann surface has a neighborhood that is conformally

equivalent to either a punctured disc, in which case we say that the boundary

component is a puncture, or an annulus, in which case we say that it is a hole.

Two topologically finite Riemann surfaces have the same analytic type if there

is a homeomorphism between them that preserves both holes and punctures. A

topologically finite Riemann surface is analytically finite if it has no holes.

Theorem A. Let S be a topologically finite Riemann surface of genus g > 0.

Then there is a closed Riemann surface S of genus g, and there is a conformai

embedding f: S —► S so that f(S) is a circle domain on S. This representation

is unique; that is, if there is another closed Riemann surface S , also of genus g,

and there is a conformai embedding f : S —» S , so that f(S) is also a circle

domain, then there is a conformai homeomorphism h: S —► S   with f = ho f.

We have already remarked that the existence part of the above theorem is

due to Haas [H]; we outline his proof in §4.

2. Teichmüller and moduli spaces

In this section we outline, using Fuchsian groups, the real analytic version

of Bers' development of Teichmüller space and Bers fiber space, together with

their modular groups [B].

Let S be a hyperbolic Riemann surface of finite toplogical type and positive

genus g. Represent S as H ¡F, where F is a finitely generated Fuchsian

group, normalized so that 0, 1, and oo are fixed points of hyperbolic elements

of F . Note that the punctures correspond to parabolic elements of F , while

the elements of F corresponding to holes are hyperbolic.

For our purposes, a deformation of F is a monomorphism ¡j>: F —»

PSL(2, R) (the group of orientation preserving isometrics of H ) with the fol-

lowing property. There is an orientation preserving (quasiconformal) homeo-

morphism / of the closed upper half-plane onto itself so that <j> is induced by
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/; that is, / o g(z) = cfi(g) o f(z) for all g G F, and for all z G H2. This

requirement implies that the induced homeomorphism between S = H2/F and

H /(t>(F) preserves both holes and punctures.

A deformation <f> is normalized if the associated homeomorphism / fixes 0,

1, and oo.

The set of all normalized deformations of F , denoted by T(F), is an open

subset of the homomorphism space, Hom(F, PSL(2, R)) modulo conjugation,

and as such is a real analytic manifold. If F is of the first kind (this is equiva-

lent to the statement that H /F has no holes), then T(F) is (real analytically

equivalent to) the usual Teichmüller space T(S). Also, if F is of the sec-

ond kind, then we can identify T(F) with the reduced Teichmüller space of

Earle [E].

A deformation y/ of F, with the property that y/(F) = F, is called a

modular deformation. The group of all modular deformations, M = M(F), is

called the super modular group. It acts on T(F) by right multiplication; that

is, for each modular deformation y/, and for each element 4> of T(F), there

is an element A = A(<)),y/) of PSL(2,R) so that At(4>oy/~ ) is a normalized

deformation, where At denotes conjugation by A. We set y/(<f>) = At(<¡> o

y/~l). The transformation A depends real analytically on both (j> G T(F)

and y/ G M (F). The super modular group also acts on the Bers fiber space

F(F) = F(F) x H2 by y/[(¡>,z] = [A¿<t>o y/'1) ,A(z)].

For any group G acting on a space X, the kernel, K, of the action is the

(normal) subgroup acting as the identity, and the effective part is 77 = G/K.

The Modular group, MT(F), is the effective part of the action of M on T(F),

and the modular group, mv(F), is the effective part of the action on V(F).

The moduli space, R(F) = T(F)/MT(F) can be identified with the space of

conformally distinct Riemann surfaces of the same analytic type as S = H ¡F.

The Bers space B(F) = V(F)/mv(F) is a fiber space with base T?(F), where

the fiber over the point S' G R(F) is the surface S' factored by its conformai

automorphism group. One can also view T7(F) as being the space of posi-

tive divisors of degree one on Riemann surfaces having the same analytic type

as S.

3. Koebe groups

A Kleinian group G is a discrete group of Möbius transformations that acts

discontinuously somewhere on the extended complex plane. The set of points

at which 07 acts discontinuously is called the regular set and is denoted by

fi = fi(07). Its complement, the limit set, is denoted by A = A(07). The

connected components of Q are called components of G.

In everything that follows, we will be concerned only with torsion-free groups;

we will assume, without further mention, that all Kleinian groups are

torsion-free.



716 BERNARD MASKIT

An isomorphism <j> between Kleinian groups is called type-preserving if both

cp and tf>~ ' preserve parabolic elements.

A function group is a Kleinian group 07 with an invariant component A0

(that is, g(A0) = A0 for all g G G), where S0 = AJG is analytically finite.

A Kleinian group is geometrically finite if it has a finite sided fundamental

polyhedron for its action on hyperbolic 3-space; equivalent definitions can be

found in [M2, Chapter VI]. .

A Koebe group is a geometrically finite function group with invariant com-

ponent A0, where every component other than A0 is a circular disc.

We remark that the class of Koebe groups includes the finitely generated

Fuchsian groups and the Euclidean groups.

The following existence and uniqueness theorems for Koebe groups were

proven in [Ml].

Theorem 1. Let G be a function group with invariant component AQ. Then there

is a Koebe group G, with invariant component À0, and there is a conformai

homeomorphism /: A0 —» À0, where f induces a type-preserving isomorphism

of G onto G.

Theorem 2. Let Gx, with invariant component Ax, and G2, with invariant

component A2, be Koebe groups. Suppose there is a conformai homeomorphism

f: A, —► A2, where f induces a type-preserving isomorphism of Gx onto G2 .

Then f is the restriction of a Móbius transformation.

Let F be a Fuchsian or Euclidean group, acting on X, where X is either

H or C, and let 5 be a circle domain on X/F . Note that X/F is closed of

genus g ; g = 1, and F is purely parabolic if and only if X = C ; g > 1, and

F is of the first kind and purely loxodromic (actually hyperbolic) if and only if

X = H .In any case, F is finitely generated.

Let A denote the preimage, under the natural projection, of S in X ; then

A is a subdomain of X with the following properties: A is F-invariant; every

connected component of X - A is either a point or a circular disc; and A/F

is a topologically finite Riemann surface. Such a domain A is called a circle

domain for F.

Let A be a circle domain for the Fuchsian or Euclidean group F . For each

circle C on the boundary of A , other than the limit circle of F, let r. denote

reflection in C,. Let F denote the group generated by F and all the r , and

let F be the orientation preserving half of F.

Lemma 1. F is a Koebe group. Further, if F is Fuchsian, then F is purely lox-

odromic, while if F is Euclidean, then every parabolic element of F is conjugate

in F to an element of F.

Proof. Since S = A/F is topologically finite, we can easily find a fundamental

domain D for F, where the boundary of D does not meet any of the C¡.
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Inside D, there are only finitely many of the C ; relabel the Cy so that these

are Cx, ... ,Ck. Then F is generated by F, together with rx, ... ,rk.

Euclidean groups and finitely generated Fuchsian groups are geometrically

finite, and it is almost immediate that 07 = (r,, ... , rk), the group generated by

rx, ... ,rk, is also geometrically finite. Draw a loop W in the interior of D,

where W separates C, U • • • U Ck from dD. Then W divides the extended

complex plane into two closed discs, one of which is precisely invariant under

the identity in F, and the other is precisely invariant under the identity in 07.

(A set X is precisely invariant under the subgroup T7 c G if X is T7-invariant,

and g(X) n X = 0 for all g G G - H.) By the first combination theorem

[M2, p. 149], F is geometrically finite. The combination theorem also shows

that if F is Euclidean, then F has no noninvariant components, while if F is

Fuchsian, then every noninvariant component of F is conjugate in F to the

lower half-plane, and thus is a circular disc.

We continue with our use of the combination theorem and note that every

elliptic or parabolic element of F is conjugate to an element in either F or

07. Since the circles defining the reflections that generated G are all disjoint,

every torsion element of 07 is a reflection; hence F is torsion-free. For the

same reason, G contains no parabolics, and F contains parabolics if and only

if F is Euclidean. Hence F is purely loxodromic if F is Fuchsian. If F is

Eulcidean, then every parabolic element of F, hence also of F, is conjugate

to an element of F .

The existence of an invariant component for F is essentially immediate.

Since F has an invariant component, so does its subgroup F .

Since F is of finite index in F, it is also geometrically finite, and of course,

every noninvariant component of F is also a circular disc; we have shown that

F is a Koebe group.   D

4. Proof of Theorem A

We start with the outline of the proof of existence.

We are given a topologically finite Riemann surface S of genus g > 1. For

each possible such topological type, choose a base surface S0, and choose a

Fuchsian group T70, so that H2/T70 = SQ . Then there is a deformation <f> of

T70, so that U2/(¡)(H0) = S. Write 77 = 4>(H0). Let S be the double of 5 ; that

is, we consider H as a Kleinian group, let Q(T7) be its set of discontinuity,

and let S = Q(H)/H. Each of the arcs of discontinuity of T7 on the extended

real axis projects to a simple closed geodesic (in the Poincaré metric) on 5, and

there are finitely many such geodesies; call them wx, ... ,wk. Let vx, ... ,v¡

be disjoint small loops about each of the punctures of S. Let p : X —» S be the

highest regular covering of S for which each of the loops w., j = I, ... ,k

and each of the loops vm, m = 1, ... ,/ lifts to a loop. Then [Ml] we can

choose X to be a plane domain, where the group of deck transformations is a

Koebe group, G, and X = A0 is the invariant component of Or.
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There is a natural orientation reversing conformai homeomorphism j of S

which as (J wm as its fixed point set. Let / be some lift of j to A0, where

J keeps some component of the preimage of some wm pointwise fixed. Then,

denoting the map z —> z by * , we see that Jo* is a conformai homeomorphism

mapping the invariant component A0 of G onto the invariant component of

*G*, and Jo* induces a type-preserving isomorphism of Or onto *G*. We

conclude from Theorem 2 that J is an orientation reversing fractional linear

transformation; it follows that its fixed point set is a circle.

Next let A be some connected component of the preimage of S in Í2, and let

G = Stab(y4) be its stabilizer in G. Then A is 07-invariant, A/G is a surface

of finite topological type, and A is bounded by limit points of 07, circles and

points. Since Or is a Koebe group, G is either Fuchsian or Euclidean, and A

is a circle domain for G.

We turn now to uniqueness. Suppose that we have two such representations:

S = Ax/Gx = ^42/0r2. Then there is a conformai homeomorphism /: Ax —► A2,

where / conjugates 07, onto G2. Since 07, (or 072 ) contains parabolic ele-

ments if and only if S has genus 1, in which case 07, is purely parabolic, the

induced isomorphism between 07, and 072 is type-preserving. Since / conju-

gates 07, onto 0r2, it is clear that / maps the circular boundary components

of Ax onto those of A2. For m = 1,2, we form the group Gm , generated

by 07m and the reflections in all the boundary circles of Am . Let Gm be the

orientation preserving half of Gm . One easily sees that Gm , and so also Gm ,

has an invariant component Am of its set of discontinuity. It follows from the

reflection principle that / extends to a conformai homeomorphism, which we

call by the same name, /: Â, —» Â2. This extended map / conjugates Or, onto

G2, and so also conjugates Gx onto G2.

It follows from Lemma 1 both that Gm is a Koebe group, and that / induces

a type-preserving isomorphism of Gx onto G2.

It now follows from Theorem 2 that / is the restriction of a fractional linear

transformation. Since / conjugates (7, onto 072, we have shown that S is

unique up to conformai equivalence.

By the above uniqueness statement, we can assume that Gx = G2 = G, and

that / is a fractional linear transformation conjugating G onto itself; that

is, / lies in the normalizer of G (in the appropriate space of all orientation

preserving isometries). Then / projects to a conformai homeomorphism of S

which maps Ax/Gx onto A2/G2. This concludes the proof of Theorem A.

5. Remarks

1. Theorem A assigns a unique nonnegative number to each boundary compo-

nent of a topologically finite Riemann surface S of positive genus. This number

is 0 if the boundary component is a puncture; otherwise, it is the radius of the

hole when S1 is represented as a circle domain. While the center of the removed
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disc, on the closed surface 5, is only determined up to a conformai automor-

phism of S, the radius is well defined, for every conformai automorphism is

an isometry in the canonical metric.

2. In the case that 5 has only one boundary component, then Theorem A says

that S is unique, the radius of the hole is unique, and the center of the hole is

uniquely determined on S/F, where T is the conformai automorphism group

ofS.

In the special case of genus 1, with one boundary component, then we can

locate the center of the hole at the projection of the origin.

3. Theorem A is somewhat unsatisfactory when S has more than one boundary

component. One example of the difficulty occurs when the automorphism group

of S is cyclic of order 4. Let y be a generator of the automorphism group, and

let z be a point on S with the property that z0 = z, z, = y(z), z2 = y (z),

and z3 = y (z) are all distinct. For sufficiently small a, the disc of radius a

about each of these points, in the canonical metric, is a topological disc, and

these discs are all disjoint. Let Um be the disc of radius a about zm . Then

S - (Ux l) U2) is conformaliy distinct from S - (£/, u U3). However on the

surface S/T, these two surfaces appear the same.

6. An application to moduli spaces

For the remainder of this paper, we restrict our attention to the case of

surfaces with exactly one boundary component.

Let 5 be a surface with one boundary component, and genus g > 0. Then

there is a Fuchsian or Euclidean group F so that S = H /F. Theorem A

describes a mapping from the moduli space R(F) into a certain space, which

we now describe. We first take up the case that g = 1. Let S be the closed

torus into which we have a canonical circle embedding of S. Then there is a

Euclidean group 07, with unit minimal translation length, so that S = A/G,

where A is the complement in C of a (7-invariant set of circular discs, centered

at the origin and its translates. Then S is completely described by a point

t e H /PSL(2, Z), and the radius r. Since G has unit minimal translation

length, 0 < r < \. We have shown that for g = 1, Theorem A defines a

bijection O: R(F) -* H2/PSL(2, Z) x [0, {).
If g > 1, then we can represent S as .4/07, where 07 is a Fuchsian group

acting on H , and A is a C-invariant open subset of H , whose complement

in H is a set of circular discs of hyperbolic radius r. The center is however

only defined on H /T, where T is the normalizer of 07. In this case, Theorem

A defines a mapping «I) from R(F) into (not onto) TJ(07) x [0,oo).

Lemma 2. The map O is real analytic, except perhaps at r = 0.

Proof. We follow the above outline of the construction of A and G. Start

with the surface S ; then construct its double; then uniformize its double by a
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particular Koebe group; then G is a subgroup of this Koebe group, which is

well defined up to conjugation. The map from S to its double is real analytic,

and it is a standard application of the Ahlfors-Bers solution of the Beltrami

equation [A-B] that the map from the finite doubled surface to the Koebe group

is real analytic (see [Ml]). Since the subgroup 07 depends real analytically

on S, so does the surface S = H2/G. For genus 1, observe that the Koebe

group, after normalization, is generated by gx(z) = z + 1, g2(z) = z + t,

g3(z) = z/(ax z + 1), and gA(z) = z/(a2z + 1). We can choose these generators

so that reflection in the circle of radius r conjugates gx into g3, and conjugates

g2 into g4. It is then an easy computation to see that the radius depends real

analytically on x, ax, and a2. For g > 1, the Koebe group is the free product

of two Fuchsian groups, and there is a reflection that conjugates one of these

groups into the other. Normalize so that one of the two groups acts on the unit

disc, and so that the other acts on a disc of Euclidean radius p < 1, centered

at the origin; i.e., the reflection circle has radius p. Then the hyperbolic radius

of the reflection circle (inside the unit disc) is r = \ log(l + p)/(l - p). Since

the Koebe group, as a subgroup of PSL(2, C), depends real analytically on the

surface S, so does the radius r.   u

The proof that O- is also real analytic, except perhaps at r = 0, can be

obtained by reversing the above proof.

Theorem B. Let S be a Riemann surface of genus g > 0 with one hole, and let

R(S) be its moduli space, (i) If g = 1, then R(S) is real analytically equivalent

to the product H2/PSL(2,C) x (0, \). (ii) If g > 1, then R(S) is topologically

equivalent to the product B(S) xR.

Proof. We have already taken care of part (i). For part (ii), we already know

that R(S) is topologically equivalent to a fiber space with base B(S), where

the fiber over a point x is the interval (0,r(x)), where r(x) is the hyperbolic

radius of the largest open embedded disc centered at some preimage of x in

S. An equivalent definition is that r(x) is equal to the injectivity radius at x .

One can also define it as the radius of the largest open disc contained in the

Dirichlet region for 5, centered at x. One easily sees that r(x) is a continuous

function of the point x in B(S).     D

In conclusion, we remark that, if we fix the surface, and let the point vary,

then the function r(x) need not be differentiable at a point x where the bound-

ary of the largest embedded disc touches itself four or more times.
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