
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 111, Number 1, January 1991

A COMPARISON THEOREM FOR SELFADJOINT OPERATORS

AMIN BOUMENIR

(Communicated by Palle E. T. Jorgensen)

Abstract. In this work we shall establish a result concerning the spectral theory

of differential operators. Let Lx and L2 be two self-adjoint operators acting

in two different Hubert spaces. Then under some conditions we shall prove that

(drx/dr2)(L2) = vv',

where r,(A) and T2(A) are the spectral functions associated with L, and L2

respectively. V is the shift operator mapping the set of generalized eigenfunc-

tions of L,   into the set of generalized eigenfunctions of L2 , that is

y = V<p,

where L2y — Xy and Lxtp = Xq>.

1. Introduction

As we shall be manipulating eigenfunctions we need to recall the theory of

operators in rigged Hubert spaces. Let <J> be a nuclear space, A'-space, that is a

countably normed space O = f)n>l <&„ > such that, for any p , there exists n > p

so that the embedding <&n <-» <f>p is a Hilbert-Schmidt operator, (see [7]). We

recall that an A^-space is a perfect space, and so each bounded set is relatively

compact.

We now come to some interesting applications of the above idea. Suppose

that an operator L is symmetric in a Hubert space 77. Assume that there exists

an TV-space <P (perfect) invariant under the operator L and such that 77 can

be obtained as a completion of <P under the inner product of 77. We shall

assume that the embedding O <-* 77 is the identity. Since

<P-^cp,

we have

<P -> o.

Then, using the symmetry of L, i.e., L c L* , and the fact that

<P — 77 — <p',
-
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we obtain that L* = L on <P, and L* is seen as an extension of L to O'.

Thus we shall agree to denote by L the operator L*, and so the definition:

Definition 1. We shall say that a linear functional <p e O' is a generalized

eigenfunction or eigenfunctional if

L<p — Xtp    in O .

Below we recall a well known result, see [5, vol. 3 ].

Result. Let L be a symmetric linear operator which is defined on <P and maps

O into itself. Assume that <P is an N-space and that L admits a self-adjoint

extension to the Hubert space 77. Then L possesses a complete system ofeigen-

functionals in the space í>'.

Let L be a self-adjoint operator with simple spectrum acting in a separable

Hubert space 77. If <p(X) are the eigenfunctionals, that is L<p(X) - X<p(X) in

O', then the associated isometry or ^-Fourier transform is given by

/(A) = (/, HV)***       V/G<D

and the inverse is

f = Jj(X)(p(X)dY(X)eH.

T(X) is a nondecreasing function and is called the spectral function. The

Parseval equality reads

V/, Vy, G <D       (f(x), y(x))H = j f(X)J(X)dnX).

Let us agree on some notations. Let L, and L2 be two self-adjoint operators

with simple spectrum and acting in two separable Hubert spaces 77, and 772

respectively.

We assume the existence of two (perfect) A^-spaces <P, and 02 such that

<D, k O,.,        i = 1, 2.

In all that follows, {<P;, 77(, <p'} and T¡(X) will denote, respectively, the

rigged spaces and the spectral functions associated with the self-adjoint operator

Li, where / = 1, 2 . Denote by <p(X) and y (X) the generalized eigenfunctionals

defined by

L,a>(X) - Xtp(X)    in O'
(1.1) ' ,'

L2y(X) = Xy(X)   in <P2.

rj denotes the spectrum of Li, for i = 1,2. The Fourier transform in this

case is given by

/€*,        f\X) = (f,V(X))%^,,

^G<D2       w2(X) s (w , y(A))^x^.
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In order to compare operators, we shall need to establish a correspondence

between the two sets of eigenfunctionals. Assume the existence of a one-to-one

mapping between the real sets ax and <72 , namely,

T : a2 —> ax.

Definition 2. Let (p(X) and y(X) be the eigenfunctionals defined by (1.1), and

let T : a2 —> ax be a one-to-one mapping. Then V is said to be a shift operator

if

(1.2) V<p(T(X))=y(X)       VAG<72.

Remark. It is clear that the shift operator F is a one-to-one mapping between

the sets {<p(X)}a and {y(X)}g . Hence it is defined on {(p(X)}a , a subset of <p', .

We next extend V to the algebraic span of {(p{X)}a . For our immediate use, we

shall only need the fact that V is densely defined. Indeed, from the reflexivity

of <I>,   and the completeness of {<p(X)}a , the space spanned by {<p(X)}a   is

dense in <p', . Therefore V is densely defined. This enables us to define the

adjoint operator V'. By definition we have

(1-3) ^.r/tyx^-^r./ty^.

Since the spaces are reflexive,

(i.f) f     (^^^H^V,/),,^,
The domain of V' is defined by

Dv, E{^gí>2|/-t(fí, Vf) is continuous}.

However there is a simple connection between Dv, and <P2, indeed, we have

the well-known result that, for example see [6, Chapter 2],

(1.5) V admits closure <$■ Dy, is dense in 02.

2. The factorization theorem

Let us start with some notations. We know that V' acts between 02 and

O, , which are imbedded in 772 and Hx respectively. Hence V' has a natural

extension as an operator from 772 into 77, , which we shall denote by V . Thus

v
H2^HX

and, for / G Dv,, V'f = V'f in 77,
Define an operator G in 02 by

Gf = Jf2(X)y(X)drx(T(X)),

where TX(X) is the spectral function of L, , and T(-) is the mapping used in the

definition of the shift operator. The domain of G is DG = {/ e <P2|C7/ € <P2}.
"7

Clearly if / (X) has a compact support then Gf is defined. It is possible to

represent G if we knew the behaviour of TX(T(X)).
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Theorem 3. Let L, and L2 be two self-adjoint operators with simple spectrum,

acting in the rigged Hubert spaces <P, •-> 77, <-><!>', and <P2 *** H2 *-» 0'2

respectively. If the shift operator V admits closure, then

G=VV',

where V denotes the closure of V.

Proof. Let us give the diagram of the operator V

d>      <_>    h     <_»    <î>'vi "i *i

»" Î I K ,
0>2    ^   H2    ^    «D2

where K0(r(A)) =>»(A).

Let / and (¿/ be two arbitrary elements of Dv,.

f2(X) = (f,y(X))<s>^,
(2-1) , —,

= (f, V<p(T(X))^x^ = (V'f, <p(T(X)))^x(¡>, = V'f(T(X))

and, similarly,

(2.2) v2(X) = V7Wl(T(X)).

Observing that the right-hand side of equations (2.1), (2.2) are the ç)-Fourier

transform of V'f and V'y/, respectively, we obtain by using the Parseval

equality,

(Vf,V¥)H = ¡V,fv,y/\X)dTx{X).
(2.3)

j V'f\T(X))V'¥\T{X))dYx(T(X)) = j f2{X)f(X)dYx(T(X)).

Clearly,

(/, 0»* xo' = if, f W2(X)y{X)dTx{T(X)))
2   ■•     \    J /<D,x<t;

= J ip2(X)f2(X)drx(T(X)).

Hence (V'f, Vy/)H  = (f, Gi//)^ x(t<   which implies that Dy, c DG.  Since

the imbedding <!>,<->//,<-► <p',  is the identity,

(v'f, v'w)H¡ = (Vf, V'v)^..

Therefore

and, since K admits closure, we have

(^/.^VUx#r = </. vv'^u^.
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and so  (/, GV)«.^ = (f, W w)^x^2-   Therefore for ip e Dy,,  Gip =

VV'ip in 02, and so DG = Dyv,.   a

Remark. We had to use the fact that V admitted closure. We shall see that we

do not need such an assumption if we took V' instead of V'. For that define

G: H2 —► H2

Gf = j' f2(X)y(X)dYx(T(X)),

D~ = {f e H2\Gf G 772}. Here the Fourier transform is extended to 772 by

taking the closure of the Fourier transform to 772. It is clear that D~ is dense

in 772. To see that, take the dense set of smooth compactly supported functions

in Lr ,X). Then, using the inverse y-Fourier transform, we shall obtain a dense

set in 772, which is also contained in D~. Hence D~ is dense in 772, and so

G is densely defined. From (2.3),

(V'f, v'v)H¡ = jf2(X)^\X)dYx(T{X)).

Since / and ip are also in 772 > (V'f, Vy/)H =(V'f, V'ip)H   and

/
f2{X)y2{X)dYx(T(X)) = (f,Gy/)H2.

Therefore

(2.4) (V'f,V'v)Ht=(f,G<p)H2.

It is readily seen that v   is densely defined. Indeed, since

\\V'f\\2 = j\f2(X)\2dYx(T(X)),

the argument used for D~ will go through. V' densely defined means that the

adjoint operator is well defined and, by (2.4), we deduce that

(f,[V'ÍV'W)    =(f,Gip)H^.

Therefore G = [V']'v', and we have just proved

Theorem 4. Let L, and L2 be two self-adjoint operators with simple spectrum,

acting in the rigged Hubert spaces G>, ̂ 77, <-> <p', and <P2 ̂  H2 ^ ^'2 •

respectively. Then

G = [V']'V'.
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There exists a particular case where it is possible to obtain a simple repre-

sentation of the operator G. For that we need

Definition 5. YX(T(X)) is said to be absolutely continuous with respect to Y2{X)

(denoted by ABS-úfr2(A)) if there exists a ^r2(A)-summable function g(X)

such that

YX(T(X))= r   g(X)dY2(X).
J — oo

(Notation: g(X) = (dYX(T)/dY2)(X).

Let g(L2) be the operator defined by

02 ^ 772

f(x) - g(L2)f{x)

n H-'
f2(X) - g(X)f2(X)

or g(L2)f(x) = f g(X)f2(X)y(X)dY2(X). Its domain is given by

Dg(L2) = {f<§®2m)fwz42}-

Therefore Gf = 1^ g(L2)f, for any / g D {L . , and where 7^/ is the imbed-

ding from 772 <->■ <P2, the identity. So we can write, for any f e D {L ,,

Gf=g(L2)f   mO;.

In this way G is an extension of g(L2) to <p'2. We shall agree to write G =

g(L2) in 02 . Thus

Corollary 6. Let L, and L2 be two self-adjoint operators with simple spectrum,

acting in the rigged Hubert spaces <P, ^-»77, ^-> <p', and <P2 ■-+ 77-, <—> <P2,

respectively. Assume that V admits closure. If the function YX(T(X)) is ABS-

dY2(X),i.e., dYx(T(X)) = g(X)dY2(X). Then,for any feb^,

g(L2)f=vv'f /«o;,

where V denotes the closure of V .

If g(L2) denotes the extension of g(L2) to 772 —► 772, then g{L2) = G in

772, and so from Theorem 4,

Corollary 7. Let Lx and L2 be two self-adjoint operators with simple spectrum,

acting in the rigged Hilbert spaces <J>, ̂77, <-» <p', and <S>2^> H2^ O,, respec-

tively. If the function YX(T(X)) is ABS- dY\(X), i.e., dYx(T(X)) = g(X)dY2(X).
Then

g(L2) = [V'}'v'.

We have defined g(L2) through the Fourier transform and claimed that it

was the usual function of the operator L1.  Let us briefly show that the two
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definitions coincide. If Ex is the spectral family associated with L2, then since

the operator L2 has a simple spectrum,

Therefore

dE,f = f2(X)y(x,X)dY2(X).

g(L2)f EEI g(X) dEJ = I g(X)f2(X)y(x , X) dY2(X),

and so the two definitions are in fact identical.

3. General results

We have shown that g(L2) = [V']'v' on Dv,. Clearly the boundedness

of g(L2), which depends on the behaviour of g(X), must be related to the

boundedness of V'.

Theorem 8. Assume that conditions in Corollary 7 hold; then V' is a bounded

operator H2 —> 7/,  if and only if \/g(X) is bounded dY2(X) a.e.

Proof. Assume that \/g(X) is bounded dY2(X) a.e. Then there exists M such

that \y/gJX)\ < M dY2(X) a.e. From (2.4) we obtain

\\V'f\\H¡ = \\VgWf2(mdr2    for/G<D2^/72,

but \\^gJT)f2(X)\\dr2 < M\\f2(X)\\dr2 < M\\f\\H2 . Hence \\V'f\\Hi < ^ll/ll//2 ,

which shows that V' is a bounded operator from 772 to 77, . Conversely, if

V' is bounded then, for any / e 02, we do have

W^gWfWhr, = \\V'f\\H¡ < M\\f\\     < MWfwiU.

From the above inequality it is readily seen that \Jg(X) is fir2 bounded,   p

Theorem 9.   v : 772 —> 77, is invertible if and only if

dYJX) = 0,I
where kg = {X\g(X) — 0} and

IIK'l^esssupv^Â).
/.erj,

From (2.4) we have that  H^'/H^   = \\\/JWf2(X)\\dr .   So the operator

V: H2 —» 77, is invertible if and only if sJg(L2) is invertible. Thus we should

have

Jgjl~2~)f=0^f = 0.v

Using the Fourier transform,

(3.1) s/g(Xjf(X) = 0^f(X) = 0   dY2(X)a.e.
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"1

As ||/ || depends on the support of T2, (3.1) will have to be verified only on

the support of T2, or, in other words, on a2. Thus (3.1) means that there is

no set of nonzero measure, where g(X) vanishes.   D

Suppose that we need to find L, from its spectral function T, , i.e., the

inverse spectral problem. Let L2 be given with its spectral function T2, and

form the operator G. If we can solve G = V V', then we claim that the inverse

spectral problem is solved. Indeed, if we regard the eigenfunctions as a basis

for the differential operator then the result is immediate,

L2y = Xy       VA G a2.

So, by using the shift operator,

y = V(p    or   <p = V~ y

L2V(p = XVq>,

and clearly

V~[L2V<p = X<p

so that

(3.2) Lx = V~iL2V   in<p',,

which is exactly the formula for the change of basis. From (3.2) we can see that

we can recover L, if V   exists.

4. The second factorization

Notice that the function g(X) in Definition 5 might not exist. In this section

we shall give another way of relating the spectral functions. Let T be a non-

decreasing one-to-one one mapping between cr, and a2. As usual the shift

operator is defined by y(X) = V<p(T(X)). Since YX(T(X)) and Y2(X) are non-

decreasing functions we can assume the existence of an increasing function s(X)

such that

Yx(T(s(X))) = Y2(X).

With the help of s(X) we can define the following operator:

%        $ "2

f      ~*      A (f)
2 I Î    2

f2(X)   -   f2(s(X))

The domain of As is DA = {f e 02|/2(s(A)) e l\ } . Clearly As ="2~'so2,

where so denotes the composition with the function s(X).

Denote by A   the closure of A   in 772.
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Theorem 10. Let L, and L2 be two self-adjoint operators having their spectral

functions such that Yx(T(s(X))) = Y2(X). Then

(4.1) [V']'V' = Â'TSATS.

Proof. Let / and ip be two elements of D~, . As usual we shall work with the

Fourier transform. By (2.3),

(V'f, V'¥)Hi = I f2(X)~t\X)dYx(T(X))

(4.2) = Jf2(T(s(X)))ip2(T(s(X)))dYx(T(s(X)))

= JAT/(xü^)dY2(X) = (TTJ,TTs<p)H2.

From (4.2), we deduce that D~   — Dv, and ATs is densely defined in 772, so

■i.i ~ i
(f, [V'ÍV'y,)^ = (f, ÁTsATsip(x))H^

Hence

'2

[V']'V =JTsATs.    D

Let us illustrate the next idea by an example.   Let s(X) be an increasing

function and define

(4.3) Lx=s(L2).

It is clear that Lx<p(X) = X(p(X), where <p(X) — y(s~ (X)). Indeed

s(L2)y(s-\X)) = s(s-\X))y(s-l(X)) = Xyis'^X)).

Therefore

For any / G Dy, we have

Vy(s~\X)) = y(X).

(f,yU))%^ = {f,vy(sul(X)))^ «,

r' r I    - 1 ,
= (V'f,y(s-\X))),

&,,s    r7r/,-\,
-2

f\X) = V'f(S-\X)),

or

r 2 77T?"
f(s(X)) = V'f(X),

and so, taking the inverse ^-Fourier transform, for any / G Dy,, V'f = Asf

holds in 77,. In other words

V'f = AJ.
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The spectral functions are

f= j f\X)<p(X)dYx(X) = j f2(s-\X))y(s-\X))dYx{X)

= J7\X)y(X)dYx(s(X)).

On the other hand,

f^Jf2ÄJ)y(X)dY2(X).

Therefore

dTl(s(X)) = df2(X).   D

Theorem 11. Let L2 be a self-adjoint operator acting in the rigged Hubert space

<P2 «-» 772 *-» Q>'2 ■ If Lx = s(L2), where s is an increasing function, then

r,(s(A)) = r2(A)   foranyfeD-,        V''/ = ÄJ.

We now discuss the case where we are given two spectral functions, YX(X)

and r2(A) such that r,(j(A)) = Y2(X), where s(X) is a one-to-one mapping

fj2 —» er, . The operators are not supposed to commute, and so they are not

functions of each other.

r,(j(A)) is ABS-úlT2(A) since g(X) = {dYx(s)/dY2)(X) = 1 , and so g{L2) =

Id on D ,L ) C 772 —► 772. The shift operator is given by

Vtp{s(X)) = y(X)    for A G <T2.

From Corollary 4 we deduce that g(L2) = [V']'V' or that Id = [V']'V'. Hence

V is a unitary operator, in fact

(Vf,v'ip)Hx = (f,¥)H2.
1

We can decompose V into two shifts:

<p(s(X))±<p{X)^y(X),

so V = W ■ R. By definition R<p(s(X)) = <p(X) or Rtp(X) = <p(s~l(X)). So, by
-—-i

Theorem 11, if 7?' is the closure of 7?' in 77, , /'(<?    (A)) = R'f (X) => As_x =

R . Therefore

id = [v']'v' = ïv"r"r'w' = [W']'(Á~ - l)'(Às - l)W'.

5. Examples

Example. As an example we shall show how to apply the above ideas and obtain

an extension of the Gelfand Levitan theory to the generalized second order
7 7

differential operator L2 = -d /w(x)dx , where w(x) > 0. Suppose we are

given two second order differential operators such that Theorem 4 holds:

L, =L? + q(x)
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where

L, =
d2

w(x)dx2 '

w(x) > 0, and the boundary conditions are included in the definition of

the operators. Notice that the operators L, and L2 act in the same space

Ew,x)dx{0, oo). In what concerns the rigged Hubert space structure we refer

to the construction done by Aleksandrjian. Or, since the Fourier transform is

defined, one can simply take <P = S~ where S is a space of rapidly decreasing

functions which is nuclear and invariant by the multiplication by A. In this

way <P is also an A-space. The shift operator is given by

(5.1) V=l+H,

where

Hf) = f

and

H(f)= f H(x,t)f(t)w(t)dt.
Jo

The relation between the functions 77(x, t) and q(x) is as follows: we have

shown in (3.2) that

L2V=VLX    inO;

or

L2(l+H) = (l+H)(L2 + q).

So L2H - HL2 — q + Hq , which is a hyperbolic equation, and G = VV' or,

in other words,

G = 1 + 77 + 77' + 7777',

which means that

(5.2) {G-l}/(x) = {77 + 77' + 7777'}/(x)

where f(x) is a smooth function with compact support. Now notice that the

term on the left-hand side of (5.2) is nothing other than

(5.3) [G-l]/(x) = |/2(A)i/(x,A)c7[r,(A)-r2(A)].

Now, using the expression of the Fourier transform, we have

/2(A)= [ f(t)y(t,X)w(t)dt.
J

Assuming that

P(x,t) = jy(t,X)y(x,X)d[Yx-Y2](X)
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is a continuous function of / and x and, using the fact that f(x) is of compact

support, we obtain, by applying Fubini's theorem,

[G- l]f(x) =  ff(t)\[y(t,X)y(x,X)d[Yx - Y2](X)} w(t)dt
(5.4) J U J

=  / f{t)P{t,x)w(t)dt.

We can now express the right-hand side of (5.2):

(5.5)
¡•X /-00

[H + H1+ HH']f(x)=  /   H{x,t)f(t)w(t)dt+        H(t,x)f(t)w(t)dt
JO Jx

pX roo

+      H(x,s)       H(s, t)f(t)w(t)dtw(s)ds.

The last term can be written as

/   /  77(x, 5)7/(5, t)w(s) dsf{t)w{t) dt
Jo Jo

rOO     rX

+ /   H(x,s)H(s, t)w{s)dsf(t)w(t)dt,
Jx     Jo

and so in the weak sense we do have the result
fX

H(x,s)H(s, t)w(t)dt,        t<x
'o

(5.6) P(t, x) = 77(x,t)+ [  H(x, 5)77(5, t)w(t)dt,        t<
Jo

Suppose that V~   exists and V   = 1 + K . Then we do have

V  ]G=V'

(l+K)G= 1+77*

;i + 7QC7/(x) = (l+77*)/(x)

rx /-<X3

(5.7)      Gf(x) + j   K(x,t)Gf(t)w(t)dt = f(x) + J    H(t,x)f(t)w(t)dt

or

[C7 - l]/(x) + T Tí (x, t)f(t)w(t) dt + T K(x, /)[C7 - l]f(t)w(t) dt
Jo Jo

rOO

= /    H(t,x)f(t)w(t)dt.
J x

But [G - l]f(x) = / P(t, x)f(t)w(t) dt, so we have

(5.8)

j P(t, x)f(t)w(t) dt + j' K(x, t)f(t)w(t)dt

r      rX rOO

+ K{x,s)P(s,t)w{s)dsf(t)w(t)dt=        H{t,x)f(t)w(t)dt

Hence,

(5.9) P(t,x) + K(x,t)+ [  K(x, s)P(s, t)w(s)ds = H(x, t).
Jo
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Observe that H(t,x) = 0 if / < x ; hence

(5.10) P{t,x) + K(x,t)+ [  K(x,s)P(s,t)w(s)ds = 0
Jo

where 0 < t < x .

Example 2. Everitt and Zettl computed the Weyl-Titchmarsh function, associ-

ated with the operator

L2f=^f{x),        xG[0,oo).

They proved that the spectral function associated with

-1  d2
L2f~ T3-T~2-f(*)' X-0'

x  dx

/(0) = 0

is of the form ,    1W,   „

r,n-ic-*{)n)    forA>0
l2W_\0 forA<0.

For further details see [2].

Let us prove the same result but using our method. We shall define another

operator 7_, and then obtain the shift operator V. Having V we shall use

(dYx/dY2)(L2) = VV' to obtain an equation for T,(A).

Denote by y(x, X) the eigenfunctions of L2y(x, X) = Xy(x, X)

y"(x,X) + Xxay(x, X) = 0

y(x, X) = 1    and   y (x, X) = 0.

Solutions of (5.11) can be written in terms of the Bessel functions (A = p ):

y(x, p2) = Ar(x)y/t(x)pJl/(t(x)p) + Br(x)y/t(x)pJ_l/(t(x)p),

where r(x) = x       ,  t(x) = 2vx1' "  and v — l/(a + 2).    A  and B  are

determined from the boundary conditions

y(0,X) = \    and   y'(0,X) = 0.

So

,4 = 0and7i = //-1/2-C(i/),

where C(v) is a function of v only.

Define an operator

r2     T     t2
L      -    Lxadx

f    -    Tf(x) = r(x)f(t(x)).

We do have   T? = Id.   Since   T'g(t) = x(t)a/4g{x{t)), where x(t)   is the

inverse function of t(x). Thus y{x, p ) — p"~xl2 ■ C(v) ■ T(s/Tp.J   (tp.)).
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Now it is time to find the operator L, . If

<p(t,p2) = s/tpJ^itp)

are the eigenfunctionals of L, , then, from the inversion formula of the Bessel

functions,

F(X)=  H f(t)yJtVXJ_v(tsrX)dt
Jo

f(t) =   H F(X)\ftVÍj(tVX) d fX.
Jo

We deduce that dYx (A) = d\TX.
The shift operator is given by

since

y(x,p2) = p"  U2 -C(v)-T[(p(x, p2)],

y(x,X)=X(v  xl2)l2-C(v)-T[<p(x,X)].

Using the fact that L2y = Xy we have

L(*-l/2)/2 ^-l/2)/2

= X{»-l/2)/2.C(»).L{rl/2)/2 = T[<p]

Simplifying by A("~1/2,/2,

y{x,X) = C(v)-L2v-"2)l2-T[<p].

Recall that

y = V<p,

hence

V[-] = C(v)-L[2"-XI2)l2-T[-].

From Theorem 4 we obtain that

dY\,,
dY,
^-(L2) = VV' = C{vY ■ Ú2l,L),A ■ T ■ T'L\

2

Since TT' — 1

"lit

2

Hence

wSL¿

dTUl\-C(v\2   l(l"yl2)_W-C(i/)    À
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Let us solve the above differential equation:

dYJX) = —^Xll2~udY.(X)
2 C(v)2 '

-     '    Xl/2~"dVX

Vx
C(v?

r{X) = -L,[    s^2-v)ds
2 C(v)2 h

l- [" as2'2»
v)2 Jo2-2u   C(

I_L_
2 - 2i/   c(v

r2W = y^7-7^2^

So

r2(A) = cA'-1M+2):

where c is a constant. That is what Everitt and Zettl have shown.
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