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UNSTABLE u, -PERIODIC HOMOTOPY GROUPS OF A MOORE SPACE

ROBERT D. THOMPSON

(Communicated by Frederick R. Cohen)

Abstract. The mod p v¡ -periodic homotopy groups of a space X are de-

fined by considering the homotopy classes of maps of a Moore space into X

and then inverting the Adams self-map of a Moore space. In this paper the

modp V\ -periodic homotopy groups of a Moore space are computed by us-

ing the Cohen-Moore-Neisendorfer splitting of the space of loops on a Moore

space. The Adams map is shown to be compatible with this splitting and it is

proved that the homomorphism of v¡-periodic homotopy groups induced by

the Adams map is an isomorphism.

1. Introduction

Let X be a simply connected, p local space for some odd prime p. The

degree p map of a sphere S" A S" acts on nt(X) and the rational homo-

topy groups of X are obtained by inverting this action. By analogy with this,

the mod p vx -periodic homotopy groups of a two-connected space X are

defined as follows. Let M" - Sn~l U e" be a mod p Moore space, and de-

fine the mod p homotopy groups of X by nn(X;Z/p) — [Mn, X], n > 3.

Let vx denote the Adams map v. : Mn+q —► M" , where q = 2p - 2. The

Adams map is constructed stably in [1], and in [10] it is shown that it can be

constructed for n > 3. The basic feature of this map is that it induces an

isomorphism in /C-theory, hence all composites of vx with itself are essential.

The groups nt(X;Z/p) form a graded Z/p vector space, and a module over

the ring Z/p[vx] by defining avx to be the composite aov. , for a: M" —► X .

Let K denote the graded field Z/p[vx,vx~ ]. Define the mod/? ^-periodic

homotopy groups of X by

v;]nt(X;Z/p) = nt(X;Z/p)®z/p[vt]K.

A similar definition can be made for p = 2 ; however, in this paper we treat

only the case of p odd.
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The first theorem of this paper is an explicit calculation of vx nt(X ;Z/p)

when X is a modp Moore space. The case X = S n+ is the main topic of

[17], and the method used there is based on the analogous method for p = 2

carried out by M. Mahowald in [14]; see also [15]. To analyze the i>,-periodic

homotopy groups of Mn we follow a procedure suggested by Fred Cohen. In

[6], [7], and [8] it is proved that Q.M" splits as a product of certain spaces,

and these factors in turn fit into fibrations involving spheres. The resulting long

exact sequences of vx -periodic homotopy groups yield the result.

Our second theorem asserts that the homomorphism of vx -periodic homo-

topy groups induced by the Adams map is an isomorphism. This is not obvious,

since the action of vx on nt(X;Z/p) is obtained by composing on the left,

whereas the homomorphism induced by vx is obtained by composing on the

right. This theorem is analogous to analyzing the homomorphism of n^S")

induced by the degree k map. From another point of view, it is a special case

of a conjecture that under suitable hypotheses, a map which induces an isomor-

phism in yY-theory induces an isomorphism in v~ nt ( ;Z/p). This is known

to be true stably [4].

In order to state these results more precisely, we establish some notation.

Fix an odd prime p and assume that all spaces are localized at p . Recall that

K is the graded field Z/p[vx ,v7 ], where the degree of vx is q. Then for

any 2-connected space X, v~ nt(X;Z/p) is a graded vector space over K.

Denote v^n^S2"*1 ;Z/p) by %2n+x . It is proved in [17] that %2n+x is four-

dimensional over K with basis elements in dimensions 2n + l, 2n+q, 2np+q ,

and 2np + 2q- 1 . Let ¿7'2n+x denote the stable modp  vx -periodic homotopy

groups of S "+1 . Then <5^„+1 = v~lnt(S "+l ;Z/p) is two-dimensional over

K with basis elements in dimensions 2« + 1 and 2n + q by [16]. If If is a

vector space over K, let 1/ W denote W shifted up in degree by j .

In [6] it is proved that there is a homotopy equivalence, for n > 0,

QM2n+2 ~ S2n+i{p} x Çl(\l°°=QMAn+2jn+i), where S2n+l{p} denotes the fiber

of the degree p map on S "+1 . Since S n+ is an //-space, the degree p

map induces multiplication by p on ntS n+ . Thus it is immediate that

vx~[n:t(S^2n+l{p};Z/p) = ?/2n+x © t~l%2n+i . In [8] it is proved that there

exists a space T "+ {p}, and a homotopy equivalence for n > 1 , QM "+ ~

T n+ {p}xiî(Vri Mn"), where na is a certain set of indices satisfying na> 4n ,

and only a finite number of indices occur in any dimension.

It follows from the above-mentioned splittings and the Hilton-Milnor the-

orem that QM", n > 4, splits as a weak product of spaces of the form

S m+ {p} and T m+'{/?}. Thus in order to complete the computation of

v~ nt(M" ;Z/p), it suffices to compute v~ nt(T m+ {p};Z/p), m > 2.

Theorem 1.1. Let   m   >   2.     Then   v7lnt(T2m+l{p} ;Z/p)   =  I"2^2m+1 ©

2     ^2m+1 ® (®k> 1 ̂ 2mp* -1 © ^     ^2mp* -I ) '
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Concerning the homomorphism induced by vx we have

Theorem 1.2. Let n > 8. The Adams map vx : Mn+q —> M" induces an isomor-

phism (vx)t: v~\t(Mn+q;Z/p) ^ v7lnt(Mn ;Z/p).

The author wishes to thank Fred Cohen for suggesting this problem, as well

as Mark Mahowald for helpful discussion on this topic.

2. Preliminaries

In this section we will review the main results of [17] concerning

v~lnt(S n+ ;Z/p) = %2n+x and we will summarize the splitting of QMn from

[6]-[8], as these are the main ingredients in proving Theorems 1.1 and 1.2.

Let B denote (BY, ), ,, the classifying space of the symmetric group X ,

localized at p. Bm will denote the m-skeleton. There is a Hopf-James map

Qq"+1 S2n+l ¿* Q(Bqn), also referred to as the Snaith map. See [9] for a defi-

nition of this map. The main theorem of [17] is that this map induces an iso-

morphism in v~ nt( ;Z/p). The vx-periodic homotopy groups of QBq" are

the stable vx -periodic homotopy groups I.°0Bqn, which in turn are the same

as vx~ Jt(Bqn ;Z/p), which can be explicitly computed. Here Jt( ) denotes

homology based on the spectrum J, which is the fiber of a certain Adams

operation 8:bu—>Y,qbu in connective /^-theory.

^2n+i 's generated over K by four classes in 7rt(S "+ ;Z/p). The first,

i2n+x : M2n+l - S2n+l , is the pinch map. The second, co2n+x : M2n+q - 52n+1 ,

is the composite M "+q -4 S "+q ^ S "+ , where ax is the generator of

Tt2n+(S n+ ) = Z/p.   The classes  i2n+x   and o)2n+x   are stable and generate

<y2n+i = v~1nt(S "+1 ;Z/p).  The other two classes are unstable, and can be

described as follows. There are fibrations,

(2.1) W(n + 1) i» Q3S2("+1)P+1 Ä CiS2{n+l)p-[

(2.2) H/(„ + 1)^52«+'£ir2V("+1)+1)

where the lower fibration defines W(n + \) as the fiber of the double-suspension

map and the upper fibration comes from the EHP sequence. Since dx is

degree p on the bottom cell, (dx)„(h(n+\)P+\) = (¿lU^+np+i) = °> and

i  and co pull back to classes in nt(W(n + \);Z/p).    ij~ (i2(n+\)P+\)  and

/t;'~'((y2(«+i)p+i) are tne tw0 unstable generators of ^2«+i ■

The above facts are proved by considering a map constructed by Cohen [5],

from W(n) to Q(M np~ ), and by using an unstable Adams spectral sequence

argument to show that this map induces an isomorphism in v~ nt( ;Z/p).

The statements about S n+   follow by induction on n , using (2.2).



836 ROBERT D. THOMPSON

Now we summarize the splitting of ÇLM" , n > 4 ; see [6]-[8] for details. Let

x : M -+ QMn , y : Mm —» QMn represent mod p homotopy classes. Since

QM" is a grouplike space, we can form Samelson products [x ,y]: M i\Mm —►

Q.M" . Since M l\Mm splits as a wedge M +m\/M +m~ we can compose the

inclusion of the "top" summand with the product to obtain M +m x^*' Ü.M",

which will also be denoted by [x,y] or ad(x)(y). Thus adr(x)(y) denotes

[x... ,[x,[x ,y]]-].

r times

Now let v. M2n+l -> Q.M2n+2, n > 1, be adjoint to the identity. Let

u: M " —» Q.M "+ be the Bockstein of v . We have mod p homotopy classes

adk(u)([v,v]): M4n+2+2k" -* QM2n+2 for k > 0. Taking the wedge of these

we get \/r>o M4n+2+2kn -+ QM2n+2. In [6] it is proved that the fiber of the

adjoint map \/r>o M4n+i+2k" - M2n+2 is S2n+1{p} and the fibration

Q (V M4n+3+2nk) -+ ClM2n+2 - S2n+l{p}

is homotopically equivalent to a trivial fibration (i.e., a product).  A splitting

map is obtained from the diagram

S2n+l{p} -► ÇiM2n+2

I
(2.3) s2n+l     ->       *

I
S -►   M

It is also necessary to consider Q.M n+ , n > 1 . The first factor to split off

is not a fiber of a degree p map on a sphere. Consider the following diagram:

r-2/i+l t,2n+\ 02n+l ¡   -,E -► M        -> S      {p}

1 I i
(2.4) F2»+I     _(   M2« + l q     t       S2n+l

1 I I'
QS2n+l  -»     *      -►    S2n+1

in which all rows and columns are fiber sequences, and the second and first rows

define F "+ and E n+ . The map q pinches the bottom cell of M "+ to a

point.

In [6] a certain set of mod p homotopy classes M"" -* F "+   is constructed.

We will not record here the precise formula for nt   but only mention that these
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classes represent relative Samelson products and the dimensions na satisfy (i)

na > 4« and (ii) there are only finitely many na equal to any given dimension.

In [6] it is shown that the fiber of the map VQ Mn" —» F2n+I is homotopically

equivalent to

(2.5) ^"'xll^"1^
fc>i

The above homotopy classes lift to E "+1 , and in [7] it is proved that the fiber

of V M""^E2n+i is

(2.6) W(n)xl\S2npk-X{p2}.

Define T "+ {p} to the fiber of the composite

V,,«„ ,,2/1 + 1 ,,2n+l
M    —► F       —> M

a

In [8] it is shown that the fibration

fii\/M""|-fiM2"+Ur2"+l{p}

is homotopically equivalent to a trivial fibration.

3. Proof of Theorem 1.1

Putting together (2.4), (2.5), and (2.6) we obtain a commutative diagram

qV+1 *       -    n2s2n+i

I I I
(3 1) W(n)xnk>lS2npk-l{p2}    ->    T2"+l{p}    -    nS2"+l{p}

I I

s     xUk>\s      {p }  -»  T    {p}  —    ns

in which the rows and columns are fiber sequences, the right-hand column is the

fiber sequence which defines S "+l {p}, and the left-hand column is the product

of the fiber sequence which defines W(n) and the fibration

*^ Y[s2ttpk-i{p2} * n^'V}.

To prove Theorem 1.1, it suffices to compute the boundary homomorphism

S in the long exact sequence in vx~ &„( ;Z/p) for the middle row.

Recall that t>,~l«,(OSa"+,{p};Z/p) = S"2^2n+, ©I" V2n+1 . The two stable
— 2 — ̂

classes X z2 , and X ^n+i 'n tne first summand, corresponding to the

upper-right-hand sphere of 3.1, are in the kernel of ô since they map to 0 in

nt(W(n) ;Z/p). The two unstable classes in the first summand are not in the

kernel of ô , since they map nontrivially to nt(W(n) ;Z/p).

To evaluate ô on the second summand, it suffices to consider the boundary

map ô' for the third row. The boundary map ô', followed by projection onto
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the first factor, is represented by a map cp2n+x '■ & S "+ —* S " which is

shown in [6], [7] to be degree p on the bottom cell. In a moment we will prove:

Proposition 3.2. Assume n > 2. Let cp2n+x: fiy "+l —► S n~ be any map

which is degree p on the bottom cell, i.e., such that

q2 çj72n+l      <Pin+\      ¿2n—\

Î*2 /P

s2"-1

commutes. Then the two stable elements X ¡2n+¡ and X t02n+\ "1

v~ nt(Q S "h ;Z/p) are in the kernel of (cpj^^^^, and the two unstable classes

are mapped onto the two unstable classes in vxliit(S2n~{ ;Z/p).

It follows from Proposition 3.2 that the unstable classes in IT %?2n+x are not

in the kernel of 8 . The stable classes are mapped by ô' to elements which are 0

in the first component by Proposition 3.2. They have the remaining components

equal to 0 because the connectivity of S np ~ {p } is greater than the dimension

of YT i2n+x and X~ co2n+x . This completes the proof of Theorem 1.1.   D

Proof of Proposition 3.2. Since the degree p map induces 0 in the nt( ;Z/p),

and the class YZ2i2n+x and YZ2co2n+x are in the image of double suspension, the

first assertion follows immediately. For the statement concerning the unstable

classes, consider the following commutative diagram:

QBq{"-{)-y QBq{n-l)

Q2n-lç2n-l     íi2""'^   q2í¡+1 ç2n+l     a2"   x9m+\)   çy2n-\ „2n-\

nq(n-\) i     | „qn

The maps X are those described in [11].

The generators of v~lnt(Q2n+lS2n+l ;Z/p) are constructed in nt(Bqn) and

detected in nt(QBqn) = nti(Bqn). Thus in order to evaluate (cp2n+x)t on the

classes in v~ Ttt(S "+ ;Z/p) it suffices to consider any stable map Bqn ^>

B which is the degree p map when restricted to B . Given such a

map there is an extension \¡i :

B
qn

29-1

î r \ V
Bqn       ^     Bqn <f nq(n-\)

where Bq2    , is the cofiber of the inclusion Mq ^-> Bqn. The map y is easily

seen to induce an isomorphism in /^-theory, hence in stable   mod v{ -periodic
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-1    S,
homotopy by Theorem 4.11 of [4]. The classes in v~1nl(Bq") which cor-

respond to the unstable generators of %/2n+x are mapped nontrivially by rt,

hence by cpt, which implies the result.   D

4. Proof of Theorem 1.2

A classical method for analyzing the homomorphism of ntSn  induced by
,» k

the degree k map S" -^ S" is to write k as a composite:

s"p^hs"vsnv v5«fold5«

then loop once and apply the Hilton-Milnor theorem to the space Çl(\J S") :

ns"  -»Q(V5")  -♦  ns"
\        l«       /

HjS"'.
In a somewhat analogous fashion, we analyze (vx)t by looping vx , then

applying the splitting of QMn . We first need to establish that the splitting

of Q.M" behaves well with respect to the Adams map. Actually, the Adams

map does not commute with the Bockstein, as a simple check of the Steenrod

operations shows; and for this reason we need to consider the p th power of

the Adams map. Let u , v be as in §2, and let fk : M4n+3+2 '

adjoint of ad (u)([v ,v]). Let m = n + p(p - 1).

Proposition 4.1. There exists a commutative diagram, for n > 2.

M2n+2 be the

\lk>«M
4m+3+2km V/* M

2m+2

Vk>oM

„(2+*)?

4n+3+2kn V/* M
2n+2

This will be proved at the end of the section.

Similarly, for an odd-dimensional Moore space, let {na} be as in §2, and

denote by ga : Mn" —> M "+   the Samelson product referred to there.

Proposition 4.2. Let n > 3, and m — n + p(p - 1).  Then there exists a com-

mutative diagram
V Mm°

V Mn"
v a

M
2m+l

M
2n+\

for certain indices {ka}.

Now consider the induced map of homotopy fibers from diagrams 4.1 and

4.2 respectively.
a:S2m+x{p}

ß:T2m+l{p}

s2n+l{P}

T2n+[{p}.
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Since  QMn   splits as a weak product of spaces of the form S {p}  and

T {p} , Theorem 1.2 will follow from repeated application of the following:

Proposition 4.3. The maps a  and ß  defined above induce isomorphisms in

v~lnt( ;Z/p).

2 2
To prove this it suffices to consider Q a and Q ß . Proposition 4.3 will be

2 2
deduced from the fact that Q a and Q ß  induce isomorphisms in   mod p

2     k
vi-theory, and from the fact that the vx-periodic homotopy groups of Q S {p}

2      k
and Q T {p} are detected stably, when k is odd.

In what follows, let Kt ( ) denote   mod p   K-theory and let K denote the

representing spectrum.

Lemma 4.4. Let Fi —► Ei —► B¡t   i = 0,1  be a principal homotopy fiber se-

quence. Let

Fo -h Eo -► Bo

I* h

Fx -► Ex -> Bx

be a map of principal fiber sequences. If fx  and f2 induce an isomorphism in

Kt ( ), then so does f3.

Proof. We have a Steenrod-Rothenberg type spectral sequence with

£2=T0rK. m (^W )>Z//>)

abutting to Kt(B¡) [2] [18]. The maps f. induce a map of spectral sequences

and the hypothesis implies that this is an isomorphism on E2, hence on E^ .    D

2 2
Corollary 4.5. The maps Q a and Q ß defined above induce isomorphisms in

Proof. For Q a , apply Lemma 4.4 to the diagram

Çl\wM4m+3+2km) -► QTM2m+2 -► Q2S2m+[{p}

a^v?

a3(vMAn+3+2k")      — çi3M2n+2 -> n2s2n+]{P}

and note that by an argument similar to the proof of Proposition 2.4 of [ 13], the

functor Q X ( ) applied to a Kt( ) isomorphism gives a Kt( ) isomorphism.

We are using the fact that 2« + 2 > 6. Similar argument holds for the map

ß.     D

We must investigate under what circumstances maps inducing Kt( ) isomor-

phisms also induce v~ nt( ;Z/p) isomorphisms. The simplest situation to

handle can be described as follows.
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Let ^ denote the nonconnective mod p J spectrum, i.e, ^ is the fiber

of a certain Adams operation 6: K —> K, as in [4, §4]. There is a unit map

S  -^ #, which induces, for any space X, a map

X±tf°(f MTX).

The induced homomorphism n^X -A ^(X) is the mod p ,^-homology

Hurewicz homomorphism.

Proposition 4.6. Let f: X —> Y be a map of 2 connective spaces. Suppose f

is injective in aft( ), and suppose y: M" —> X is a vx-periodic homotopy class

which is not in the kernel of the J^ Hurewicz map. Then ft(y) is essential and

v, -periodic in nt ( Y ; Z/p ).

Proof. The proof is immediate from the naturality of the Hurewicz homomor-

phism and from the fact that all the (stable) mod p homotopy groups of the

spectrum /aZ00}/ are vx -periodic,     o

Corollary 4.7. If f: X —* Y induces an isomorphism in Km( ), and the kernel

of ht: itt(X;Zlp) —> ̂(X ;Z/p) is all vx-torsion, then f induces an injection

in v~lnt( ;Z/p).

Proof. The proof is immediate from Proposition 4.6 and from the fact that a

Kt( ) isomorphism will also be a ^( ) isomorphism.   D

Proof of Proposition 4.3. For the map a, it suffices to show that D, a is injective

in ^-periodic homotopy since v~ nt(L~l S n+ {p};Z/p) is eight-dimensional

over Z/p[vx ,v~ ]. This in turn follows from Corollaries 4.5 and 4.7 once

we show that none of the eight generators of v7lnt(Q S "+ {p};Z/p) are

in the kernel of ht. To do this, it suffices to find, for each generator of

v7lnA,(Q.2S2n+l{p};Z/p), a map Q.2S2n+l{p} -* Q(Mk), where Mk is some

Moore space, such that the generator maps to a stable v{ -periodic homotopy
ç k

class in n^(M \Z/p). In this case we will say that the generator is detected

stably.

Consider first the four classes in v7 nt(S n+ {p};Z/p) = X- ^2«+i ®^2«+i >

which correspond to the two stable classes i and co in each summand. There

is a diagram

M       -»5       {/?} —> LIM       —> Q(M      )

where the first map is inclusion of the bottom two cells, the second map is the

splitting map of 2.3, and the third map is stabilization; and it is readily verified

that the four generators of the stable group v7lTtt(M2n+l ;Z/p) lift to classes

in v7 nt(M "+1 ; Z/p), which map to the four classes in v7ln,(S n+ {p};Z/p)

in question. Looping twice yields the desired map L~l2S2n+i{p} —> Q(M2"~l).

As for the other four generators, let ç2n+x '■ Ü S "+l —> 5 ""' , n > 2, be

the map constructed in [6] and referred to in §3. In [7] it is shown that cp2n+x
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satisfies the commutative diagram

q2 „2/1+1        «>2„+i „2/1-1

n2P \       I E1

a2s2n+l.

Thus we have a diagram

a2s2n+\        ^^    Q252«+.

î a2p î E2

(4.8) Ci2s2n+l ^+1 S2n~l

î î
il2S2n+]{p}        A ^(/i)

where the vertical sequences are fiber sequences and v is the map of fibers.

It follows from (4.8) and Proposition 3.2 that v maps the four classes under

7 7im(Ll. S n+ {p};Z/p)  to the four re-consideration in v7 7rt(Q S "+ {p};Z/p) to the four i>,-periodic classes in

n*(W(n) ; Z/p), which are in turn detected by Cohen's map W(n) —> Q(M np~ )

This completes the proof that none of the classes in v7l7tt(Q2S2n+i{p} ;Z/p)

are in the kernel of ht.

It remains to prove that ß induces an isomorphism in vx -periodic homotopy.

The map Í1.M m+  —► L~iS m+ {p} given by

CiM2m+1 S Çl2M2m+2 -, ÇiS2m+l{p}

also factors as
.~..-2m+l „2/zi+lf    , ~„2m+lr    -,
QM        —> T       {p} -» Ü.S       {p}.

It follows that the outside rectangle in the following diagram commutes:

ÇiM2m+l -> T2m+l{p} -    — ns2m+l{p}

iil/f

ü¥2"+l   ->  T2n+Ï{p}  ■     — CiS2n+l{p}.

The left-hand square commutes by definition of ß . Since T "!+ {p} is a

retract of Q.M m+ , it follows that the right-hand square also commutes. Let

V2m+l{p) denote W(m) x T\k>x S2mpk~\p2} , recall the fibration which is the

middle row of 3.1, and let y: V m+ {p} —> V "+l {p} be the map of fibers

induced by the right-hand square. By Lemma 4.4, Q y induces an isomorphism

in Kt().
For each k there is a fibration

s2mpk-\p} i s2mpk-l{p2} M s2mpk-[{p}.

Of the eight generators of v~ nt(S^mp ~]{p } \Z/p), four are in the image of

it and four are not in the kernel of j\ . The latter four are detected stably

after looping twice, as shown above; hence these four generators are mapped
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2
nontrivially by Q y . As for the generators in the image of it, first note that the

map S mp ~ {p } —► T m+ {p} is constructed by composing 5 mp ~l{p } —►

Q.M2mpk(p2) with a Samelson product QM2mp"(p2) -> QM2m+l [6]-[8]. This

Samelson product is an extension over the mod p Moore space of a Samelson

product Q.M mp (/?)—> QM m+ ; hence we have a diagram,

S2mpk-[{p}    -    CiM2mpk(p)    -    Q¥2m+I

| Ov{k | fivf

nM2"p*ij7)  - nM2n+l,

and the fact that these four generators are mapped nontrivially by Q, y follows

from our previous analysis of the map a .

Note that v7 nt(V m+ {p};Z/p) is not finite dimensional. However it is

filtered by

F!m = im(v;\t(W(m)xflS2mpk-l{p2}-,Z/p)^v;iKt(V2m+i{p}-,Z/p))
k=\

and F™ is finite dimensional. We need a lemma. Recall that m — n+p(p- 1).

Lemma 4.9. Given a map f: S mp ~ {p } —► S np ~ {p } such that j > k, the

induced homomorphism in vx-periodic homotopy groups is zero.

It follows from Lemma 4.9 that (Q y)t is filtration preserving. Since Fm

is finite dimensional, and (fi'y),  is injective,  (Q y) \F„,  is an isomorphism.

Since v7 7t„(V "+ {p};Zjp) = lj; F'" , we have that (Q y)m is an isomor-

phism. Since yt and a, are isomorphisms, it follows by The Five Lemma that

Bt is also one.

Proof of Lemma 4.9. The quotient of nt(S +l{p };Z/p) by the subgroup of

?;,-torsion elements has eight generators in dimensions 2/, 2/ + 1 , 2/ + q - 1 ,

21 + q , 21 p + q - 1 , lip + q , lip + 2q - 2, and 2lp + 2q - 1 , as in (2.2).
These dimensions are minimal, in other words these generators are not divisible

by vx . The first four of these are stable in S + {p }, and the second four are

unstable.

Consider the given map /. The first four stable generators of

7tt(S '"" ~ {p~};Z/p)l(vx - torsion) are in the kernel of f because their di-

mension is less than the connectivity of S np ~ {p~} . The second four unstable

generators are in dimensions which are less than the dimensions of the four un-

stable generators in rct(S "p '{//"} ;Z/p) so they cannot map to these unstable

classes. Furthermore, an unstable homotopy class cannot map nontrivially to a

stable homotopy class; hence the four unstable generators are in the kernel of

f , proving the lemma,   a
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We conclude with the proof of Propositions 4.1 and 4.2. Assume x, y G

tit(L~lMn ; Z/p), x , y G nt(L~lMm ;Z/p) such that the following diagrams

commute:

rk'      x'

(4.10)

M*

I "!
Mk

l~lMm    AT

QM"     M/    ±QMn.

y-+£ïMm

[av\

Then we have a commutative diagram

,k'+/'
MK

(4.11)

M
k+/

irk'   .    i*-/'      [x' ,y']      r\\fm
M    AM      -► LlM

+   MkAM/   JiÜ+QM".

The commutativity of the right-hand square is just naturality of the Samelson

product; and the commutativity of the left-hand square, in other words, the

compatibility of the splitting of the M AM with the Adams map, is easy to

check and was first proved in [12].

Now let v. M"~    —» L~lMn  be as in §2, adjoint to the identity map.   The

diagram

M
n+q-l

M
«-i

Í~IM
n+q

Ot/,

SIM"
commutes since the map X —> QY(X) is natural.

A simple check of Steenrod operations shows that

M
n+q—2

M
n+q—l

M

M

n-2

ß

B-l

does not commute. However, if we replace vx by vp , then vpß = ßvp , as was

proved in [12]. For this we need n > 8 . Hence we have

M
n+qp-2

[■'

M
n-2

M
n+pq-l

M
n-\

ÇlMn+pq

lïv>

l~ÏMn

where the composite vß is the map u .

It now follows that all iterated Samelson products of u and v are compatible

with the Adams map, by induction on the length of the Samelson product. Since

the maps fk and gn of Propositions 4.1 and 4.2 are of this form, the conclusion

follows.    □
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