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TAMAS ERDÉLYI

(Communicated by R. Daniel Mauldin)

Abstract. Generalizing a number of earlier results, P. Borwein established a

sharp Markov-type inequality on [—1,1] for the derivatives of polynomials

p £ nn having at most k (0 < k < n) zeros in the complex unit disk. Us-

ing Lorentz representation and a Markov-type inequality for the derivative of

Müntz polynomials due to D. Newman, we give a surprisingly short proof of

Borwein's Theorem. The new result of this paper is to obtain a sharp Bernstein-

type analogue of Borwein's Theorem. By the same method we prove a sharp

Bernstein-type inequality for another wide family of classes of constrained poly-

nomials.

1. Introduction, notations

Markov's inequality, which plays a significant role in approximation theory

and related areas, states that

(1) max   \p'(x)\<n    max   \p(x)\
-1<X<1 -1<*<1

for every polynomial p e nn , where nn denotes the set of all real algebraic poly-

nomials of degree at most n . The pointwise algebraic Bernstein-type analogue

asserts that

(2) ^'(y)!^-»,   max   |p(x)|    (-Kv<l)
/, 2 -1<I<I

V1 -y
for every polynomial p e nn. On every fixed subinterval [-a, a] (0 < a < 1),

(2) gives a much better upper bound than (1). Let Sn(z, r) he the family

of polynomials from nn which have at most k zeros in the open disk of the

complex plane with center z and radius r. A number of papers were written on

Markov- and Bernstein-type inequalities for the derivatives of polynomials from

Sn(0, 1) in certain special cases. When k = 0, see [5], [6], and [9]; when k is

small compared with n, [7] and [11] give reasonable results. Finally, proving

J. Szabados's conjecture, P. Borwein [1] verified the following sharp inequality:
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Theorem 1.  We have

max \p (x)\ < cn(k + 1) max \p(x)\
0<x<l 0<x<l

for every p € Sn(l/2, 1/2) with some absolute constant c < 18.

Using a Lorentz representation of a polynomial from 5^(1/2, 1/2) and a

Markov-type inequality for the derivative of Müntz polynomials, we will present

a very short proof of Theorem 1. A sharp Markov-type inequality was estab-

lished in [2] for another family of classes of constrained polynomials.

Theorem 2. We have

max   \p'(x)\ < min I n , —= \   max   \p(x)\
-1<X<1 [ y/r J  -1<X<1

for every polynomial from nn having no zeros in the open disks with diameters

[-1, -1 + 2r] and [ 1 - 2r, 1], respectively, where 0 < r < 1 and c < 20 is an

absolute constant.

For 0 < r < 1, we define

K(r)=        (J       {z£C:\z-a\<r}
ae[-l+r, l-r]

and denote by Wn (r) the set of those polynomials from nn which have no

zeros in K(r). The main goal of this paper is to obtain sharp Bernstein-type

inequalities for the derivatives of polynomials from Sn(0, 1) and W°(r), re-

spectively.

2. New results

We will prove the following Bernstein-type inequalities:

Theorem 3.  We have

\p'(y)\ < cYa^SL   max   |p(*)|       (-Ky<l)
1 — y      -!<jc<1

for every p e Sn (0, 1), where c is an absolute constant.

Theorem 4.  We have

(i) \p'(y)\ <cj      -   ,     max   \p(x)|       (-l+r<y<l-r)
y r(l -yA) -i<x<i

and

(ii) \p(y)\<c\\---j  max \p(x)\      (-1 <y < 1)
V  T 1 — y   — 1<JC<1

for every polynomial p £ Wn (r) (0 < r < 1) with certain absolute constants c.
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3. The sharpness of our theorems

The sharpness of Theorem 1 was proved by J. Szabados [10]. It was shown

in [3] that

sup    -lP'i0)\  .  ., > cyYYYYV)
P€S*(0,l)maX-l<x<ll/,WI V

with some absolute constant c > 0.

Conjecture 1. The pointwise factor (1 - y2)~x  in Theorem 3 can be replaced

hy(l-y2yx'2.

Conjecture 2. We have

l/(0)| in    (\ A\
sup   - i / m > C\ -       -<r<l

P€<(r)max-i<x<i \P(x)\        V r     \n J

with some absolute constant c > 0.

Remark 1. With J. Szabados [4], we proved that

\p'(y)\<c^k + l)     max   \p(x)\    (-Ky<l)

for every p £ Sn(0, 1), where c is an absolute constant.

4. A NEW PROOF OF BORWEIN'S THEOREM

In this section we give a short proof of Theorem 1. Let A = {A}=1 be

an increasing set of positive numbers. Denote by n(A) the collection of A

polynomials of the form

N

(3) p(x) = aQ + ^2 üjX ' (0 < x < oo)

j=i

with real coefficients a.. We will use the following Markov-type theorem for

the derivative of A polynomials.

Theorem 5 (D. Newman). For every A polynomial p of type (3), we have

2f,   „        maxo<x<i \P\X)X\ /nr,
->    kt < SUP-—-.    .    .,     < H >    A,.
3--x   J     n{A)   max0<x<x\p(x)\ j* '

The proof of Theorem 5 may be found in [8]. As a straightforward conse-

quence of Theorem 5, we obtain the following:

Proposition. Let p(x) = x"~ Qk(x), where Qk e nk. Then

\p'(l)\ < lln(k+l) max \p(x)\.
0<x<l
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Proof of the proposition. By Theorem 5 we have

|/(1)| < 11      ¿ ;     max \p(x)\ < Un(k + Umax \p(x)\.   D
J=n-k

Now let p £ Sn (1/2, 1/2). By an observation of G. G. Lorentz [9], we have

p = wQk, where Qk £ nk and

n-k

w [x) = £ flj(l - XYX"      J. with a11 aj■ > 0.

7=0

We may assume that n - k > 1 ; otherwise, (1) gives Theorem 1.  Using the

Proposition and a. > 0 (0 < j < n - k), we obtain

|/(1)| = \(a0xn-kQk(x))'(l) + (ax(l -x)x"-k-XQk(x))'(1)\

= \(xn-k-x(a0xQk(x) + ax(l-x)Qk(x)))'(l)\

(4)

< 11 n(Ä: + 2) max
0<x<l

< lln(k + 2) max
0<x<l

j=0

n-k

x)Jx       JQk(x)

Y,aj(l-x)Jx
j=0

j    n-k-j
Qk{x)

= lln(k + 2) max \p(x)
o<x<A

Now let y e [0, 1] be arbitrary.   To estimate  \p'(y)\, we may assume that

1/2 < y < 1 ; otherwise, P(x) = p(l - x) e 5^(1/2, 1/2) can be studied. If

peS*(l/
(4) yields

p £ Sn(l/2, 1/2), then p e Sk(y/2, y/2) ; hence, by a linear transformation,

|/0>)| < —n(k + 2) max \p(x)\ < 22n(k + 2) max \p(x)\,
y 0<x<y 0<x<y

which finishes the proof of Borwein's Theorem.    D

Remark 2. Observe that p e Sn(l/2, 1/2)  does not necessarily imply p   e

Sn(l/2, 1/2) ; therefore, the generalization of Borwein's inequality for higher

derivatives does not follow immediately from the case of the first derivative.

Nevertheless, the inequality

max \p    (x)\ <c(m)(n(k+ l))m max \p(x)\
0<x<l 0<jc<1

can be proved about as briefly, relying only on a Lorentz representation of

p £ Sn(l/2, 1/2) and Newman's inequality.

5. Lemmas for Theorem 3

It is sufficient to prove Theorem 3 when y = 0, since from this we will obtain

the statement in the general case by a linear transformation. By our first lemma,

we introduce an extremal polynomial Q e Sn(0, 1).
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Lemma 1. For every n and k (0 < k < n) natural numbers, there exists a

polynomial Q e Sn(0, 1) such that

\Q'(0)\ 1/(0)1
max_i<*<i \Q(x)\ ~pJ$,,i) max-i<x<i \pM\ '

The next lemma gives some information on the zeros of the extremal poly-

nomial Q introduced by Lemma 1.

Lemma 2. Let Q be defined by Lemma 1. Then Q has only real zeros, and at

most k+1 of them are different from ±1 (counting multiplicities).

From Theorem 1 we will easily deduce

Lemma 3. Let ô = (36n(k + 1))~ . Then

max   \q(x)\ < 2 max \q(x)\
-S<x<i 0<x<\

for every q e Sn ( 1 ¡2, 1/2) having all its zeros in [0, oo).

From Lemma 3 we will easily obtain

Lemma 4. Let z0 = i(36n(k + l))~x/2 where i is the imaginary unit. Then

\p(z0)\< v/2_mjaxi|p(x)|

for every p e Sn (0, 1) having only real zeros.

Remark 3. The inequalities of Lemmas 3 and 4 can be proved for all p £

Sn(l/2, 1/2) and p £ Sn(0, 1), respectively, but under our additional as-

sumptions their proofs are much shorter.

We will prove Theorem 3 by Cauchy's integral formula and these lemmas.

6. Lemmas for Theorem 4

The way to prove Theorem 4 is very similar to the previous section.   We

introduce an extremal polynomial by

Lemma 5. For every n natural and 0 < r < 1 real numbers, there exists a

polynomial Q £ S°n(0, r) (0 < r < 1) such that

10(0)1 sup 1/(0)1
max,,^, \Q(x)\     p€So{0r) max_x<x£X \p(x)\ '

By a variational method we will obtain

Lemma 6. Let Q be defined by Lemma 5. Then Q has only real zeros.

From Theorem 2 we will easily prove

Lemma 7. Let 0 < R < 1 and Ô = ^/(&n). Then

max   \q(x)\ < 2 max \q(x)\
-3<x<l 0<x<\

for every q £ Sn(0, R) having all its zeros in [R, oo).

Our last lemma will be a straightforward consequence of Lemma 7.
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Lemma 8. Let O < r < 1 and zQ = i^r/(in), where i is the imaginary unit.

Then

\p(z0)\ < y/ï  max   \p(x)\
—\<x<\

for every p e Sn(0, r) having only real zeros.

Remark A. The inequalities of Lemmas 7 and 8 can be verified for all p £

S°n(0, R) (0 < R < 1) and p e S°(r) (0 < r < 1), respectively, but under our

additional assumptions their proofs are simpler.

We will prove Theorem 4 by Cauchy's integral formula, similarly to the proof

of Theorem 3.

7. A Bernstein-Walsh type problem for polynomials from 5^(0, 1)

We would like some information on the magnitude of \p(z)\   (z e C) when

p £ Skn(0, 1) and max.,^ \p(x)\ = 1.

Conjecture 3. Let D be the ellipse of the complex plane with axes [-a, a] and
_i _1/2

[—b, b], where a = l + (n(k+l)) and b = i(n(k+1)) ' (i is the imaginary

unit). Then there is an absolute constant c such that

\p(z)\<c  max   \p(x)\    (z £ D)
-1<X<1

for every p e Sk(0, 1) (0 < k < n).

Conjecture 1 could be obtained immediately from Conjecture 3 and Cauchy's

integral formula.

8. Proofs of the lemmas for Theorem 3

The proof of Lemma 1 is a straightforward application of Hurwitz's Theorem.

Proof of Lemma 2. Assume indirectly that there are at least two zeros of Q

outside the open unit disk and different from ±1 . If z, is a nonreal zero of

Q, then the polynomial

tfcM-gM-'fr-ffiüf-T,) «<<»•"
with a sufficiently small e > 0 contradicts the maximality of Q. If a and b

are real zeros of Q such that \a\ > \b\ > 1, then the polynomial

QM) = Q(x) -™^ab\xQ{a)(Xx-b) G5«(0'1}

with a sufficiently small e > 0 contradicts the maximality of Q. Thus Lemma

2 is proved.    D

Lemma  3  follows immediately from Theorem   1   and the Mean Value

Theorem.
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Proof of Lemma 3. Assume indirectly that there is a —ô < y < 0 such that

(5) \q(y)\ = 2 max \q(x)\
0<x<\

for a polynomial q e Sn(l/2, 1/2) having all its zeros in [0, oo). Then us-

ing (5), -ô < y < 0, ô = (36n(k + l))~x , the Mean Value Theorem, the

monotonicity of \q'\ on (-oo, 0], and Theorem 1 transformed linearly to the

interval [y, 1], we can find a t\ £ (y, 0) such that

kCv)-«(0)|
36«(rc+ 1) max \q(x)\ <

0<x<\ ~ y
\d (i)l < \q (y)\

18
<-n(k + 1) max \q(x)

1 - y y<x<\

< l%n(k+ 1) max |<?(x)|
y<x<\

= 36n(k+l) max |tf(x)|,
0<x<l

a contradiction.    D

Proof of Lemma A. We may assume that p £ Sn(0,l)  is monic; thus, let

p(x) = nj=i(* _ uj) with some s < n . Applying Lemma 3 to the polynomial

we easily deduce that

q(x) = f[(x - u2) £ Sk Q , i) ,

(6)

— 1 2
\q(-(36n(k + 1))    )\ < 2 max \q(x)\ = 2 max \q(x )

0<x<I 0<x<\

2  max   \p(x)p(-x)\ < 2     max   \p(x)\
-Kx<\ \-\<x<\

Observe that

(7) \P(z0Y = fl^j + (36"(^ + !))"') = l«(-(36«(fc + 1))"')|,

and together with (6) this yields

|p(z0)| < \/2_dmk  |p(*)|.

Thus Lemma 4 is proved.    D

9. Proofs of lemmas for Theorem 4

The proofs of Lemmas 5-8 are very similar to the corresponding ones from

§8. The proofs of Lemmas 5 and 6 are exactly the same as those of Lemmas 1

and 2; therefore, we do not give any details.
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Proof of Lemma 7. We have

(8) 1/(0)1 <i| max |,(x)|

for every polynomial q e nn having all its zeros in [7?, oo). This inequality

follows from the proof of Theorem 1 in [2] with a certain multiplicative con-

stant c instead of 4. The fact that c = A can be chosen was pointed out by

M. v. Golitschek and G. G. Lorentz. Now assume indirectly that there exists a

-a < y <0 such that

(9) \q(y)\ = 2 max \q(x)\
0<x<l

for a polynomial q £ nn having all its zeros in [7?, oc). Then (9), —ô < y < 0,

ô = VR/(8n), the Mean Value Theorem, the monotonicity of \q'\ on (-oo, 0],

and (8) transformed linearly to the interval [y, 1] imply that there exists a

£e(y,0) such that

-= max \q(x)\ <
y/R0<X<l^K     "

q(y)-q{G)

y
= 1/(01 < \q\y)\

An
-TTÂ ma2,|9WI

(l-^VW^-1

4" I      /     M 8« I      /     M
< ~rè ma£ '*(*)= ~m nma?, |£?(x)l'

VR .v<*<> vT? 0<x<l

a contradiction.    G

Proof of Lemma 8. We may assume that p e 5°(0, r) is monic; thus, let p(x) =

Y\Sj=x(x - Uj) with some s < n . Applying Lemma 7 to the polynomial

q(x) = Y[(x-u2)£S0n(0,r2),

j=i

we easily deduce that

(10)
9\--¿r

< 2 max \q(x)\ = 2 max \q(x )
0<x<\ 0<x<l

2   max   \p(x)p(-x)\ < 2     max   \p(x)\
-\<x<l \-Ki<1

Further,

<») w*o)i2-nw+¿)-K-é)
7-1

and together with (10) this yields

\p(zQ)\ < v/2_max||/7(x)|.

Thus Lemma 8 is proved.    D
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10. Proofs of Theorems 3 and 4

Proof of Theorem 3. Let

(12) D=(zeC: |Rez|<^,|Imz|<:l(«(/c + l)r1/2} .

Since Q £ Sn(0, 1) defined by Lemma 1 has only real zeros (see Lemma 2),

from Lemma 4, by a linear transformation, we obtain

(13) \Q(z)\ < V2 max \Q(x)\ < V2  max   \Q(x)\    (z e D),
a<x<b —\<x<\

where, with the notation y = Rez,  [a, b] = [-1, 1 + 2y] if —¿ < y < 0,
i
2

■1/2,

and [a, b] = [2y - 1, 1 ] if 0 < y < A . Now let S be the circle with center

0 and radius (n(k + 1))   '712. By Cauchy's integral formula, (12), and (13),

we obtain

^-hWML ¡ß(i)
is\ e

\dt\
Is   0

<n-^(n(k + l))~x/2(12(n(k+l))x/2)2V2  max   \Q(x)\
12 —i<x<\

< cJn(k+ 1)   max   |Q(jc)|.
V —1<jc<1

From this and the maximality of Q, we deduce

|p'(0)| < cyYYkYl)_max{\p(x)\   (P£Sk(0, 1)),

and from here we obtain the desired result in the general case -1 < y < 1 by

a linear transformation. Thus Theorem 3 is proved.      D

Proof of Theorem A. We proceed in a very similar way. Let

(14) D= jzeC:|Rez|<^,|Imz|<yÇ^}.

Since Q e S°(0, r) defined by Lemma 5 has only real zeros (see Lemma 6),

from Lemma 8, by a linear transformation, we deduce

(15) \Q(z)\ <y/2  max   \Q(x)\    (z e D).
—1<X<1

Let S he the circle with center 0 and radius y/r/(32n). Since r > 1/n, we

have sjr/(32n) < r/2 ; hence, by Cauchy's integral formula, (14), and (15), we

get

ß(i)

e i¿fi

(16) rT32n^^3^—>/5-^<,IÔWi£cV7-m^<iIÔW|-
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Therefore the maximality of Q yields

(17) |/(0)| ^c^maxjpíx)!   (p e S°n(0, r)).

Now observe that p e W®(r) implies p e S^(y, r) if y £ [-r, r], and p e

Sn(y, 1 - y) if r < \y\ < 1 . Applying (17) transformed linearly to the interval

[2y -1,1] when 0 < y < 1 and [-1, 2y + 1] when -1 < y < 0, we obtain

(i) and (ii) immediately. Thus Theorem 4 is proved.      D
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