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PERMUTATION POLYNOMIALS AND RESOLUTION

OF SINGULARITIES OVER FINITE FIELDS

DAQING WAN

(Communicated by William Adams)

Abstract. A geometric approach is introduced to study permutation polynomi-

als over a finite field. As an application, we prove that there are no permutation

polynomials of degree 2/ over a large finite field, where / is an odd prime.

This proves that the Carlitz conjecture is true for n = 21. Previously, the

conjecture was known to be true only for n < 16.

1. Introduction

Let F be a finite field with q — p elements where p is a prime. A

polynomial f(x) over F is called a permutation polynomial over F if f(x)

induces a one-one map of F onto itself. A well-known open problem [5, 6] in

this connection is the following conjecture raised by L. Carlitz in 1966:

Conjecture. For any positive even integer n , there are no permutation polyno-

mials of degree zz over F   if q is sufficiently large compared to zz.

The conjecture is easily shown to be true for all n = 2a . Dickson's list [2]

of permutation polynomials shows the conjecture is true for zz = 6 . Hayes [4]

proved the conjecture for zz = 10. The author recently settled the cases zz = 12

and n — 14 [9]. In this paper, we shall relate the above conjecture to the study

of resolution of singularities of a plane algebraic curve over a finite field. As an

application, we shall prove the conjecture for n = 21, where / is an odd prime.

That is,

Theorem 1. The Carlitz conjecture holds for all n = 21, where I is an odd prime.

Remark. S. D. Cohen [1] has obtained a different and independent proof of

Theorem 1. He also proves the conjecture for n < 1000.

Our approach to attack the conjecture is as follows: Let f(x) = x" +axx"~ +

—Yan be a separable polynomial of degree n over F , where zz is even and p

is odd. Consider the projective plane curve C defined by the affine polynomial

equation (\>(x, y) = (f(x) - f(y))/(x - y) = 0.   In the study of the Carlitz
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conjecture, it is well known that one can suppose that p is a factor of zz. In

this case, the points P — (-1, 1, 0) and Q = (1, 1, 0) are two F -rational

singular points on C at infinity. If one can resolve over F one of the two

singular points P and Q to get another plane curve with a nonsingular point

rational over F , then the Riemann Hypothesis for curves over a finite field

implies that C must have a lot of F-rational points. This means that f(x)

can not be a permutation polynomial over F   if q is large.

In the case n = 21, where / is an odd prime, we can resolve over F one of

the singularities by explicitly constructing a sequence of birational maps (blow-

ing up). Thus, the Carlitz conjecture is proved in this case. It is conceivable

that the same method could be used to study the conjecture in some other cases.

However, the concrete case by case construction of the desired resolution seems

rather difficult to generalize to give a complete solution of the conjecture. It

might be instructive to use the modern machinery of abstract algebraic geome-

try, where rich results are available. Due to lack of knowledge, however, we are

unable to say anything more here.

2. Permutation polynomials and exceptional polynomials

Here we briefly recall the connection between permutation polynomials and

exceptional polynomials. If f(x) = g(xp), it is clear that f(x) is a permutation

polynomial if and only if g(x) is a permutation polynomial. Thus, without loss

of generality, we shall always assume that f(x) is separable.

A polynomial <f>(x, y) e F' [x, y] of positive degree is called absolutely ir-

reducible over F if <p(x, y) is irreducible over the algebraic closure F of

F . For any separable f(x) e Fq[x], if the associated polynomial <f>(x, y) =

(f(x) - f(y))/(x - y) has no absolutely irreducible factors over F , f(x) is

called exceptional over F . The relationship between permutation polynomials

and exceptional polynomials is provided by the following result [9, Theorem

2.4].

Lemma 2. Let f(x) e Fq[x] be a separable polynomial of degree n.   For q

sufficiently large compared to n , f(x) is a permutation polynomial over F   if

and only if f(x) is an exceptional polynomial over F .

3. Equations over finite fields

In this section, we prove a useful simple result on hypersurfaces defined over

F . This is more general than what we shall need in this paper. However, it

seems interesting in its own right.

Proposition 3. Let f(xx, ... , xk), k > 2, be a polynomial over F of degree n

in k variables. If the affine hypersurface H defined by f = 0 has a nonsingular

point P rational over F , then the component of H containing P is defined

by an absolutely irreducible polynomial g over F . Furthermore, g is a simple

factor of f.
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It follows immediately from the Riemann Hypothesis over a finite field [7]

that we have the following interesting corollary.

Corollary 4. Let N'(f) (resp. M"(f)) be the number of F -rational solutions

(resp. F -rational nonsingular solutions) of the equation f(xx, ... , xk) = 0.7/

Mq(f) > 1, then

Nq(f) > qk~{ + 0(qk~V2),

Mq(f)>qk-i+0(qk-3/2).

Note that Corollary 4 should be compared with a well-known theorem of

Warning [7] which asserts that if NAf) > 1, then Nq(f) > qk~n. It is easy to

see that results similar to Proposition 3 and Corollary 4 hold if one consider a

projective hypersurface.

Proof of Proposition 3. Let
r

f(xx, ... ,xk) = Y[gi(xx, ... ,xk)
1=1

be the complete factorization of / over the algebraic closure F of F . Since

Mq(f) > 1, / = 0 has a nonsingular solution P. Without loss of generality,

we may suppose that gx (P) = 0. If the hypersurface gx = 0 is not defined

over F , then there is an automorphism o e Gal(Fq/Fq) such that o(gx) = g¡

(up to a nonzero constant factor) for some j > 1. This implies that gAP) = 0

and P is a singular point of / = 0. Thus, gx (up to a nonzero constant) is an

absolutely irreducible polynomial over F . Furthermore, gx is a simple factor

of / since P is a nonsingular point of / = 0.   □

4. Permutation polynomials and resolution of singularities

We first describe the general method to use resolution of singularities to attack

the Carlitz conjecture. As above, we assume that f(x) is separable.

Let
/1 \ n    \ n n— 1
(1) f(x) = x  +axx      +--- + an

be a monic polynomial of degree n over a large finite field F . Consider the

projective curve defined by

(p(x,y,z) = zn(f(^)-f(l))l(x-y)

(2) x"-yn ,    v*"-1-/-1) ^    u      »-in
=-—+a.---z-\-va„  ,z      =0.

x - y        '       x - y "-l

If there is an absolutely irreducible factor of 4>(x, y, z) over F , then, setting

z = 1 , we get an absolutely irreducible factor over F   of

<t>(x,y) = (f(x)-f(y))l(x-y).

This is true because 4>(x, y, z) has no factors involving only the variable z .
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Now, if n is even, then P = (-1, 1, 0) is an F-rational point on the

curve <j> — 0. If P is nonsingular, i.e., p does not divide zz or ax ^ 0, then

Proposition 3 shows that <j> has an absolutely irreducible factor over F . Thus,

/ is not exceptional. Lemma 2 shows that the Carlitz conjecture is true in this

case.

If P is a singular point, one naturally wants to resolve the singularity by

a birational transformation. Suppose that there is a birational transformation

B defined over F between the plane curve 0 = 0 and another plane curve

y/ = 0 defined over F such that the plane curve y/ = 0 has a nonsingular

point rational over F . Then, by Proposition 3, the component of if/ — 0

containing the nonsingular point is absolutely irreducible over F . Since tf> = 0

and y/ = 0 are birationally isomorphic, it follows that <j> has an absolutely

irreducible factor over F . Lemma 2 shows that the Carlitz conjecture holds.

Assume P is singular, then p is a factor of zz. In this case, Q = ( 1, 1,0)

is an F -rational singular point on the curve 4> - 0. Similarly, if one can

resolve the singularity at Q in the above way, the same argument implies that

the Carlitz conjecture is true.

The above discussion reduces the Carlitz conjecture to the study of resolution

of singularity with certain properties. This suggests the following more general

question for hypersurfaces.

Rational resolution question at a point. Given a hypersurface H and a singular

point P on H, both defined over a large finite field Fq , what conditions are

required on P and q to insure that H is birationally isomorphic (over F ) to

a hypersurface with an F-rational nonsingular point?

By Proposition 3 and the Riemann Hypothesis over a finite field, one sees that

this question is equivalent to ask when a rational singular point on a polynomial

equation f(xx ,... , xn) — 0 over a large finite field F insures the existence

of an absolutely irreducible factor of / over F . The last question frequently

occurs in the study of finite fields. It is therefore useful to have a good knowledge

of the above resolution question.

5. The Carlitz conjecture for n = 21

We now turn to prove the Carlitz conjecture for zz = 2/, where / is an odd

prime. The following result on finite fields [7, p. 200] will be needed in our

proof.

Lemma 5. Let a and b be two elements of F If a is not a (p — \)th power

in F , then the equation xp - ax - b = 0 has a solution in F .  In fact, let
k l+p+-+pk~' ,   0       ,    p+p2+-+pk~'   ,   ,P   p2 + --+pk~'   , ,   ./"'

q = p  , a = a   y      y      and ß = bar v       v     + <ra: H-ho

Then ß/( 1 - a) is a root of xp - ax - b = 0 in Fq .

Proof of Theorem 1. Let f(x) be given as in (1). Let p be odd and n = 2/,

where / is an odd prime. If / / p, the characteristic of F , the argument of
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§4 shows that the Carlitz conjecture is true. Thus, we assume that / = p in the

following. As before, we may also suppose that f(x) is separable. Let h be

the smallest positive integer such that ah ^ 0 \<h<2p-\.lfh=p, then

f(x) = x p + a xp H-. The linear transform x —► x - (\/2)aq    removes the

a -term. Thus, we can suppose that h ^ p . Now f(x) = x p + ahx p~ +••• .

To be simple, we work in the affine (x, z) plane and set y = 1 in (2), obtaining

(3) (j)(x,\,z) = ^-l+ah{X x_{ l)zh + --- = 0.

Casel. h=p-\ and a. ^ 0. In this case, f(x) = x2p+ ap_xxp+i+apxp-\—.

We first suppose that (-l/2)ap_x is not a (p - l)th power in F . Lemma 5

implies that there is an element ceF suchthat <f + (\/2)a .c + (\/2)a =0.

Then the linear transformation x —► x + c removes the a -term. Thus, we

have a = 0 and the present case is reduced to Case II. Next, we suppose that

(—l/2)a j is a (p - l)th power in F . We move the point Q = (1, 1, 0) to

the origin, i.e., make the transformation x —► x - 1. Then (3) takes the form

(4) 2(xp-l + a-^zp-iy--- = 0,

where the omitted terms all have higher order of vanishing at the origin than

one of the written terms (this agreement is used throughout the following).

Now, since (-l/2)a , isa (p— l)th power in F , xp~x + (ap_x/2)zp~[ splits

into linear factors over Fq . Thus, blowing up the origin in (4) (x —► xz), we

get p - 1  nonsingular points rational over F   (corresponding to the zeros of

x"~ + ap_x/2 = 0) of the new plane curve (the strict transform, see [3]). This

shows that we can exclude the case:  h = p - 1 and a  jí 0.

Case II. h is even. If f(x) = g(x ) for some polynomial g(x) e Fix],

then (x + y) is already an absolutely irreducible factor of <j>(x, y, z) over F .

Lemma 2 shows that we are done. If f(x) ^ g(x ) for any polynomial g(x),

there is a smallest odd positive integer t such that ah+l ¿ 0. We move the

point P = (-1, 1, 0) to the origin (x —► x + 1), then (3) takes the form (up

to a nonzero constant)

(5) x  + axz  +bz     H-= 0,

where a and b are nonzero elements of F .

If h < p — 1, we make the birational transform x->xz   (z ^ z) and

remove the trivial factor z      . Then (5) takes the form

(6) xV"'"A + tfx + öz'"' + z(---) = 0.

If / > 1, then (0, 0) is a nonsingular point of (6) rational over F and we are

done. If t = 1 , by Case I we can suppose that h < p - 1 . Then (-b/a, 0) is

a desired nonsingular Fq-rational point on (6). Again, we are done.
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If2/z-2>/z>/z-|-l, replacing x by xz in (5) and removing the factor

zp, we get

/-i\ P   . h+\—p   ,   ,    h+t—p   , ~
(7) x  +axz +bz      y + --- = 0.

Now this curve has the same form as (5) and satisfies that h + 1 - p < p - 1 .

The above argument applies except for the following two cases: h + l-p = p - 1

or t = 1. In the first case, h = 2p -2, thus t = 1 since h + t <2p and h + t

is odd. If / = 1 , then we have 0 < h + 1 — p <p — 1. (7) has the form

(8) x* + bzh+i-P + ... ,

where /z and h + l-p are relatively prime since h <2p-2. Then the following

lemma applies.

Lemma 6. Fez; ex and e2 be two relatively prime positive integers. Let a e F*.

Then, any plane curve over F   of the form

(9) xe' + az°2 + ■■■ ,

is birationally equivalent to a plane curve with an Fq-rational nonsingular point,

where the omitted terms all have higher order of vanishing at the origin than one

of the written terms.

Proof of Lemma 6. We may suppose that ex > e2. If e2 = 1, the origin is

already an F -rational nonsingular point and we are done. If e2 > 1, by the

assumption on the efs, one can write ex = dxe2 + e3, where 0 < e3 < e2.

We make the birational transformation z ^ x 'z. Then (9) is birationally

isomorphic to a plane curve of the form

(10) Xe'+az'2+ ■■■ .

(10) has the same form as (9) and satisfies the conditions of Lemma 6. By

induction or the Euclidean algorithm, one sees that Lemma 6 holds.

Case III. h is odd. We move the point (-1, 1,0) to the origin (x —► x + 1).

Then (3) has the form

(11) xp + azh + ■ ■ ■ .

Since h / p and 0 < h < 2p, p and h are relatively prime. The desired

resolution follows from Lemma 6. The proof is complete.    D
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