
proceedings of the
american mathematical society
Volume 111, Number 4, April 1991

HOLOMORPHIC FUNCTIONS OPERATING

IN HERMITIAN BANACH ALGEBRAS

A. ELKINANI

(Communicated by John B. Conway)

Abstract. The purpose of this paper is to prove that Hermitian algebras are the

natural framework for the results of Ky Fan on analytic functions of a proper

contraction.

1. Introduction

Let A be an algebra over the complex field with the involution x —> x* and

norm || ||. The real and imaginary parts of an element x of A are denoted by

Rex and Imx, respectively; i.e., Rex = (x + x*)/2, Imx = (x-x*)/2i. The

spectrum and spectral radius of an element x of A will be denoted by Sp x

and p(x), respectively. The set of all Hermitian elements (i.e., all x such that

x* = x) will be denoted by H.

We say that the algebra A is Hermitian if the spectrum of every element of

H is real [9]. For elements « and k of H, we write h > k to indicate that

h - k is positive, i.e., that Sp(« - k) c [0, +oo[. The notation h > k will

mean that h — k is positive and invertible. Let x be an element of A . We

denote by \x\ the square root of the spectral radius of the element x*x , i.e.,

\x\ = p(x*x)[/2. In [9], V. Ptàk proved the following result: If A is Hermitian,

then the function | • | is an algebra seminorm on A such that p(x) < \x\ for

all x e A .

We will use the following result of Shirali-Ford [10]:

( 1 ) A Hermitian =>■ x*x > 0,     for all x e A.

Let U be an open subset of the complex plane. We denote by h(U) (resp.,

H(U)) the set of all harmonic (resp., holomorphic) functions on U.

Throughout the paper, A will denote a complex unital Hermitian Banach

algebra with continuous involution, and D will denote the open disk D =

{Z: \Z\ < 1} in C . Also, e will denote the unit (not necessarily of norm one)

of A , and for scalars r we often write simply r for the element re of A .
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2. Definition and lemmas

In [1], we defined and studied the harmonic functional calculus. We recall

the following definition:

Definition 2.1 [1]. Let A be a complex unital Banach algebra with continuous

involution, U an open subset of C, Z0 e U such that D(Z0, R) c U (R > 0),

x an element of A with Spx c F(Z0, R) and f e h(U). Then

fW = ¿ / /(Z)Re[(Z + x - 2Z0)(Z - x)  l]l^
/7r J\Z-ZJ=R K

We shall be concerned with the following classes of functions:

B(D) = {/ € //(F) : |/(Z)| < I for ZeD},

P(D) = {ge H(D) : Re g(Z) > 0 for Z e D}.

Lemma 2.2 (from [2, Theorem 33.1]). If he A, k e A, h > 0, and k > 0,
/«e« « + k > 0.

Lemma 2.3. Let x be an element of A . Then \x\ < 1 <=> e - x*x > 0.

Proof. First, assume \x\ < 1. It is clear that e - x*x is Hermitian, and it is

invertible in A, since p(x*x) = \x\ < 1 . By the spectral mapping theorem,

we have

(2) Sp(e - x*x) = {I-k:ke Spx'x}.

It follows from (1) that Sp Ax c [0, r], where r = \x\ < 1 . Thus ß > 0 for

every ß e Sp(e-x*x). We prove the converse. By (2), we obtain 1 -k > 0 for

every A e Spx*x . This implies that max/leS   ,x k < 1. Hence, by (1), |x| < 1 .

Remark. If A is a C*-algebra, it is clear that | • | can be replaced by || • ||. But

this version is not true in general if A is a Hermitian algebra, as the following

example shows:

Let A be the space of all complex-valued continuously differentiable map-

pings on [0,1] with pointwise definition of addition, scalar multiplication,

product, and the norm ||/||, = H/H^ + WfW^ , where H/H^ = Supt6[0>1]|/(0|.

It is easy to verify that (A, \\ \\x) is a Hermitian algebra but not a C*-algebra.

Now let x be given by x(t) — t2-\ for t e [0, 1]. It is clear that e-x*x > 0,

but llxll, > 1 .
We return now to a general Hermitian algebra A .

Lemma 2.4. Let x be a Hermitian element of A . Then

x > 0<=> ||x| -x| < |x|.
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Proof. The assertion is trivial for x e Radical(^), since then Spx = {0}, so

assume x $ Radical(A . Then, by homogeneity, we can further suppose that

|x| = 1. First, suppose x > 0 and |x| = 1 . Then

Sp(e>-x) = {l-/:/eSpx}c[0, 1].

It follows that \e - x| < 1.

Suppose now that x is a Hermitian element of A , and since \e — x\ < 1,

we have 1 — A < 1 for every keSpx . Whence k > 0, for every k e Sp x ; and

hence, x > 0.

Remark. By Lemma 2.4, the positive cone is | • |-closed, and since | • | < a|| • ||

for some oc > a > 0, due to continuity of the involution, it is norm-closed.

3. Some applications of the harmonic calculus

3.1. A theorem of Ky Fan. Now we are ready to extend Fan's theorem (i.e., [3,

Theorem 1]) to Hermitian algebras.

Theorem 3.1. Let x e A, with |x| < 1. Then \f(x)\ < 1 for every f e B(D),

and Re g(x) > 0 for every g e P(D).

Proof. Let f, g, x satisfy the hypothesis of Theorem 3.1. Since p(x) < \x\,

it follows that Spx Co. Thus f(x) and Reg(x) are defined.

By using Fan's proof [3, Theorem 1] and our Lemma 2.3, the reader can

prove that the two assertions in this theorem are equivalent.

Now we prove the second assertion. Let g e P(D). Then Reg e h(D).

Choose positive numbers r and r with \x\ < r < r' < 1. Then it is easy to

verify that there exists ô > 0 such that Reg > Ô on D(0, r'). Consider «

defined by h(z) = Reg(z) -ô for each z in F(0, r'). Since p(x) < \x\ < r <

r , it follows that Spx c D(0, r). Thus, by Definition 2.1, we have

(3) A(x) = ¿/     «(z)Re[(z + x)(z-x)-1]^i.
ln J\z\=r r

For all z with \z\ = r, we have Re[(z + x)(z - x)-1] e H. Furthermore,

Re[(z + x)(z-x)_1] = A(z + x)(z-x)-1 + (z - x*)~l(z + x*)]

= Az -x*)~ {(z-x*)(z + x) + (z + x*)(z - x)}(z - x)~

= (z-x*)~(r -x*x)(z-x)

It follows from Lemma 2.3 and the choice of r that r2 - x*x > 0, so that

r - x*x = u   for some u e H. Hence

(4) Re[(z + x)(z - x)~ ] = (z-x*)~ u- u(z - x)~ .

Then, by (1), we have

Re[(z + x)(z-xr']>0.
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Let us return to (3); the integral on the right-hand side is a limit of sums like

n-\    .

KM = £ éh(rA)Re[(reWk + x)(reie" - x)-x](9k+x - 6k),
k=0

where dk e [0, In] for all k e {0, 1,1, ... , n} and 0 = 6>0 < 6X < ■ ■ ■ < 6n =

In. It is clear, by Lemma 2.2, that hn(x) > 0 and, since the positive cone is

norm-closed, by the remark after Lemma 2.4, limn_>+oo hn(x) > 0. So we have

h(x) > 0. Finally, since h(x) = Reg(x) - ô , we have SpRe^(x) c [S, +oo[.

This completes the proof.

3.2. A theorem of von Neumann. In [3], Ky Fan proves that his result [3, Theo-

rem 1] is closely related to the important theorem of von Neumann [3, Theorem

2]. We prove here that Theorem 3.1 is equivalent to the following result, which

generalizes von Neumann's theorem:

Theorem 3.2.1. Let x e A, with |x| < 1, and let f be holomorphic on some

neighborhood of the closed unit disk D = {z: \z\ < 1}. F" |/(z)| < 1 for z e D,

then \f(x)\ < 1.

Proof. Theorem 3.2.1 is derived from Theorem 3.1 by using K. Fan's proof in

[3] and the continuity of the holomorphic calculus.

Conversely, Theorem 3.1 follows from Theorem 3.2.1. In fact, a direct conse-

quence of Theorem 3.2.1 is the following result, which clearly implies Theorem

3.1.

Theorem 3.2.2. Suppose f e H(D). For 0 <r < I, let

M(r) = max{\f(z)\:\z\ = r}.

Then for such r

M(r) = max{\f(x)\:\x\<r},

where the maximum is taken over all elements x of A such that |x| < r.

Proof. K. Fan's proof of [3, Theorem 3] applies to this case as well.

3.3. Analog of Schwarz's lemma. The analog of Schwarz's lemma is the follow-

ing:

Theorem 3.3.1. Let x e A, with |x| < 1. Let f, g, h e H(D) be such that

f = g, h and \h(z)\ < 1 for z e D. Then

(5) g(x)*g(x) > f(x)*f(x)

and

(6) \g(x)\>\f(x)\.

Strict inequality holds in (5) if and only if g(x)* g(x) > 0 and h is not a uni-

modular constant. Equality holds in (6) if and only if either g(x) e Radical(A

or h is a unimodular constant.

Proof. If h isa constant function of absolute value 1, it is clear that equality

holds in both (5) and (6).
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On the other hand, if « is not a constant function of absolute value 1, then

« e B(D), by the maximum modulus principle. Thus \h(x)\ < 1, by Theorem

3.1. Consider a fixed r such that \h(x)\ < r < I . Since f(x) = h(x)g(x), we

have

r2g(x)*g(x) - f(x)*f(x) = r2g(x)*g(x) - g(x)*h(x)*h(x)g(x)

= g(x)*[(r2-h(x)'h(x)]g(x).

Since \h(x)\ < r, r2 > h(x)*h(x), and so it follows from the preceding equality

and (1) that

r2g(x)*g(x)-f(x)*f(x)>0.

Hence

-f(x)*f(x)>-r2g(x)*g(x),

so that

(7) g(x)*g(x) - f(x)*f(x) > (1 - r2)g(x)*g(x).

Then from (7) we deduce

g(x)*g(x)>f(x)*f(x),

with strict inequality in case g(x)*g(x) > 0, and only in this case. Now

|/(x)| = \h(x)g(x)\ < r\g(x)\, since \h(x)\ < r, so we have |/(x)| < \g(x)\

in case \g(x)\ ^ 0, i.e., in case g(x) £ Radical(^). This completes the proof.

Remark. Clearly, Theorem 3.1 is a special case (i.e., g = 1) of Theorem 3.3.1.

Another special case of Theorem 3.3.1 is the following version of Jensen's in-

equality.

Corollary 3.3.2. Let x e A, with |x| < 1. Let f e B(D), and let zx, z2, ... ,

zn be some (not necessarily all) of the zeros of f in D, each of which is allowed

to repeat as often as its multiplicity. Let

m-TIt^'
k=\ k

Then we have (5) and (6). Strict inequality in (5) holds if and only if g(x)*g(x) >

0 and f is not of the form ng for some constant n with \n\ = 1. There is

equality in (6) if and only if either g(x) e Radical(^) or f = ng for some

unimodular constant r\.

Proof. K. Fan's proof of [3, Corollary 1] applies, mutatis mutandis, to this case

as well.

In the case z,, z, = ••• = zn — 0, Corollary 3.3.2 becomes the following
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form of Schwarz's lemma:

Corollary 3.3.3. Let x e A, with \x\ < I. Let f e B(D) be such that f(0) =

f(0) = ■■■ = f{n~l)(0) = 0 for some integer « > 1. Then

(8) xn*x">f(x)*f(x),

and

(9) |x"|>|/(x)|.

Strict inequality holds in (8) if and only if f is not of the form f(z) = nzn with

unimodular constant n and xn*x" > 0, and equality holds in (9) if and only if

either x" e Radical(A or f(z) = nz" with unimodular constant n.

Remark. If « e A, k e A , 0 < « < k , then |«| < |A:|. In fact, it is clear that

\k\ - k > 0, since \k\ = p(k). By Lemma 2.2, we have \k\ - k + k - h > 0,
i.e., that \k\ - h > 0. This implies that |«| < |ä:| .

An immediate consequence of Corollary 3.3.3 is the following extension of

Harnack's double inequality:

Corollary 3.3.4. Let x e A, with |x| < 1. Let n be a positive integer and

g e P(D) be such that g(0) = 1. In the case n > 2, suppose also that g'(0) =

g"(0) = --- = g{"~l)(0) = 0. Then

(10) [e + g(x)*]xn*xn[e + g(x)] >[e- g(x)*][e - g(x)],

and

l + |x"| - lôv n~ l-|x"| '

Proof. It is obtained as in [3], by using Corollary 3.3.3, (1), and the preceding

remark.

A special case of Corollary 3.3.4 is the following analog of Carathéodory's

inequality.

Corollary 3.3.5. Let x e A, with \x\ < I. If h e H(D), h(0) = h'(0) = • • • =
h(n~l)(0) = 0 for some « > 1, and Reh(z) < 1 for z e D, then

Proof. We use K. Fan's proof of [3, Corollary 4] and the preceding remark.

By using our Corollary 3.3.3, where K. Fan uses his Corollary 2 in the proofs

of his [3, Theorems 5-7], the holomorphic functional calculus, and (1), the

reader can prove our Theorems 3.4.1, 3.5.1, and 3.6.1 below.

3.4. Analog of Pick's theorem. The generalization of the case « = 1 of Corol-

lary 3.3.3 is the following analog of Pick's theorem.
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Theorem 3.4.1. Let x e A, with |x| < 1. Let f e B(D) and z0eD. Then

(12)
(e-z0x*)  1(x*-z0)(x-z0)(e-z0x)

>{e- f(z0)f(x)*yl{f(xf - TGdHfix) - f(z0)}{e - j\%)f(x)}~1,

and

(13) \(x - z0)(e -^0x)-l\>\{f(x) - f(z0)}{e -f(z~)f(x)}-l\.

Strict inequality in (12) holds if and only if (x* - ~z0)(x - z0) > 0 and is not of

the form

(14) f(z) = e ,Z ~_Z'     with \e\ = I,  \z.\< 1.v     / j \   ; 1 - Z,Z " '   "

Equality holds in (13) if and only if either x = z0 or f is of the form (14).

3.5. Vitali's convergence theorem. We obtain the following extension of Vitali's

convergence theorem:

Theorem 3.5.1. Let (xk)k be a sequence of invertible elements of A such that

\xk\ < 1 for all k and lim^^ \xk\ = 0. Let (fn)n be a sequence of functions

in H(D) that is uniformly bounded on D. If for each k, {fn(xk)}^Lx isa

| • \-Cauchy sequence, then there is an f e H(D) such that limn^oo fn(z) = f(z)

uniformly on every compact subset of D.

An immediate consequence of this result is the following identity theorem:

Corollary 3.5.2 (Identity theorem). Let f, g e H(D). If there is a sequence

(xk)k of invertible elements of A such that \xk\ < 1 for all k, limfc_(+oo |xfc| = 0

and f(xk) = g(xk) for each k, then f = g.

Remark. [3, Example 3] shows that the invertibility of the (x^)^ is necessary

in Corollary 3.5.2.

3.6. Principle of subordination. A direct consequence of Corollary 3.3.3 and the

classical principle of subordination is the following result, which has a number

of interesting applications:

Theorem 3.6.1. Let g e H(D) be univalent on D with g(0) = 0. If f(0) = 0

and f(D) c g(D), then for every element x of A such that |x| < 1, there is a

unique element y on A such that \y\ < 1 that satisfies

f(x) = g(y).

Moreover,

(i) x*x>y*y, |x| > \y\.
(ii) x*x > y*y ifand only if x*x > 0 and f is not of the form f(z) = g(rjz)

for some constant w with \n\ = 1.

(iii) |x| = \y\  if and only if either x e Radical(A  or f is of the form

f(z) = g(nz) with unimodular constant n.
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A simple application of this result is the following extension of Koebe-

Bieberbach's ^-theorem for univalent functions.

Corollary 3.6.2. Let g e H(D) be univalent on D, and g(0) = 0, g'(0) = 1.

For every element x of A with \x\ < \ , there is a unique element y in A such

that \y\ < 1 and g(y) = x. Moreover, 16x*x > y*y, with strict inequality in

the case where x*x > 0, and \y\ < 4\x\ unless x e Radical(^l).

Proof. K. Fan's proof of [3, Corollary 6] applies here, too. In case g(D) is

a convex set, the constants \, 16, 4 in Corollary 3.6.2 can be improved to

5 , 4, 2, respectively.

Corollary 3.6.3. Let g e H(D) be univalent on D with g(0) = 0. If g is

starlike (i.e., the image g(D) is a starlike set with respect to the origin), then the

set of all g(x), where x runs through all elements of A such that |x| < 1, is

a starlike subset of A . More precisely: for every element x of A with |x| < 1

and any nonnegative real number r < 1, there is a unique element y in A with

\y\ < 1 such that g(y) = rg(x). Moreover, x*x > y*y, with strict inequality in

case x*x > 0, and |x| > \y\ unless x e Radical(,4).

Proof. K. Fan's proof of [3, Corollary 7] applies to this case as well.

3.7. Convex univalent functions. Let K(D) denote the class of univalent func-

tions / in H(D) with f(0) = 0, f'(0) = 1 and such that the image f(D) is

a convex set.

By using K. Fan's proof of his [3, Theorem 8] together with our Lemma 2.3

and (1), the reader can prove the following result:

Theorem 3.7. Let n be a complex number with |«| = 1, and let h  e K(D) be

the functions h (z) := z(l - r\z)~ . When x runs through all elements in A

with |x| < 1 and r\ is kept fixed, the set of all h (x) is a convex subset of A.

In [3], Ky Fan leaves open the question whether this is valid for every « e

K(D), but a counterexample was produced by Hwang in [8].

3.8. Typically real functions. Let TR(D) be the set of those functions / in

H(D) that satisfies the condition (Imz) • (Im/(z)) > 0 on D and f(0) = 0,

/'(0) = 1.

Theorem 3.8. Let xeA, with \x\ < 1. Then Im/(x) > 0 for every f e TR(D)

if and only if Imx > x*(Imx)x.

Proof. K. Fan's proof of [3, Theorem 9] applies to this case as well.

Final remarks

1. Von Neumann has proved (cf. [3]) the following spectral inequality:

(15)   feH(D),       \f\<i,       reJ(J),       um < 1 => ||/(DH < 1.

In [5], Foias showed that to replace AA? by a Banach space F is not a genuine

generalization, since F must then be Hubert after all. Here we have generalized
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the relation ( 15) to the case where £§(ßf) is replaced by a unital Banach algebra

with continuous Hermitian involution.

2. Fan's proof of [3, Theorem 1] uses the extreme points of the Montel space

of contractive holomorphic functions on D. A simplified proof is given in [6],

using a weak maximum principle in complex Banach algebras. In [11], a new

Hubert space norm equivalent to the original is introduced and used to prove

the analog of Ky Fan's theorem for commuting topological proper contractions.

In this paper we have extended Fan's theorem to Hermitian algebras.
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