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OPTIMAL CONTROL
AND SEMICONTINUOUS VISCOSITY SOLUTIONS

E. N. BARRON AND R. JENSEN

(Communicated by Kenneth R. Meyer)

Abstract. We study the value function for an optimal control problem with

upper semicontinuous terminal data. We prove that the upper semicontinuous

envelope of the value function is the unique semicontinuous viscosity solution

of the Bellman equation and that it coincides with the value function obtained

when using relaxed controls.

0. Introduction and summary

In [2] we introduced an extension of the theory of viscosity solutions for

Hamilton-Jacobi equations of the form A(w) = ut + H(t, x, Dxu) — 0 if

(t, x) e (0, 7) x 7?" and u(T, x) - g(x). The classical theory in which g is

assumed to be continuous was initiated in the pioneering paper of Crandall and

Lions [4]. Our extension is to allow semicontinuous terminal data g but we

require the Hamiltonian H(t, x, p) to be convex (for upper semicontinuous

g) in p . For lower semicontinuous terminal data we require concavity. This

convexity assumption is satisfied in problems of optimal control of ordinary

differential equations, where we are dealing with the Bellman equation.

From now on we discuss only the upper semicontinuous (u.s.c) case with the

lower semicontinous case being entirely analogous.

The problem with u.s.c data, of course, is that we can only deal with u.s.c

candidate functions as solutions to the Bellman equation since it is known that

discontinuities propagate in first order problems. This leads to the difficulty

that the definition of viscosity supersolution is vacuuous in general because it

requires the existence of a smooth function, say <f> for which u - (¡> achieves

a minimum at some point and A(<p) < 0 at this point. There is no problem

with the definition of viscosity subsolution, which requires that u - tp achieve

a maximum and then A(<f>) > 0 at the max point. In [2] we defined u to be
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an u.s.c viscosity solution if u is an u.s.c function and if u - tj> achieves a

maximum then A(<p) — 0 at the max point. In [2] we were able to establish

that this uniquely characterizes a u.s.c viscosity solution.

In this paper our goal is to establish that for an optimal control problem

with u.s.c terminal data, the upper semicontinuous envelope of the usual value

function is in fact the u.s.c viscosity solution of the Hamilton-Jacobi-Bellman

equation for the problem. This proves that taking the u.s.c (lower semicontinu-

ous) envelope is the right thing to do in maximization (minimization) optimal

control problems. The implication is that it is also the right thing to do for

differential games, i.e., for problems with nonconvex, nonconcave hamiltoni-

ans. This gives further justification of the approach initiated by Ishii [5] in

which he introduced the extension of viscosity theory to possibly discontinuous

solutions by using upper and lower semicontinuous envelopes. However, it is

important to note that most previous work, including [5], assumed that the data

is continuous.

The method of proof of our result is to prove that the value function using

relaxed controls is the u.s.c viscosity solution. Then we directly prove that the

upper semicontinuous envelope of the original value function and the relaxed

value function coincide.

1. The main results

We use the simplest model for optimal control, i.e., the Mayer problem on the

finite time interval [0, 7]. Since problems with running costs can be reduced

to this case, this is more general than it seems. The problem dynamics are given

by

(1.1) rfí/¿.T = /(T,'í(tj,V(t))     Ífí<T<7,

(1.2) í(x) = xeRn.

The control functions n are chosen from the class of functions

Y[t, T] — {n: [t, T] —► Y\ r\ is Lebesgue measurable},

where y is a compact subset of some Rp , p > 1 . The objective is to maximize

some function g of the terminal state Ç(T). We define the value function

V: [0, 7] x Rn -* 7?1 as follows:

V(t,x) =    sup   g(Ç(T)).
l£Y[t,T]

We make the following assumptions regarding the given functions / and g :

(A) /: [0, 7] x 7î" x Y -» Rn is continuous in all arguments and there is a

constant K > 0 such that \f(t, x, y)\ < K, (t,x,y)e[0,T]xR"xY, and

\f(t,x,y)-f(t,z,y)\ < K\x - z\   V(i, y) G [0, 7] x Y and x, z e Rn.

g: R" —► Rx is bounded above and upper semicontinuous.
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The assumption (A) is sufficient to guarantee that for each control n e

Y[t, 7] there is a unique trajectory £(•) on the interval [t, T] with Ç(t) = x .

For later use we define the relaxed control problem as follows. Let M(Y)

denote the space of Radon probability measures on the set Y. The space

M(Y) is identified with the dual space C(Y)* of the space C(Y) of continuous

functions on Y, and M(Y) has the weak-* topology of C(Y)*. The space

of relaxed controls, denoted by Y*[t, T], is the space of measureable maps

p: [t, 7] -> M(Y). A relaxed control at time s G [0, 7] is denoted by ps.

Given a relaxed control p , a relaxed trajectory £*(•) on [t, T] is the solution

of

r(T) = x + |   jj(s,C(s),y)dps(y)ds.

We define the relaxed value function V* : [0, T] x 7?" —> 7?1 as follows:

V*(t,x)=     sup    g(C(T)).
peY'it,T]

We begin by showing that V* is the unique upper semicontinuous viscos-

ity solution of the Bellman equation for the problem associated with (1.1)-

(1.2). First we repeat the definition of u.s.c viscosity solution introduced in

[2]. For a general Hamilton-Jacobi-Bellman equation we have the hamiltonian

77: [0, 7] x 7?" x 7?" —> R . For the optimal control problem at hand our

hamiltonian is given by

(1.3) 77(i,x,p) = max{p-/(f,x,y)}.
y€Y

Definition 1. An u.s.c real-valued function u: [0, 7]x7?" -> 7?1 that is bounded

above is an u.s.c viscosity solution of the Hamilton-Jacobi-Bellman equation

(1.4) ut + H(t,x,Dxu) = 0   on(0,T)xR"

if for any function <j> e C ((0, T) x Rn) for which u - </> achieves a maximum

at the point (s, y) e (0, 7) x 7c" we have that

tpt(s,y) + H(s,y,Dx4>) = 0-  at (s,y).

The sense in which upper semicontinuous terminal data is achieved for the

Cauchy problem is the following, also from [2]:

Definition 2. Let g be an upper semicontinuous function on 7?" and let u be

an upper semicontinuous function on (0, 7) x R" . Then u(T, x) — g(x) is

defined as

g(x) = sup him supu(tk, xk)\tk / T, xk->x\.
I    k-*oo )

For applications, approximation by continuous functions is very useful. The

next theorem from [2] applies to general hamiltonians H(t, x, p) that are con-

vex in p and in particular, hold for the hamiltonian of our problem in (1.3).
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Theorem 3. Under the assumption (A), there exists a unique u.s.c viscosity solu-

tion V of the Hamilton-Jacobi-Bellman equation achieving the terminal data

g. Furhtermore, if {g¡}¡ is any sequence of continuous functions on Rn such

that g¡ \ g as i —► oo and if Vi is the unique continuous viscosity solution of

(1.4) with V¡iT, x) = gt(x), i = 1,2, ... , then V¡\V as i -* oo.

Now we prove that the relaxed value function is a u.s.c viscosity solution of

(1.4) with hamiltonian (1.3).

Theorem 4. Let (A) hold. Then V* is the u.s.c viscosity solution of (1.3) and

V*(T,x) = g(x).

Proof. We must first show that V* is u.s.c. Let (t, x) e (0, 7) x 7?" be fixed

and choose a sequence {(r., xA} c (0, 7) x 7?" such that (tt, xA —* (t, x)

as i —> oo. For each i = 1,2,... there exists an optimal relaxed control

p; e Y*[t¡, T] (extended as 0 to all of [0, 7]) and corresponding relaxed

trajectory £*(•) on [t(, T], with Ç*(tA = x;. Then there is a subsequence with

the same notation such that

pt —- p   and   £*(7) —> ¿;*(7)   as/—>oo,

where p e Y*[t, T] and £*(•) is the relaxed trajectory on [t, 7] corresponding

to p with C(t) — x (cf. [7, Lemma 6.2.1] for complete details).

From the upper semicontinuity of g , we obtain

lim sup V*(t., xA = lim sup g(c¡*(T))
1—»OO i—»oo

<g(C(T))<V*(t,x).

Next we show that V* is the u.s.c viscosity solution of the Bellman equation.

For this purpose, let {gt} be a sequence of continuous functions such that

g, \ g as i —> oo. Let V{ be the value function and V* the relaxed value

function for the continuous terminal data g¡, i = 1,2,... . It is well known

(see, for example [3, 7]) that Vi = V* for continous data. Furthermore, Vi is

the unique continuous viscosity solution of the Bellman equation with terminal

data gr

Since g < g¡, Vz we immediately have that V* < V*. By comparison

theorems for continuous viscosity solutions [4] we also know that V* > V*+x,

i = 1, 2, ... . Therefore

(1.5) V* < lim V*.
i—»oo

On the other hand, there exists for each i = 1, 2, ... an optimal relaxed con-

trol p* e Y*[t, 7] for which V*(t, x) = g¡(C*(T)), where Ç* is the relaxed

trajectory for p* with ¿¡*(t) - x. Then, as before, there is a relaxed con-

trol p* with associated relaxed trajectory £*(•) on [/, 7], £*(i) = x, and a

subsequence, denoted again as {p*} such that

(1.6) p* - p* in L°°([t,T]; M(Y)),    and    Ç* - <f uniformly on [i, 7]
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as i —> oo . Then

V*(t,x) = gt(Cl(T))

(1.7) =gl(Cl(T))-g(C(T)) + g(C(T))
<gi(^(T))-g(C(T)) + V*(t,x).

Given e > 0 fix k > 0 such that 0 < gk(Ç*(T)) - g(Ç*(T)) < e. Since {g.} is

nonincreasing, for any fixed k if i > k, #,(£*(7)) < gk(£*(T)). Thus,

(1.8) lim sup g,(${T)) < lim supgk(í*(T)) = gk(C(T)) < g(Ç*(T)) + e.
i—»oo i—»oo

Combining (1.5)—( 1.8) we obtain that

(1.9) limV*(t,x) = V*(t,x).
i—»oo

Finally, from (1.9) and Theorem 3, we conclude that V* is the unique u.s.c

viscosity solution of the Bellman equation.   D

Next we want to prove that the upper semicontinuous envelope of the value

function coincides with the relaxed value function.

Theorem 5. Let (A) hold and let V denote the upper semicontinuous envelope of

V,i.e.,  V(t,x) = limsurJ(sy)^(tx)V(s,y). Then V = V* on [0,7]x7?\

Proof. We note that since Y[t, 7] c Y*[t, 7] in the sense that every ordinary

control ne Y[t, T] is a relaxed control concentrated at ^, it is immediate that

V* > V on [0, 7] x 7?" . Since V* is u.s.c this implies that V* > V.

For the other inequality, let {g¡}¡ denote a sequence of continuous functions

on R" that converge monotonically decreasing to g, and let V% be the value

function for the function gt, i = 1, 2, ... . Let e > 0 and choose, for each

i=l,2,...  a control function r\i e Y[t, T] such that

Vi(t,x)<gl(^¡(T)) + e,

where £,.(•), for each i, is the trajectory corresponding to rji through the initial

point (z, x). We now make use of an argument due to Baríes and Perthame [1].

We know that (at least a subsequence of) {^(7)}( converges to some point, say

ß e R" as / -> oo . Consider the solution, yf(.), of the terminal value problem

7i(T)^ß + j    /(*, ?,(*),!/,(*))</*, t<T<T.

For each i, yt(T) - ß, i.e., the trajectories yi all end at the fixed point ß.

Now we trace them back to see where they start at time t. Set y(.(f) = zc;,

z = l,2,... and consider the equivalent trajectories which we label ¿(.(.) given

by

W) = Ki + f f(s. */(*). Vi('))<fo.        t<x<T.
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That is, )>,.(•) = 0¡(-). From condition (A) and standard results in o.d.e.s we

have that

sup  |c,.(t)-¿;.(t)|< 7^.(7)-/?!.
t<x<T

Consequently, at x — t,

(1.10) \x - k¡\ < K\i;iT) - ß\ ^ 0   as i-oo.

Then we have that

V, < gtfiiT)) + e = gfaÇT)) - giS^T)) + g^T)) + e
(LU) <^(^(7))-^(a;.(7)) + F(Z,Ki.) + e

= glUT))-g(ß) + V(t,Ki) + e.

From the facts £,(7) —► ß, g¡ \ g, as / -» oo we have, using the argu-

ment leading to (1.8), that lim sup,^ gtf^T)) < g(ß). Further, V(t, k¡) <

V(t, kA . Combining these facts, we now use the upper semicontinuity of V ,

(1.10), and (1.11) to see that

V*(t, x) = lim supF;. < V(t, x) + e,
i—»oo

so that V* < V and we are done.   D
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