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Abstract. We prove an existence result for 7"-periodic mild solutions to non-

linear evolution equations of the form

u(t) + Au(t) BF(t, u(t)) ,        t€R+.

y
Here (X, \\-\\) is a real Banach space, A: D(A) C X —> 2 is an operator with

A — a! m-accretive for some a > 0 and such that -A. generates a compact

semigroup, while F: R+ x D(A) —► X is a Carathéodory mapping which is

T-periodic with respect to its first argument and satisfies

^Hm^suplllFU, v)\\ ; t£ R+,v eD(A), \\v\\ < r} < a.

As a consequence, we obtain an existence theorem for T-periodic solutions to

the porous medium equation.

1. Introduction

The main goal of the present paper is to study the existence of F-periodic

mild solutions to a class of nonlinear evolution equations of the form

(1.1) u'(t) + Au(t)3F(t,u(t)),        tGR+.

Here (X, \\ • \\) is a real Banach space, A: D(A) c X —► 2X is a nonlinear

operator, and F: R+ x D(A) —► X is a Carathéodory mapping, i.e., for each

u G D(A) the function / h-> F(t, u) is measurable, and for each t G R+ the

function u t-^ F(t, u) is continuous. Namely, we will prove

Theorem 1. Assume that D(A) is convex, there exists a > 0 such that A - ai

is m-accretive, and -A generates a compact semigroup. Assume further that F

is a Carathéodory mapping which is T-periodic with respect to its first argument

and satisfies

(1.2) ^rn^t sup {\\F(t, v)\\ ; t G R+, v G D(A), \\v\\ < r} = m < a.

Then equation (1.1) has at least one T-periodic mild solution.
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The most common approach for solving (1.1) in the class of F-periodic

functions is to look for a fixed point of the corresponding Poincaré map. We

recall that this is the possible multivalued map F which assigns to each x g

D(A) the values at F of all mild solutions u of ( 1.1 ) satisfying u(0) = x . But

in order to appeal to a fixed point theorem applying to multivalued mappings,

one has first to verify either that F is convex-valued or that it is a contraction

with respect to the Hausdorff-Pompeiu metric. Since both these conditions are

very hard to check whenever F is multivalued, one usually assumes that F is

single-valued. This method has been followed by many authors and, so far as

the infinite-dimensional case is concerned, one of the first steps in this direction

is due to Browder [6]. In [6], A = A(t) is a family of closed linear accretive

operators acting in a Hubert space H, and -F(t, •) is a family of nonlinear

accretive operators in H. Under these assumptions, one shows that F satisfies

the conditions in the Browder-Göhde-Kirk fixed point theorem [5, Théorème

1.2, p. 5]. For related results see [5, Théorème 3.15, p. 95; 2, Theorem 2.4, p.

138 and Corollary 3.4, p. 160].

The next step was to discard the accretiveness assumption on -F(t,-).

With this aim, using an interplay among accretiveness, compactness, and flow-

invariance techniques, Lightbourne [9, Theorem 3] solves (1.1) for the class of

F-periodic functions in the case in which A = A(t) is a family of continuous

accretive operators from a closed bounded and convex subset D in X into

X, F is a compact mapping from F+ x D into X, and -A + F satisfies a

Nagumo-type tangential condition with respect to D. However, the continuity

of A(t) from D into X precludes the applicability of Lightbourne's result di-

rectly to partial differential equations. The same remark holds true also for the

results in Deimling [8] which are closely related to those of Lightbourne [9]. A

fixed point device for the Poincaré map applied to partial differential equations

may be found in Lions [10, p. 483].

For a generic property of (1.1) with respect to F-periodic solutions, see

Benavides [4] and the references therein.

If F is merely continuous with respect to its second argument and —A

generates a compact semigroup one knows that, for each x G D(A), equa-

tion (1.1) has at least one (local) mild solution u satisfying m(0) = x, but

a nonuniqueness phenomenon may occur. (See [13] or [15, Theorem 3.8.2,

p. 180].) Therefore, in this case, inasmuch as F is not single-valued, we have

to adopt a different strategy. The first attempt to solve (1.1) in these circum-

stances was made by Priiss [12], who has studied a semilinear version of (1.1).

Namely, in [12, Theorem 3(i)], A is a linear densely defined operator acting in

X, D is a closed convex and bounded subset in X, F: R+xD —> X is a contin-

uous, bounded function and, again as in [8, 9], —A + F satisfies a Nagumo-type

tangential condition with respect to D . Assuming that D has nonempty inte-

rior and -A generates a compact semigroup, Priiss [12, Theorem 3(i)] proves

that a suitably defined family of operators satisfies the hypotheses of the Leray-
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Schauder fixed point theorem, and thus (1.1) has at least one F-periodic mild

solution.

Subsequently, Becker [3] considered the case in which A is a closed densely

defined linear operator acting in a real separable Hilbert space H such that

-A generates a compact semigroup, while F : F+ x H —► H is of the form

F(t, u) = -B(t, u)u+f(t, u) for (t, u) in R+xH, where B: R+xH -> L(H)

and f:R+xH^H are Carathéodory mappings which are uniformly bounded

on R+x H. Using the extra condition that (in our terminology) A- ai is m-

accretive for some a > 0 and sup{||F(/)||L(//) ; t g R+} < a, he shows that, for

each v gL2([0, F] ; H), the equation

u'(t) + Au(t) = F(t,v(t)),        tG[0,T]

has a unique mild solution u = M(v) satisfying u(0) = u(T). Finally, Becker

[3, Theorem 3.1] proves that the operator v >-> M(v) defined as before satisfies

the hypotheses of Schauder's fixed point theorem.

As we can easily see, Theorem 1.1 extends Becker's result to general Banach

spaces and to fully nonlinear operators A and F and, so far as the condition

on the operator A is concerned, that of Priiss [12, Theorem 3(i)]. We note

that, by using similar arguments as in Vrabie [14], we can prove a more general

result which completely incorporates the case considered in Priiss [12, Theorem

3(i)]—where F is defined merely on R+x D and not on F+ x D(A)—but we

refrain from doing so here in order to avoid distracting technicalities.

Since the compactness of the semigroup generated by -A is a parabolic

condition (see [15, Example 2.2.1, p. 51 and Example 2.2.2, p. 52]) our main

result is applicable to various classes of nonlinear partial differential equations

of parabolic type including the porous medium equation.

For an appropriate variant applying to nonlinear hyperbolic problems, the

interested reader is referred to Vrabie [16].

Although we also use a fixed point device, our method of proof is different

from that in [3] or [12], which is specific to the semilinear case, where each

mild solution of ( 1.1 ) can be expressed by means of the variation of constants

formula.

2. Preliminaries

We assume familiarity with the basic concepts and results concerning m-

accretive operators and mild solutions, and we refer the reader to Barbu [2,

Chapter III], Crandall [7], Pavel [11, Chapter 1], or Vrabie [15, Chapter 1] for

an introduction to this subject.

Let (X, || • ||) be a real Banach space and let A: D(A) c X —> 2X be an

operator with A - ai w-accretive for some a > 0. It is well known that,

in these circumstances, for each (x, f) G D(A) x L ([0, F]; X), the Cauchy
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problem

U(t) + Au(t)3f(t), tG[0,t],

u(0) = x

has a unique mild (integral) solution u = M(x, f). In addition, for each

(x,, /,) g D(Á) x Lx ([0 ,T];X), ut = M(x¡, fi,)   (i = 1, 2) satisfies

(2.2)

I«, (/) - U2 (OU < É>"a('"S) ||W, (5) - K2 (5)|| + |^-û(i-T) ||/, (T) - /2 (T)|| dx

for 0 < s < t < T. (See [2, Theorem 2.1, p. 124, and Remark, p. 131; 7; 11,

Chapter 1; or 15, Chapter 1].)

The semigroup {S(t) ; t > 0} generated by -A on D(A) via the Crandall

and Liggett exponential formula is called compact if, for each t > 0, S(0 is a

compact operator.

A subset G in F ([0, F]; A") is called uniformly integrable if

lim   / ||/'(OH rf/ = 0
p(E)l0jE"

uniformly for f g G, where, for each measurable subset F in [0, F], p(E)

denotes the Lebesgue measure of F .

The main ingredient in the proof of Theorem 1.1 is the following slight ex-

tension of some previous results due to Baras [1] and Vrabie [13].

y
Theorem 2. If A: D(A) c X —► 2 is an operator with A - ai m-accretive for

some a > 0 such that -A generates a compact semigroup, then for each bounded

subset B in D(A) and each uniformly integrable subset G in L ([0, F]; X),

the set M(B x G) of all mild solutions of (2.1 ) corresponding to (x, f) G B x G

is relatively compact in C([d, T] ; X) for each d G (0, F). If in addition, B is

relatively compact in X, then M(B x G) is relatively compact in C([0, F] ; X).

Since the proof of Theorem 2 follows—except for some obvious modifica-

tions—the same lines as in the proof of [15, Theorem 2.3.2, p. 64], we do not

give details.

3. Proof of Theorem 1

We begin with two simple remarks which will prove useful later.

Remark3.\. If F: F+ xD(A) —* X is a Carathéodory mapping satisfying (1.2),

then it maps bounded subsets in F+ xD(A) into bounded subsets in X . There-

fore, for each continuous function u: [0, T] —» D(A), the superposition map-

ping t^F(t,u(t)) belongs to L°°([0, F] ; X).

Remark 3.2. In the hypotheses of Theorem 1, we may assume with no loss

of generality that 0 G D(A)  and 0 g ,40.   Indeed, if this is not the case,

fix x g D(A), y G Ax and define u := v + x,  Av:   = A(v + x) - y, and
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F(t, v) :— F(t, v + x) - y . Then (1.1) may be equivalently written as

v'(t) + Av(t)3F(t,v(t)) ,        tGR+,

where A and F satisfy all the hypotheses of Theorem 1.1 and, in addition,

0 g D(A) and 0 g Ä0.
The idea of the proof consists in showing that a suitably defined operator

has at least one fixed point which is a F-periodic mild solution to (1.1). We

begin with the definition of this operator. First, let C([0, F] ; D(A)) he the set

of all continuous functions u: [0, F] —► D(A), and let us define the operator

J:C([0, T];D(Ä))-+D(Ä) by

Ju:=z(T)

for each u g C([0, T]; D(A)), where z is the unique mild solution of the

Cauchy problem

z'(t) + Az(t)3F(t,u(t)),        tG[0,T]

z(0) = m(0).

Next, let us define the operator Q: C([0, T]; D(A)) -» C([0, F] ; D(A)) by

Qu := v

for each  u G C([0, F]; D(A)), where v  is the unique mild solution of the

Cauchy problem

v'(t) + Av(t)3F(t,u(t)),        í 6 [0,71

v(0)='Su.

Since, by Remark 3.1, for each ugC([0, T]\ D(A)), t^F(t,u(t)) belongs

to F°°([0, F] ; X) which is included in f'([0, F] ; X) and w(0) g D(T), both
J and Q are well defined.

At this point, let us observe that (1.1) has at least one F-periodic mild solu-

tion if and only if Q has at least one fixed point. Indeed, if u is a F-periodic

mild solution to (1.1), then Ju — u(T) — u(0), and consequently the unique

mild solution v of (3.2) must coincide with u, i.e., Qu = u . Conversely, if u

is a fixed point of Q, then u and z are mild solutions of (3.1) corresponding

to the same initial data: w(0) and F(-, u(-)), and thus, by (2.2), u = z . Hence,

taking into account (3.1) and (3.2), it readily follows that u is a F-periodic

mild solution of (1.1).

Thus, it is clear that, in order to complete the proof, it suffices to show that

Q has at least one fixed point. We do this with the help of the following two

lemmas.

Lemma 3.1. Assume that there exists a > 0 such that A — ai is m-accretive,

0 g D(A) and 0 g A0. Assume further that F is a Carathéodory mapping

which satisfies (1.2). Then there exists r > 0 such that the operator Q, defined

as before, maps the set

(3.3) fi(0,r):={«eC([OJ];D(7)) ; \\u(t)\\ < r, t G [0, T]}

into itself.
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Lemma 3.2. Assume that all the hypotheses of Theorem 1.1 are satisfied, 0 g

D(A) and 0 G AO. Then, for each r > 0, Q(B(0, r)) is relatively compact in

C([0, T];X), where B(0, r) is given by (3.3).

Proof of Lemma 3.1. Let us assume by contradiction that for each r > 0

Q does not map F(0, r) into itself. Then there exists a sequence (un) in

C([0, T];L\Ä)) suchthat

(3.4) llMJlc - w       and        llöwJc > "

for each n g A, where || • ||c is the usual norm of C([0, F] ; X). Since Oe^O

and Qun verifies (3.2) for u — un, from (2.2) we get

(3.5) ||(ßiO (0|| < e~at \\Jun\\ + f e-a('-s) \\F (s,un (s))\\ ds
Jo

for each n G N and / g [0, F]. For each « g A let us choose tn G [0, F]

satisfying

l|ß"Jc = ll(o"J(UII-
We note that

(3.6) (tn) has some subsequence tending to a limit F0 g [0, F].

Next, recalling the definition of J and the fact that 0e^0, (2.2) yields

•T

\Jun\\<e
-aT

I"»(0)||+ f   e-a{T-s)\\F(s,un(s))\\ds
Jo

for each n g A. This inequality, along with (3.5), leads to

i       ~aT
II /->       II       ^     ~aK        -aT II        II        .     I  — e Mr-/ / \\ II
||0«JC<«        e      \\u„\\c +-||^(-,«„(-))||(3.7)

1 ~~ ain

for each « g A, where || • H^ is the usual norm of F°°([0, T]; X).

From (3.4) and (3.7), we then have

1 < |ß"J

(3.8)

<

<

ll"Jlc
-—at.

l«IIC

-aT „

«IIC + 1^f^ll^ (-,«„(•)) I

+ l -e~

au m. «„(•))!
n IIC

for each n G N. From (3.4), (3.7), and Remark 3.1, it readily follows that

lim ||M ||c = -fco. Then, passing to the limsup for n —* +oc in (3.8) and

using (3.6) and (1.2), we get

i   ^     ~aTn   -aT       m
l < e     °e       H--e

a

aTn I. -aT\       m ( -aT„\        ,
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This contradiction shows that the initial supposition is false, and thus the proof

of Lemma 3.1 is complete.

Proof of Lemma 3.2. First, let us observe that, in view of Remark 3.1, the set

G = {F(-, «(•)) ; ugB(0, r)} is uniformly integrable in f'([0, T];X). From

Theorem 2.1, it then follows that the set B - {Ju : u G B(0, r)} is relatively

compact in X. Using once again Theorem 2.1, we conclude that M(B x G)—the

set of all mild solutions of ( 1.1 ) corresponding to (x, f) G B x G—is relatively

compact in C([0, F]; X). But Q(B(0, r)) is obviously included in M(BxG),

and therefore it is relatively compact in C([0, F] ; X), as claimed.

Proof of Theorem 1.1. In view of Remark 3.2 we may always assume that

0 g D(A) and 0 g AO, and consequently Lemma 3.1 applies. Clearly, the

set F(0, r) given by (3.3) is nonempty, bounded, closed, and convex. Since Q

maps F(0, r) into itself and, by Lemma 3.2, Q(B(0, r)) is relatively compact

in C([0, 71; X), in order to appeal to Schauder's fixed point theorem it suf-

fices to check the continuity of Q. To this end, let us observe that, from the

definition of J , that of Q, and (2.2), we have

\\(Qu)(t)-(Qü)(t)\\<e-aT\\u(0)-ü(0)\\

+  f   e-«T-s) ||F {s ; u (5)) _ /r (J> fl (j))|| ds
Jo

+ ['e-a('-s) \\F (s, u(s)) - F (s, ü(s))\\ ds
Jo

for each u , ü g 5(0, r) and t g [0, F]. Then, by Remark 3.1 and the Lebesgue

dominated convergence theorem, we easily conclude that Q is continuous from

5(0, r) into itself. Finally, by Schauder's fixed point theorem, Q has at least

one fixed point, and this completes the proof of Theorem 1.1.

4. An example

Let fi be a bounded domain in Rn, n > 2, with sufficiently smooth

boundary Y, and let us consider the following periodic problem for the porous

medium equation

—-Ap(u) + au = f(t, x, u)     a.e. for (t, x) G R+ xQ,

(4.1) w = 0   a.e. for (/, x)gF+x T,

u(t, x) = u(t + T, x)     for each / g F+ and a.e. for x g Q.

Theorem 4. If p g C(R ; F) n C1 (F - {0} ; F), p(0) = 0 and there exist c> 0

and p > max{^ , 0} such that p'(r) > c\rf~x for each r g F - {0}, a > 0,

and f:R+xQ.xR—>R is continuous, and T-periodic with respect to its first

argument and there exist m G (0, a) and b > 0 such that

(4.2) \f(t, x, u)\ < m\u\ + b for each (t, x, u) G R+ x Q x F,
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then (4.1) has at least one solution u satisfying

(4.3) ugc(r+;LX(ÇI)) ,

(4.4) t h» j¡ belongs to Ü ([0, F] ; H~x (Q))

and 11-* p(u) belongs to L  ( [0, T] ; H0 (Q) j ,

(4.5) t ¥-*     j (u) dx belongs to AC (R  ; R) ,  where j (r) := /   p (s) ds
Ja Jo

for each r g F.

Proof. Take X = LX(Q) and let us define A: D(A) c X — 2X by

Au := {-Ap(u) + au}

for each u g £>(¿) := {u G F1 (fl) ; p(u) GWX'X(Cl), Ap(u) G Lx(Cl)} . Next,

let us define F: R+x Lx(Cl) - f'(£¿) by

for each w g F (Cl), t g R+ and a.e. for x g Q. At this point, let us observe

that (4.1) may be rewritten as an abstract evolution F-periodic problem of the

form (1.1) in F (Cl). It is known that -A generates a compact semigroup on

D(A) = L (Cl) (see [15, Lemma 2.6.2, p. 95]) and A - ai is w-accretive (see

[15, Example 1.5.5, p. 24]). From (4.2) it readily follows that F is continuous

from F+ x Lx(Cl) into f'(Q) , is F-periodic with respect to its first argument,

and satisfies (1.2). Then, by Theorem 1.1, the equation (1.1) with A and F as

above has at least one F-periodic mild solution satisfying (4.3). Since (4.4) and

(4.5) follow exactly as in the proof of [15, Theorem 3.9.1, p. 184], the proof is

complete.
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