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EMBEDDING DIFFERENTIAL AND SKEW POLYNOMIAL RINGS

INTO ARTINIAN RINGS

WILLIAM D. BLAIR AND LANCE W. SMALL

(Communicated by Maurice Auslander)

Abstract. Under suitable hypotheses it is shown that a differential or skew

polynomial ring can be embedded in an Artinian ring provided that its coeffi-

cient ring can be embedded in an Artinian ring.

In this paper we continue our recent work on determining when various rings

can be embedded in Artinian rings. In [ 1 ] it was shown that if R is embeddable

in a right Artinian ring and if a is an automorphism of R of finite order, then

the skew polynomial ring R[X ; a] is embeddable in a right Artinian ring. We

remarked there that we did not know whether the result remains true if we

remove the hypothesis that a is of finite order. Here we consider the problem

for arbitrary a when R is either a commutative Noetherian ring or a right

Noetherian ring which is finitely generated as a module over its center. We

also consider the embedding problem when we replace the automorphism by

a derivation. We first show that if R is an order in a right Artinian ring and

if à is a derivation of R, then the differential polynomial ring R[X ; S] is

an order in a right Artinian ring. We use this result to show that if R is

embeddable in a right Artinian ring and if (i) R is of characteristic zero and

ö is an arbitrary derivation of R or if (ii) R is of characteristic p and ô is

a nilpotent derivation of R, then the differential polynomial ring R[X ; a] is

embeddable in a right Artinian ring. We also apply our results to note that the

generalized Weyl ring A (R) is embeddable in a right Artinian ring whenever

the ring R is embeddable in a right Artinian ring.

Differential polynomial rings

Let ô be a derivation on the ring R . We recall that the differential polyno-

mial ring R[X ; S] consists of all polynomials of the form anXn + an_xXn~ +

■ ■ ■ + axX + a0, where aj € R for i = 0, 1, ... , n .  Addition is defined as
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usual, and multiplication is given by X'XJ = Xl+J and Xa = aX + 0(a) for

all a€R.

Our first theorem is the analogue for differential polynomial rings of a theo-

rem of [2]. This result is needed for the proof of Theorem 2, but it is also of

independent interest. Since our interest here is in the differential polynomial

case, we state the theorem for R[X; ô], but it is not difficult to modify the

proof to handle the case of Ore extensions R[X ; a, ô], thereby covering both

the skew and differential polynomial cases together.

Theorem 1. Let R be an order in a right Artinian ring S, and let ô be a

derivation of R. Then the differential polynomial ring R[X ; ô] is an order in

a right Artinian ring.

Proof. Using the usual quotient rule, we can extend the derivation ô from R

to a derivation of S which we also call ô. Let M be the set of all monic

polynomials in the right Noetherian ring S[X ; a]. By Proposition 2.2 of [4],

we have that M is a right denominator set of S[X ; â], and we may form

the right Noetherian ring T = S[X ; S]M. By Theorem 2.4 of [4], the Krull

dimension of T is 0, and so T is a right Artinian ring.

It is easy to check that the set of all regular elements of R form a right

denominator set in R[X ; ô], and so every element of S[X ; ô] can be shown

to have the form f(X)c~ where f(X) € R[X ; S] and c is a regular ele-

ment of R. Furthermore, if f(X)c~x is a regular element of S[X; ô], then

f(X) is regular in R[X ; a]. Thus we see that every element of T has the

form f(X)g(X)~x where f(X) € R[X ; S] and g(X) is a regular element of

R[X ; S]. Finally, every regular element of R[X ; S] is seen to be right regular

when considered as an element of the right Artinian ring T, and so is invertible

in T. Thus R[X; Ô] is a right order in /.   D

Theorem 2. Let R be a ring with no Z-torsion, and let ô be a derivation of R.

If R is embeddable in a right Artinian ring, then R[X ; S] is embeddable in a

right Artinian ring.

Proof. Let R be embeddable in the right Artinian ring S. \f S has any Z-

torsion, we may factor out the ideal of all Z-torsion elements from S, and R

will embed in the factor ring. Hence without loss of generality we may assume

that 5 has no Z-torsion, and since S is right Artinian we may assume S is a

Q-algebra with ¿(1) = 0.

Form the ring T = S[[Y]] of formal power series over S.  The ordinary

derivative D — -jfy , given by D(J2°°=0sjyJs) = 2^>T=i Jsj^J~ > *s a derivation on

T. By Theorem 2 of [6], T is a right order in a right Artinian ring Q — Q(T).

Following [3], we embed R into T via the Taylor map t: /? —» T given by

00   i

*(r) = ¿2jiSÍWYJ-
;=0 J-
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Clearly x is additive and since

öJ(rxr2) = J2(J\o'(rx)öJ-'(r2),
i=0  ^   '

the Leibniz rule, we have x(rxr2) = x(rx)x(r2). Clearly x is one-to-one. Since

¿(I) SB 0, we have t(1) = 1 . Hence x is a ring monomorphism. Next ob-

serve that Dx = xô , and so x induces a ring monomorphism x* : R[X ; a] —»

T[Z ; D] given by T*r£UriX') = EU^Z'.
Since T is a right order in a right Artinian ring, Theorem 1 implies that

T[Z ; D] is a right order in a right Artinian ring, and so R[X ; S] embeds in

this right Artinian ring.    G

We next make an easy but useful observation.

Observation 3. Let T D R be rings. If TR is a finitely generated free right

/?-module and if R embeds in a right Artinian ring, then T embeds in a right

Artinian ring.

Theorem 4. Let R be a ring of characteristic p, and let ô be a nilpotent deriva-

tion on R. If R embeds in a right Artinian ring, then R[X ; a] embeds in a

right Artinian ring.

Proof. Suppose Sm = 0. Let p" > m. Then Sp = 0. Since for all k € Z+,

Xka = Ej^Cj)^J(a)Xk~J  we have Xp"a = aXp" + ôp" (a) = aXp".   Thus
n

the subring 5 of R[X ; ô] consisting of all polynomials of the form atXp   +

at_xXp (t~ ' + ■ ■ ■ + axXp + a0 is isomorphic to an ordinary polynomial ring

over R and as such is embeddable in a right Artinian ring. Since R[X ; S] is a

finitely generated free right module over S, we have that R[X ; ô] embeds in

a right Artinian ring by Observation 3.   D

We remark that it is not known whether Theorem 4 remains true if we delete

the hypothesis that ô is nilpotent.

Let R be a ring; the first Weyl ring over R is defined by

AX(R)=R[YX][XX;AL-],

and the n th Weyl ring over R is

An(R) = An_x(R)[Yn][Xn; AL-].

As a further application of Theorem 1, we note that if the ring R is a right

order in a right Artinian ring, then An(R) is a right order in a right Artinian

ring; or, if the ring R is embeddable in a right Artinian ring, then An(R) is

also embeddable in a right Artinian ring.

Skew polynomial rings

Let a be an automorphism of the ring R. We recall that the skew polynomial

ring R[X ; a] consists of all polynomials of the form anX" + an_, X"~ H-h

ax X + a0, where a. e R for i = 0, 1, ... , n . Addition is defined as usual, and
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multiplication is given by X'XJ = X,+J and Xa = a(a)X for all a € R.

Although our next result follows immediately from Theorem 8, we prefer to

prove it first since the idea of the proof is more transparent in the special case.

Theorem 5. Let R be a commutative Noetherian ring and let o be an automor-

phism of R. Then the skew polynomial ring R[X ; a] is embeddable in a right

Artinian ring.

Proof. By Noetherian induction, we may assume that all proper factor rings

R of R have the property that for any automorphism a of R we have that

R[X ; a] is embeddable in a right Artinian ring.

Let Qx n Q2 n • • ■ n Qt = 0 be a reduced primary decomposition of 0, and let

Pj be the prime ideal associated to Q-for j = 1, ..., t. Now for each j there

exists m.j € Z+ such that /•• ' Ç Q . Since a is an automorphism of R and

since the associated prime ideals of 0 are uniquely determined, we know that

a acts as a permutation on the set {Px, P2, ... , Pt}, and so o has finite order

as a permutation on this set. Thus there exists n € Z+ so that o"(Pj) = P} for

j =1, ... , t. Clearly <Jn(Pp) = Pp for all j.

If Pj ' s¿ 0 for all j, then R/P] ' is a proper factor ring of R for each

j, and an induces an automorphism on R/Pj ' for each j. Since R ■->

R/P¡"1 © • • -©R/P™' , the skew polynomial ring R[Y ; a"] embeds in the direct

sum of the skew polynomial rings R/P; '[Y ; a"], and each of these embeds in a

right Artinian ring by assumption. Now the subring T of R[X ; a] consisting of

all polynomials of the form atXnt + at_xXn('~   -\-\-axX" + a0 is isomorphic

to R[Y ; a"], and so T embeds in a right Artinian ring. By Observation 3,

R[X ; a] embeds in a right Artinian ring since it is a finitely generated free

module over T.

Now suppose Pj ' — 0 for some j , say j = 1 . Since Px is a nilpotent prime

ideal, it is the prime radical of R, and Px is the only minimal prime ideal of

R. Since the primary ideals associated to 0 whose corresponding prime ideals

are isolated are uniquely determined and since Qx is the only such primary

ideal, we have o(Qx) = Qx and so an(Qx) = Q, . Also on(Pp) = P™> for

j SB 2, ... , t. Thus if Qj sjc 0 then o" induces an automorphism on the

proper factor ring R/Qx . We may now repeat the argument of the previous

paragraph.

If, on the other hand, Qx = 0, then R has prime radical N(R) = Px , and

the regularity condition of [5] holds. Thus R is an order in an Artinian ring,

and then by [2] we have that R[X ; a] is an order in a right Artinian ring.    D

We recall that an ideal is called irreducible if we cannot write I = J D K

where / and K are ideals which properly contain /.
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Lemma 6. Let A be a right Noetherian ring with center R, and let I be an

irreducible ideal of A. Let b € R such that b1 £ I for all j € Z+, and let

a€A. If ab € I, then ae I.

Proof. The standard commutative proof works.

Corollary 7. Let A be a right Noetherian ring with center R. If I is an irre-

ducible ideal of A, then I C\R is a primary ideal of R.

Theorem 8. Let A be a right Noetherian ring which is a finitely generated mod-

ule over its center R, and let a be an automorphism of A. Then the skew

polynomial ring A[X ; a] embeds in a right Artinian ring.

Proof. By Noetherian induction, we may assume that for any automorphism

a of any proper factor ring A of A we have that A[Y ; a] embeds in a right

Artinian ring.

Write /j n • • ■ n /, ss 0, where / is an irreducible ideal of A for j -

1, ... , t. By Corollary 7, each /. ni? is a primary ideal of R. We may

refine 0 = (/, n R) n ■ • • D (It D R) to a reduced primary decomposition of 0

in R ; say 0 = Qx n • • • D Qk is such a refinement, where O is a primary

ideal with associated prime ideal i3 . Recall that the reduced decomposition is

obtained from 0 = (/, n R) n • • • n (/, n R) by collecting all the /, n R which

have the same associated prime and discarding any / n R which contains an

intersection of other /.ni?. Thus each Q   is contained in some /, n /?, and
J **! J '

each /.ni? contains an intersection of some of the Qi 's. For each j = 1, ... , k

there exists m, € Z+ such that P} ' ç Q and since rj(i?) = i?, a\R is an

automorphism of i?, and thus, as in the proof of Theorem 5, there exists n € Z+

such that an{Pp) = Pp for all j . Hence an{PpA) = Pp A , an ideal of A .

Note that f]kj=QPpA C fi^/- = 0. If each Pp =¿ 0, we proceed as in the

proof of Theorem 5.

If some Pj ' — 0, say j — 1 , then P{  is the prime radical of i?. Let / be

any / which gives rise to Px . If c € R, c ^ Px then c] $ I for all j € Z+ .

Thus T = {a € A\ac = 0 for some c € R, c £ Px} ç / by Lemma 8. Since

o(Px) = Px , we have o(T) - T and so an(T) — T, and we can use T instead

of Pxm'A in the argument, provided T j= 0. If, on the other hand, T = 0,

then i? satisfies the regularity condition of [5], and A is torsion-free over i?.

By Theorem 3.11 of [5] we have that A is an order in a right Artinian ring, and

we may apply [2] as in the proof of Theorem 5.   D
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