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A REMARK ON A PAPER BY C. FEFFERMAN

FILIPPO CHIARENZA AND MICHELE FRASCA

(Communicated by John B. Conway)

Abstract. We   give   a   simplified   proof  of  an   imbedding   theorem   by

C. Fefferman [3].

The purpose of this paper is to provide a simplified proof of a deep result by

C. Fefferman (see [3,1]) concerning the imbedding

(1.1) / \u{x)\pV{x)dx<c f \Vu(x)\pdx,       Vue OR").
Jr" Jr"

In fact (1.1) was proved in [3], for p = 2, assuming

VeLr'"~2r(Rn)       l<r<n/2.

Here Lr'"~ r(R") = Lr'n~'r is the classical Morrey space of the LXoc(R")

functions such that

sup
xetL" p"   "' JB(x,p)
p>0

-hrrl       \V{y)\rdy^\\V\\rrn_2r<+(X>
y      Jb(x,p)

where we set B(x, p) = {y 6 R" : \x - y\ < p}.

Our proof rests on the following nice feature of the space Lr'"~2r : given

V e Lr'n~'r there exists an Ax weight in the same class majorizing V. Such a

property is not shared by L '"~ which is well known to be necessary but not

sufficient for ( 1.1 ) to hold.

Our result is the following:

Theorem. Let 1 < p < n ,     1 < r < n/p ,    V e Lr'n~pr. Then

(1.2)      f  \u(x)\pV(x)dx<c\\V\\r (  \Vu{x)\pdx,       Vh6C0°°(R").
Jr" '       Jr»

Here c depends on n and p only.

Proof. To prove (1.2) we assume for a moment that V e Ax (i.e. MV(x) <

cV(x) a.e. in R", where MV is the usual Hardy-Littlewood maximal func-

tion). This assumption will be removed later (see Lemma 1).
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For any fixed u e C^°(Rn) let 5 be a ball such that u e C^°(B). Consider

the solution z of the Dirichlet problem: -Az = V in B, z - 0 on dB.

Then

(1.3) f  \u{x)\pV{x)dx<p [  \u{x)\p  l\Vu(x)\\Vz(x)\dx.
Jr" Jr"

Now we observe that using an idea of Hedberg [6] it is easy to prove that the

assumption V eLr'n~pr implies the punctual estimate

(1.4) |Vz(x)| <c(n,r,p)[MV{x)f-l)lp\\V\\\IPn_pr.

For the sake of completeness we will prove (1.4) in Lemma 2 below (see also

the proof of Theorem 2 in [2]). Substituting in (1.3) we have

^iM(x)iV(x)í/x<ciiFii;j_pf^|M(x)riiV"Wi[^^)](p_1)/í'^

^    c\\V\\l/Pn_pr(Jg\u(x)\pMV(x)dx^      ' ^J\Vu(x)fdxyj

Ï    cWiIPn-pr^BHx)\pV{x)dx^      ''(J\7u(x)fdxyj  \

where in the last inequality we used the Ax assumption on V. The conclusion

now follows.

The theorem will be completely proved after we prove the following lemmas.

Lemma 1. Let V e L '   p ,    1 < p < n,    1 < r < n/p . Let r, : 1 < r, < r.

I.Then (MVr')1/ri e Ax r\Lr'n~pr.

Proof.   (MVr') 'r' e Ax clearly (see [5], p. 158). Using the inequality proved

in [4] (Lemma 1, p. 111 ) we have

(1.5) / (MVri)r,riX(x)dx<cf [\V(x)\r']r,r,MX(x)dx,
Jr" Jr"

for any / nonnegative function. Now take as x(x) the characteristic function

of a ball Bp = Bp(x0). We have from (1.5)

Í {MVr,)r/r'dx<cl Í   \V(x)\rMxdx + Y^ [ \V(x)\rMxdx \
Jbp [Jb2P k=i JB2k+lp\B2k/i J

\f   \V(x)\rMxdx + J2[ \V(x)\
[JB2P k=l JB2^p\B2l'p

n

,<x_Px\_p)ndx

Finally

/ [Mv>rh dx < cwt,n-pr \(2Prpr+g 7^Tr^k+iprpr

i—Dr

,n—pr"
<c||F"r
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Lemma 2. Let V e Lr '" pr,    1 < p < n,    1 < r < n/p. Then

v(y)
\iAV)(x)\ Í

Jr" \X-y\"-'"y

<c(n,r.p)[MV{x)f nl'$VtJl
pr

Proof. Let p > 0. Then

J\x-y\<p   X - y J x-v>p \X - V
—¡■ay = i

\x-y\<p \x-y\"   * J\x-y\>p\X-y\r'

By Hedberg [6] we have

|/'| < cnpMV.

For /", setting a = n - (r/2)(p + 1), we have

^"1 < (f P^dy\,r (f \x-yt°/r+l-»)r"'-l)dy)l~
\J\x-y\>p \x-y\      I     V-'l^-^l^ /

= /•/".

For /' using the assumption on V and the trick by Hedberg we have

j'<cp(l-p)/2-l)\\V\\
—    " II     "r ,n—pr

Finally calculating /   we get

\IxV\<c'pMV + c"pl-p\\V\\rn_pr.

■ i/p
For p = (fC^)    wehave

\hV\<c{MV)l-llP\\V\\lIPn_pr.

References

1. S. Y. A. Chang, J. M. Wilson, and T. H. Wolf, Some weighted norm inequalities concerning

the Schrodinger operators, Comment. Math. Helvetici 60 (1985), 217-246.

2. F. Chiarenza and M. Frasca, Money spaces and Hardy-Littlewood maximal function, Rend.

Mat. (to appear).

3. C Fefferman, The uncertainty principle, Bull. Amer. Math. Soc. 9 (1983), 129-206.

4. C Fefferman and E. M. Stein, Some maximal inequalities, Amer. J. Math. 93 ( 1971 ), 107-115.

5. J. Garcia-Cuerva and J. L. Rubio de Francia, Weighted norm inequalities and related topics,

North-Holland Mat. Stud. 116 1985.

6. L. I. Hedberg, On certain convolution inequalities, Proc. Amer. Math. Soc. 36 (1972), 505-510.

Dipartimento di Matemática, Università di Catania, V. le A. Doria 6, 95125 Catania

(Current address of F. Chiarenza): Dipartimento di Matemática, Università di Messina

Contrada Papardo, 98010 Sant'Agata, Messina


