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ABSTRACT. We prove that, for every function f: R* — C such that (f(ax) —
f(bx))/x is Denjoy-Perron integrable on [0, +o0) for every pair of positive
real numbers a, b, there exists a constant A4 (depending only on the values
of f(t) in the neighborhood of 0 and +oo ) such that

/oof_(a.{_)_—‘f(b{ldx={4]()gg'
0 X b

To prove this assertion, we identify a Denjoy-Perron integrable function f:
R — C with a distribution. In this way, we obtain the main result of this
paper: The value at 0 (in Lojasiewicz sense) of the Fourier transform of the
distribution f is the Denjoy-Perron integral of f. Assuming the Continuum
Hypothesis, we construct an example of a non-Lebesgue measurable function
that satisfies the hypotheses of the first theorem.

1. INTRODUCTION

The Italian mathematician G. Frullani, 1795-1834, reported to G. A. Plana,
1781-1864, the formula

in a letter dated in 1821 (cf. Edwards [7], vol. II, p. 339). Later, in 1828,
Frullani published it [11], but apparently with an inadequate proof (cf. Tricomi
[25], p. 49 and Ostrowski [20], p. 320). In 1823 and 1827, Cauchy gave a
satisfactory proof of the formula

under certain conditions on f (cf. Ostrowski [20], p. 318-323). This same

formula is attributed to E. B. Elliot [8] by Edwards [7] (vol. II, p. 339).
Cauchy’s result has been fully generalized replacing the limits f(0) and f(o0)

by suitable mean values. It was K. S. K. Iyengar [13, 14] who first gave a formula

of this type in 1940. He proved that, being f locally integrable on (0, +o0),
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166 JUAN ARIAS-DE-REYNA

the left side improper integral in (2) exists for every pair of real numbers a, b
if and only if the four limits

M'(f) = lim x/oo—f—(zt—)dt, lim /Xft(zﬁdz,

X—+00 x—+o0 [

m*(f) = lim — / f(Hdt, lin(}/lf(t)dt

x—0" X
exist.
According to Ostrowski [21], his proof is not correct but his result was true.
The first right proof is due to R. P. Agnew [1]. He proved that if
A+

L(’l)=AlL“o'o . f(t)dt

exists for each A in some set having positive measure, then L(4) exists for
each A and L(4) = AL ; moreover, the convergence is uniform over each finite
interval. In 1949 Ostrowski [19] improved the theorem, putting it in what we
consider its classical form:

Theorem. Assume f(x) locally integrable in (0, +o0). Then we have, if both
limits
(3) m(f) = llr{)l+x/ IO g M= lim —/ f(nd

exist, then for any positive a, b,
@) [T LEICE e a0 - i) tog .

Conversely, if the integral in (4) is convergent for a set of couples of positive values
of a and b, such that a/b runs through a set of positive measure, both M(f)
and m(f) exist.

A. Ostrowski said that the proof of this result was difficult and would be
given elsewhere. The theorem was proved by R. P. Agnew in 1951 [2] and
A. Ostrowski’s proof appeared in 1976 [21]. Finally F. G. Tricomi ([25], pp. 49-
51 and [24]) and A. Ostrowski [19] generalized this formula in several ways.

Now, before introducing our theorem, let us consider the following: Let &
be a linear space of real functions deﬁned on (0, +o00) and I: & — R a linear
form, that we denote by I(f fo x)dx, such that, if f€ & and a >0,
then the function g deﬁned by g(x) f (ax) belongs to & and

a/ooof(ax)dx=/0°°f(x)dx.

Then, given f: (0, +oo) — R such that (f(ax) - f(bx))/x belongs to &, for
all positive @ and b, there exists a group homomorphism ¢: R* — R such
that

(5) /Ooowdx=(p(%).

This is contained in essence in A. Ostrowski [21].
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ON THE THEOREM OF FRULLANI 167

If we could prove that ¢ is measurable, it would follow that ¢(¢) = Alog¢,
where A is independent of ¢.

We thought about proving our theorem when we made the following remark
about Frullani’s integrals: In every concrete example, the axiom “ ¢ is measur-
able” is consistent with the ordinary theory of sets. This follows from Solovay’s
theorem [23]:

Theorem (Solovay). Assume that there exists an inaccessible cardinal. Then there
is a model of ZFC in which every set of reals definable from a countable sequence
of ordinals is Lebesgue measurable.

What we were searching for was a Frullani’s “monster”, that is, a function
f such that all the Frullani integrals, as in (5), exist but the homomorphism
¢ is nonmeasurable. We managed to prove that such a monster does not exist,
but doing so we obtained a theorem like Frullani’s in which f is not supposed
locally integrable, even measurable, and therefore the value of the constant is
not given by A. Ostrowski’s formula (3).

To prove that our theorem is not contained in the classical one, we construct
assuming the Continuum Hypothesis, a nonmeasurable function f such that,
for every s, f(s+1t)— f(z) = 0 a.e., so that we can apply our Theorem 2 to
f. Changing the variable, we get an example for Theorem 2 where f is not
measurable. Martin’s axiom suffices here because all we need show is that the
union of less than the continuum sets of Lebesgue measure zero is of Lebesgue
measure zero. As Martin’s axiom has been treated at length (D. H. Fremlin
[10]), we have detailed information concerning the hypotheses that are consis-
tent with it. In particular, the conclusion of our Theorem 3 is also consistent
with the negation of the Continuum Hypothesis.

In our exposition, we prove first a kind of theorem of Frullani for the
Lebesgue integral. Note that this theorem cannot be applied to most exam-
ples in calculus texts, where we find improper but not Lebesgue integrals. That
is the reason we later extend the theorem for the generalized Riemann integral
[18], also known as the Denjoy-Perron integral.

The above example shows too that the known proofs of Frullani’s theorem
cannot be extended to our theorem. We give a new proof that we have not
found in the bibliography (cf. J. Edwards [7], F. G. Tricomi [25], A. Ostrowski
[20], G. M. Fichtenholz [9], G. Aumann and O. Haupt [5], H. Jeffreys and
B. S. Jeffreys [15], T. M. Apostol [4]).

Solovay’s theorem makes clear that we can get many generalized theorems
changing the definition of the integral; for example, we would use the integral
considered in Cheng-Ming Lee [16].

We want to add that the most important result of the paper is Theorem 6
(about the value at 0 of the Fourier transform of a Denjoy-Perron integrable
function).
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168 JUAN ARIAS-DE-REYNA

2. FRULLANI’'S THEOREM FOR LEBESGUE INTEGRAL

Theorem 1. Let f: [0, +00) — R be a function such that (f(ax)— f(bx))/x is
integrable on [0, +00) for every pair of positive real numbers a, b. Then there
exists a constant A € R such that

) [ fla =160

for every a, b>0.

dx=Alog%,

Proof. First observe that the measurability of f is not a hypothesis of the
theorem. Let us take x = e', a =loga and S =logh. We obtain that (6) is
equivalent to

+oo t+ t+p
| {re - re ) di = a-p).
So it suffices to prove the theorem that follows.

Theorem 2. Let g: R — R be a function such that g(x +a) — g(x + B) is
Lebesgue integrable for every pair of real numbers o, . Then there exists a
constant A such that

) [ ta+ o) - glx+ rdx = Ala- ).

Proof. Let h_ bedefinedby s (x) = g(x+a)—g(x). We know that 4 € L'(R)
for every real number «.

Moreover, it is obvious that A_(x) + A s(x +a)= h,. 5(X).

Hence, & (x) + hﬂ(x +a)=hg(x)+h,(x+B).

All these functions belong to L'(R), so we can apply Fourier’s transform
and we obtain

h(x)+ ezni"xfz;(x) = //l;(x) +e™Ph (x).
Thus we have _ | minn
hg(x) = 1Tez;[—i(—;;lza(x).
Let us observe that Z;(x) is continuous and G(8) = f::{g(x+,3)—g(x)} dx =

71;(0) , and so

1 _eZniﬂxA ﬂ
G(B) = )1(1_% l—emh"(x) = ZG(Q)'
Now, if we choose 4 = G(1), we have G(B) = Af, which leads to
+00
(a=pa=Gla-p) = [ {gbx+a-p)-glx)}dx

= [ gt +a) - glx+ pyax,

— 00

getting Theorem 2.
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ON THE THEOREM OF FRULLANI 169

The next theorem, which contains the example we talked about in the intro-
duction, must be compared with C. Burstin’s theorem: A Lebesgue measurable
function f: R — R having arbitrary small periods is a constant a.e. (cf. R. Cig-
noli and J. Hounie [6] or J. M. Henle [12]).

Theorem 3. Assuming the Continuum Hypothesis, there exists a nonmeasurable
Sfunction f:R — R such that, for every s € R,

(8) fls+1)=f(t)
for almost every t € R.

Note that, for every s € R, there is a different set of measure zero Z_, so
that (8) does not imply that f is constant.

Proof. We shall construct f as the characteristic function of some set 4 C R.
To construct 4, we must first choose a certain Hamel basis of R over Q. Let
% Dbe the set of all compact subsets of R of positive Lebesgue measure. The
cardinality of .Z is the same as that of R. So we can obtain a transfinite
sequence (K :a < w,) with the members of Z'. Now, by transfinite induc-
tion, we define two transfinite sequences of real numbers (x :a < w,) and
(¥,: a < w,) in the way that follows.

First, since K is of positive measure, we can choose z,, zg in K linearly
independent over the field Q. We set x, = z,, ¥, = 2z,.

Now, suppose we have chosen the sequences (x;: 8 < a) and (y;: B < )
so that the set B = {x;,|B < a} U{y;|B < a} is linearly independent over the
field Q. As we assumed the Continuum Hypothesis, the set B is countable
and, since K has positive measure, we can select z, and z; € K, such that
B u{z,, Z:.} is linearly independent over the field Q. Then we set x = z_
and y, =2z .

Now we complete the linearly independent set {x_|a < w,}U{y |a < w,} to
become an algebraic basis B of R over Q and we form a transfinite sequence
(a o < ;) with the members of B.

We can define now the set 4. Observe that every real number x # 0 can be
expressed in just one way as a finite linear combination

n
9 X = kZI 4,4,

where g, € Q does not vanish and a; < a, <--- < a,. Let 4 be the set of
those x € R such that g _ is an integer.

Now we prove that, for every s € R, there exists Z  of measure zero such
that x € R\Z_ implies that x € 4 if and only if x +s5 € 4. To see this, we

note that, being
m
s=2_pa
i=1
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170 JUAN ARIAS-DE-REYNA

the representation of s as a linear combination of elements of the basis B,
every x expressed as in (9) satisfies, whenever a, > B, , that x +s € 4 if
and only if x € A4 (we are supposing that g, > B, if i <m). So that we can
choose Z  as the linear span of the vectors of the set {a,|¢ < j,}. Since Z,
is countable, it is a set of measure zero. This proves that the function f = x
verifies, for every s € R,

f(s+1)=f(¢) ae.

Let us see now that f is non-Lebesgue measurable. We prove this assertion
showing that, for every compact set K of positive measure, we have

(10) KNA#92, Kn(R\A)#D.

For, given such a compact K, there is an a < w, such that K = K . Now,

the expressions

ro 1

Z(r = x(x ’ Z(x = Eya

are the representations of the elements z_ and z,'l of K as linear combinations
of elements of the basis B. So z, € A and z,, ¢ A. This proves (10).

3. DISTRIBUTIONS AND THE DENJOY-PERRON INTEGRAL

It is usual to identify a locally integrable function f: R — C with the distri-
bution T,: Z — C defined by T,(¢) = f;’j f(t)p(t)dt. Nevertheless, there
is a problem here: there exist locally integrable functions f: R — C that admit
a derivative f'(x) at all points x € R, without being f' locally integrable. In
this situation we cannot identify f* with DT,.

However, if we use the Denjoy-Perron integral instead of the Lebesgue inte-
gral, the problem vanishes. To prove this, we need a theorem of W. F. Pfeffer
[22] on the Denjoy-Perron integral.

When we refer to the Denjoy-Perron integral we mean here the generalized
Riemann integral as it is defined in R. M. McLeod [18]. This is justified, since
both integrals are the same over compact intervals.

Theorem 4 (Pfeffer). If f: [a, b] — R is Denjoy-Perron integrable on [a, b]
being

F(x) = (DP) / O

and g is a function of bounded variation on [a, b], then the product fg is
Denjoy-Perron integrable and

b b
(DP)/ Sf(t)g(t)dt = F(b)g(b) — F(a)g(a) —/ F(r)dg(t).
We denote by (DP) [ a" f(t)dt the Denjoy-Perron integral of f on [a, b].

We say that f: R — C is a locally Denjoy-Perron integrable function when,
for every bounded interval [a, b)] C R, f is Denjoy-Perron integrable on
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la, b]. If f: R — C islocally Denjoy-Perron integrable, we define 7,: & — C
by ‘

7,0 =0P) [ ftopyar.

Note that T, is a distribution because if sup(¢) C (a, b), by Theorem 4, we

can write
DP/ f(De(t)dt = ( DP/f t=—/bF(t)d(p(t)

and, since F is continuous (see R. M. McLeod [18] p. 58), we have

IT/(p)] = /F(tw(t di| < M, ,suplo'(1).

Now, if f is differentiable at every point, f is locally Denjoy-Perron inte-
grable (see R. M. McLeod [18], p. 27). Moreover, 7, = DT, because if
9 € Z , we have by Theorem 4: ' "

(T o0 =0P) [ fwedi=- [ s wdi= T, 0).

Theorem 5. Let f: R — C Denjoy-Perron integrable. Then f is a tempered
distribution.
Proof. Put F(x) = (DP) [, f(t)dt for every x €R.

By Theorem 4, for every ¢ € S,

b b
(DP) / F()p(t)dt = F(b)p(b) — F(a)p(a) - / F(r)do(t).

a
Observe that, as F is bounded and continuous and ¢ € S, the Riemann-
Stieltjes integral [*>° F(1)dg(1) is defined, and

blir+n F(b)p(b) = agl_nooF(a)(p(a) =0.

So f(t)p(t) is Denjoy-Perron integrable on R and

+00

P [ ftyp()dt= / F()g'(1)dt.

—0o0
Now, since |f_+:§ F(t)e' (1) dt| < M sup, g |¢'(1)], we see that the linear form
¢ — (DP) [*% f(t)p(1)dt is a tempered distribution.

As we want to extend the proof of Theorem 2 to the Denjoy-Perron integral
instead of the Lebesgue integral, we need S. Lojasiewicz’s definition [17] of the
value of a distribution at a point. It is said that a distribution 7 has a value
at a point a when there exists the limit

lim T(a + Ax)
i—0

in the space 2’ of distributions. This limit, when it exists, is a constant distri-
bution, and we say that this constant is the value of 7" at a (see S. Lojasiewicz
[17] or P. Antosik, J. Mikusinski and R. Sikorski [3]).
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172 JUAN ARIAS-DE-REYNA

Theorem 6. Let f: R — C be Denjoy-Perron integrable. Then the Fourier
transform of f has the value (DP) ff::’ f(t)ydt at 0.

Proof. Fix ¢ € & . We must prove

tim ), o) = (07) [ swar) ([ pwar).
Let us observe that
G o0 = (7100 (5) 7) = (£0. 36 (3) 0).

and since

+00 . +0o
/ %(P <%) e—27nxt dx =/ ¢(x)e—27uxlta,t (lt)

(f(Ax), p(x)) = (f(), $(21)) = (DP) /_ - f(O)g(An)dt.

So it remains to prove that

+00

ay  tmop) [ f0etndi= 40 ((DP) +°°f(t>dz)

—o0
where ¢ € S.
To prove (11), we can replace f by f+g where g is any Lebesgue integrable

function. We can therefore assume that
+00

(DP) f(t)dt = (DP) /0 f(dt=0
0 —00

If we put F(x) = (DP) fox f()ydt, then lim _ . F(x)=1lim _,__ F(x)=
We know that ¢ is of bounded variation. So, given ¢ > 0, there exists M >0
such that, for every y > M and 4 € R, we have

+00
/ F(t)dg( lt'
v

IF(y)¢(4y)l <e, and |F(-y)¢(-4y)| <e.
Moreover, by Henstock’s lemma (McLeod [18], p. 74), there exists a function
d:R— .7, being .# the set of closed intervals of R, verifying that & € (&)
and the condition that follows:
fa=t<t,<---<t,=b,¢ €lt_,,t,1Cd¢), (b, +00) C d(+00)
and (—o0, a) C §(—0), then

>

k=1
We can also assume that, for every & € R, the oscillation of F on d(&) is less
than ¢/(1 + V), where V = [*Z|¢'(1)|dt is the total variation of ¢ over R,
and such that d(+o00) C [M, +00] and d(—o0) C [-00, —M].

F(t)d(b(/lt)‘ <e,

<e.

FE)t, ~1,_,) — (DP) / ()t
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ON THE THEOREM OF FRULLANI 173

Then, if a =t <t <---<t, =b, § €lt,_,,,]1Cd,), (b, +0) C
d(+00) and (—o0, a) C 6(—o0), we have

S AEISEN — 1)~ [ F(t)ydi(an
k=1 -
<de+ Zf(ka(lék)(tk —t_y)
k=1
- {F(b)qﬁ(&b) F(a)j(Aa) + / F(t)dq)(lt)}
<de+ Zf(ék)(i’(lék)(tk —t_)
k=1
n b
_ {ZF(tk)qi(ltk) ~F(t,_ )0, ,) + / F(1) d@(lt)}
k=1 a
<de+ Z{f(ék)(tk - tk—l) - (F(tk) - F(tk_l))}(b(iék)

- EF(tk 9(At) = 9(A&,)) = Y F(t,_ )($(A&,) — 9(Ar, _,))

k=1

b
+/ F(t)dp(Ar)

<4¢+esup|g(t)| + V <S¢ +ssup|(p(t)|

1+V

It is clear that, for all A sufficiently small,

Zf E)t — 1) / F(0dd ()| < 62 +esup|o(1)].

Now, if we choose J such that

S fE — 1) — (DP) /  fydi <
k=1 —o0

€
sup,cg l0(2)|’

we will have
+00 +00
‘qi(O)(DP)/ f(t)dt —/ F(1) d([)().t)} < Te +8su£|¢(t)|
—oo —oo 1€

and the proof is completed.

4. FRULLANI’S THEOREM FOR THE DENJOY-PERRON INTEGRAL

Theorem 7. Let f: [0, +00) — R be a function such that (f(ax)— f(bx))/x is
Denjoy-Perron integrable over [0, +o0o) for every pair of positive real numbers
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174 JUAN ARIAS-DE-REYNA

a, b. Then there exists a constant A satisfying

(DP)/OWW—X);J@M:Alog{%} :

Proof. As in the proof of Theorem 1, changing variables (McLeod [18], p. 64),
it suffices to prove the following theorem.

Theorem 8. Let g: R — R be a function such that g(x + a) — g(x + B) is
Denjoy-Perron integrable over R for every pair of real numbers o, B. Then
there exists a constant A satisfying

(DP)/ gx+0a)—gx+B)dx = Ala—fB).

Proof. The proof of this theorem is analogous with that of Theorem 2. Put
h (x)=g(x +a)— g(x). Then

h,(x)+ hﬂ(x +a)= hl,(x) +h (x+8).
Applying the Fourier transform we obtain

27tmx p(x) ﬂ(x)ﬁﬁ(x)+e2"iﬂxiz (x)Zninl’z\(x).

x (83

Z:(x) +e

Thus, in a neighborhood of 0, we have

Y 1 _e27u'ﬂxA

hﬂ(X) = —_?mha(X) .

Since the function (1 — e?™#)/(1 — ¢*™*) is infinitely differentiable, we can
apply the theorem of Lojasiewicz [17], p. 14 (see also P. Antosik, J. Mikusinski,
and R. Sikorski [3], p. 43). So

X B -
hy(0) = <h,(0).

We now apply Theorem 6 and obtain

+00

op) [ x4 5 - gtxrrdx =L op) [igtr +a) - gt

(oo}

We conclude the proof as in Theorem 3.

Theorem 9. Let f,, f,: R — R be functions such that f,(x+a)—f,(x+B) and
fy(x+a)— f,(x+ B) are Denjoy-Perron integrable for every pair of real numbers
a, B. Assume that there exists a constant M > 0 such that f,(x) = f,(x) for
every x such that |x| > M . Then

+00

<DP>/ {(fi(x+a) - f(x + B)} dx = (DP)/ Uy(x+a) - f(x + B} dx,

oo

for every real number «.
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ON THE THEOREM OF FRULLANI 175

Proof. Let f(x) = f,(x)—f,(x). Then f satisfies the conditions of Theorem 8.
Besides, f is Denjoy-Perron integrable. In fact, f(x)— f(x+2M) = f(x) for

every

|x] < M. Now, it is clear that

oP) [ TS+ ) fix+ Hrdx=0

— 00

and this proves the theorem.

—
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