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POLAR DUALS OF CONVEX BODIES
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(Communicated by William J. Davis)

Abstract. A generalization and the dual version of the following result due

to Firey is given: The mixed area of a plane convex body and its polar dual

is at least it. We give a sharp upper bound for the product of the dual cross-

sectional measure of any index and that of its polar dual. A general result for a

convex body K and a convex increasing real-valued function gives inequalities

for sets of constant width and sets with equichordal points as special cases.

Introduction

Polar dual convex bodies are useful in geometry of numbers [19], Minkowski

geometry [12, 13] and differential equations [14]. Chakerian [5] uses polar duals

to discuss self-circumference of unit circles in a Minkowski plane.

The preliminary definitions and concepts used in this work are given in the

next section. A generalization and dual version of the following result due to

Firey [10] is given: The mixed area of a plane convex body and its polar dual

is at least n . We give a sharp upper bound for the product of the dual cross-

sectional measure of any index and that of its polar dual. A general result for a

convex body K and a convex increasing real valued function gives inequalities

for sets of constant width and sets with equichordal points as special cases.

Preliminaries

By a convex body in Rn , n > 2, we mean a compact convex subset of Rn

with nonempty interior. All convex bodies are assumed to contain the origin

in their interiors. For each direction u G S"~ where Sn~ is the unit sphere

centered at the origin in Rn , we let h(K, u) denote the support function of

the convex body K evaluated at u . Thus,

(1) h(K, u) = sup{« -x : x G K},

which may be interpreted as the distance from the origin to the supporting

hyperplane of K having outward-pointing normal  u.   The width of K in
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direction u, denoted W(K, u), is given by

(2) W(K,u) = h(K,u) + h(K,-u).

A convex body K is said to have constant width b if, and only if, W(K, u) =

b for all u G Sn~ . For a plane convex body K we shall use the notation

h(K, 6) = h(K, u), where u — (cosö, sinö). In this case the width of K in

the direction 6 can be written as

(3) W(K,d)=h(K,d) + h(K,e + 7i).

The polar dual (or polar reciprocal) of a convex body K, denoted by K*, is

another convex body having the origin as an interior point and is defined by

(4) K* = {y\x-y < 1 for all x G #}.

This definition depends upon the origin. If K is the origin, then K* is the

whole space. If K is any other single point, then K* is a closed half space.

The polar dual has the property that

(5) h(K*,u) = l/p(K,u)   and   p(K*, u) = l/h(K, u),

where p(K, u) and p(K*, u) denote radial functions of K and K* respec-

tively, defined by

(6) p(K, u) - sup{A > 01 Xu G K, u G S"~ }.

Let B be the closed unit ball in Rn . The outer parallel set of K at distance

X > 0 is given by

(7) Kk = K + XB.

The convex body Kx consists of all points in R" whose distance from K is

less than or equal to X. It turns out that the volume V(KX) is a polynomial in

X whose coefficients are geometric invariants of K :

(8) V(K + XB) = ir(ni)wi(K)Xi.
i=0  ^   '

The functionals Wt(K) do not have a standard name in English. In German

W^K) is the z'th Quermassintegral of K. It's rough translation is the z'th

cross-sectional measure of K. Bonnesen and Fenchel [2] and Hadwiger [ 17]

are standard references for the study of Quermassintegrals. The following is

true:

(9) W0(K) = V(K);        nWx(K) = S(K);        Wn(K) = oon,

where V(K) and S(K) are the volume and surface area of K respectively and

œn is the volume of the unit ball B in Rn . It turns out that Wn_x(K) has an

interesting representation. The mean width of K, denoted by W(K) is given

by

(10) W(K) = —[     W(K,u)du,
nwn Js*->
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where du is the area element of Sn    . Then in fact

(11) !*;_,(#) = ^W(K) = ¿|n_, W(K, u)du.

By using (2) and (11), one obtains

(12) Wn_x(K) = \\ nh(K,u)du.

The W' (K) are special cases of a set of functionals, depending on more than

one convex body, introduced by Minkowski (in the three-dimensional case).

If Kx, ... , Kr are convex bodies in Rn and Xx, ... , Xr range over the pos-

itive real numbers, then the volume of XxKx + • • • + XrKr is a homogeneous

polynomial, of degree n , in Xx, ... , Xr. That is

(is) tfÁ*i+--+w-£v<.V-*V
where the coefficients a,    ,   depend only on K, , ... , K¡ .  We may assume

h'"'» 1 n

that coefficients are chosen so as to be invariant under permutations of their

subscripts.  Then these coefficients are called mixed volumes and denoted by

ai...,   — V{Kj.K¡ ) to indicate their dependence on Ki , ... , Kt .  We

have! in other'words,

(14) V(XxKx+-.-+XrKr) = Y,V{Ki ,...,Ki)Xi ---X, ,'    ™ 1 n \ n

where ix, ... , in range independently over 1, ... , r. Important properties of

mixed volumes are discussed in Eggleston [8]. Chakerian [4] gives properties of

mixed areas. It follows from (8) that

(15) Wi(K) = V(K,...,K,  B,...,B),
-v-'*-v-'

n — i i

which is sometimes used as a definition of W^K).

The dual mixed volumes are defined in Lutwak [22], Burago and Zalgaller

[3]

(16) V(Kx,...,Kn)=X-f     p(Kx,u)---p(Kn,u)du,
n Js"-1

where du signifies the area element on S"~  . Let

(17) Vt(Kx,K2) = V (KX,...,KX), K2,...,K2) .
-»-'     s-v-'

n-i i

The dual cross-sectional measures are the special dual mixed volumes defined

by

(18) Wi(K) = Vi(K,B),

where B is the unit ball in R" . We shall use the following results of Lutwak

(19) W^KV^f-^cof,
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and

(20) V"(Kx,...,Kn)<V(Kx).--V(Kn).

After obtaining inequalities for mixed volumes and dual mixed volumes,

we shall use the following definitions to prove geometric inequalities for sets

of constant width and sets with equichordal, equiproduct and equireciprocal

points. A point P is an equichordal point of a convex region K if and only if

all the chords through P have the same length. If the origin is an equichordal

point with chord length 2, then

(21) p(K,u) + p(K,-u) = 2.

P is an equiproduct point of a convex region K if and only if each chord

through P intersects the boundary of K at points A and B such that the

product of PA and PB is constant. If the origin is an equiproduct point with

constant 1, then

(22) p(K,u)-p(K,-u) = \.

P is an equireciprocal point of a convex region K if and only if each chord

through P intersects the boundary of K in points A and B such that 1 /PA +

1 /PB is a constant. If the origin is an equireciprocal point with constant 2,

then

(23) \/p(K,u) + l/p(K,-u) = 2.

Klee [23] has a discussion of sets with equichordal, equiproduct, or equirecip-

rocal points.

K is a set of constant relative width b if, and only if,

(24) K + (-K) = bE,

where E is the unit ball of a given Minkowski space («-dimensional Banach

space).

Results

Theorem 1 below implies a generalization of the following result, due to Firey

[10], as a special case: The mixed area of a plane convex body and its polar

dual is at least n .

Theorem 1. Consider n convex bodies K, Kx, ..., Kn _x in Rn. Then the mixed

volumes    V(K, Kx, ... , Kn_x), V(K\ Kx, ... , Kn_x), V(B, Kx, ... , Kn_x)
satisfy

(25) V(K,KX, ... , Kn_x)V(K\Kx, ... , Kn_x) > V2(B,KX ,..., K„_x).

Proof. By definition,

V(K,KX,..., Kn_x) = \jh(K, u)dS(Kx, ... , Kn_xu)
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and

V(K\KX ,..., Kn_x) = ^jh(K*,u)dS(Kx ,...,Kn_x,u).

Multiply both sides of the above two equalities and use h(K*, u) = l/p(K, u)

and the Cauchy Schwarz inequality to obtain
2

nV(K, Kx, ... , Kn_x)V(K\ Kx, ... , Kn_x)

= (|h(K,u)dS(Kx,... ,*„-,))(/ -pjé-û)dS{K^' - • K"-¿)

^(¡^^■Tà^)"8^--^)2

> U dS(Kx,...,Kn_x,u)\   =nV2(B,Kx,...,Kn_x).

The last inequality follows since h(K, u) > p(K, u).

Corollary 1.1. The mixed volume of K and K*, V(K*, K, ... , K) satisfies

(26) V(K*, K,..., K)">œ2nV(K)"-2,

where 0Jn is the volume of an n-dimensional unit ball and V(K) denotes the

volume of K.

Proof. Let Kx = K2 = ■ ■ ■ = Kn_x = K. Then (25) reduces to

V(K)V(K* ,K,...,K)> V2(B ,K,...,K) = [x-S(K)f .

Use the general isoperimetric inequality,
Cfn  ^       n irn~\

S  >n wnV

to obtain (26).

The case n — 2 gives Steinhardt's and Firey's result. The following result

can be obtained from Theorem 1 as a special case.

Corollary 1.2. Let K be a convex body and K* its polar dual then

(27) Wn_x(K)Wn_x(K*)>to2n.

Proof. Let Kx = K2 = ■■■ = Kn_x = B in Theorem 1. Use (15) and (25) to

obtain (27).

The problem of finding the infimum of the product W^tyW^K*) for all con-

vex bodies K, for each i, is not completely solved. See Bambah [1], Dvoretzky

and Rogers [8], Firey [11], Guggenheimer [15, 16], Heil [18], Lutwak [22], and

Steinhardt [24] for partial results. In Theorem 3 we use an inequality due to

Blaschke-Santaló (see Theorem 2) concerning the product of volume of a con-

vex body K and its polar dual K* with respect to the Santaló point of K. The

Santaló point of K is often defined as the unique point in the interior of K

with respect to which the volume of the polar dual is a minimum. For a good

discussion of the Blaschke-Santaló inequality and a further list of references,

see Lutwak [21].
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Theorem 2 (the Blaschke-Santaló inequality). Assume K is a convex body in

Rn and K* is its polar dual with respect to the Santaló point of K. Then

V(K)V(K*)<co2n,

with equality if and only if K is an ellipsoid.

Theorem 3. Let K be a convex body in R" . Assume K* is the polar dual of

K with respect to the Santaló point. Then the dual mixed volume of K and

K*, V(K* ,K,...,K), satisfies

(28) V(K*,K, ...,K)n <co2nV(K)"~2.

Proof. By (20),

V"(K* ,K, ...,K)< V(K*)V(K)"~[ .

Use Santaló's inequality,

V(K)V(K*)<aj2n,

to obtain the desired inequality.

The case n = 2 in Theorem 3 above gives a result similar to Firey's result.

The dual mixed area of a plane convex body and its polar dual with respect to

the Santaló point is at most n .

The following theorem concerning dual mixed volumes will generalize San-

taló's inequality.

Theorem 4. Let Kx and K2 be two convex bodies. Assume K* and K*2 are the

polar dual of Kx and K2 with respect to the Santaló points respectively. Then

the dual mixed volumes Vt(Kx, K2) and V¡(K*, K2) satisfy

(29) V^.K^V^.^Ktol.

Proof. Lutwak [22] shows that

VXKX, K2) < V(Kx){n~i)/nV(K2)i/n ,        0<i<n.

Replace K¡ by K*, (i - 1, 2), to obtain

Vt(K*í:t lQ.< V(K¡)in-i),HV{K¡)i/n..

Multiply both sides of the above two inequalities and use Santaló's inequality

to obtain the desired result.

If Kx = K2 = K then (29) reduces to Santaló's inequality. If Kx = K, K2 =

B then (29) reduces to the following corollary.

Corollary 4.1. Assume K is a convex body in Rn . Assume K* is the polar dual

of K with respect to Santaló point. Then

(30) Wi(K)Wi{K*.ysœ2n.
Theorem 5 below is a general result which gives inequalities for sets of con-

stant width and sets with equichordal point as special cases. See Chakerian and

Groemer [6] for an excellent survey of sets of constant width.
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Theorem 5. For a convex body K and convex increasing real valued function tp

define g(K) by

g(K)=¡     y>(p(K,u))du.
Js—'

The functional g satisfies

(31) g
Kx+K2 < g(K*x) + g(K*2)

2      ) J- 2

and equality holds if and only if Kx—K2.

Proof.

g(K;) + g(K*2) _    f     <p(p(Kx*, u)) + <p(pi

Is'= /Js"-

> [■  f
Js"-'

> f  <p[2(p(K;,u)-l+p(K*2,urlrl]du.
Js"-'

p(K*x , u) + p(K: , u)

The first inequality uses the convexity of y>. The second inequality follows

since (p is increasing and the arithmetic mean is greater than or equal to the

harmonic mean.

We now use (5) and the linearity property of the support function to obtain,

Js"
<p[2(p(K*x , u)  l+p(K¡,u)  ')  X]du

'fh(Kx,u) + h(K2,u)

-L-MÍ
\h

du

du

*L + ^2, Kx+K2

Thus, (31) follows. For equality to hold, it is necessary that p(K*, u) =

p(K2, u) which implies Kx= K2. For example, equality of the arithmetic and

harmonic means of p(K*, u) and p(K2, u) implies p(K*, u) = p(K2 , u).

One can use (31) and continuity of g to derive

r/£*,'

p '
(32) ¿f>«)>¿r(=i
using the standard argument that leads to Jensen's inequality. More generally

if {Kt : 0 < t < 1} is a family of convex bodies and K = ¡¿(K^dt is the

Minkowski-Riemann integral (see Dinghas [7]) then

(33) #(**)< / g(K)dt.
Jo
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Corollary 5.1. The n-dimensional volume of the polar reciprocal of a set K of

constant relative width 2 satisfies

(34) V(K*)>V(E*).

Equality holds if and only if K — E, the unit ball in the given Minkowski space.

Proof. Let <p(t) = \f . Then <p is an increasing convex function. For any set

K, g(K) = V(K) where g is defined as in Theorem 5. Hence using (31),

v(e*)=v ((K+{-K))) < nn±xitm

= V(K') + V(K*)= .

By Theorem 5 equality holds if and only if K = -K = E.

Corollary 5.2. Let K* be the polar dual of a set K of constant width 2 in R" .

Then

(35) Wt(K*)>Wt(B),        i = 0,l,2,...,n-l,

with equality if and only if K is a unit ball.

Proof. By Corollary 5.1,

(36) V(K*) > con

with equality if and only if K = B. This is the case i = 0 since W0(K*) —

V(K*). The well known classical inequality (see Hadwiger [17, p. 278]) shows

that for any convex set K,

(37) W^K)" > Q)i„V{K)n~i.

replacing K by K* in (37) and using (36) implies (35).

The following is an easy consequence of Corollary 5.2 for a set with an equire-

ciprocal point.

Theorem 6. If K is a convex set with an equireciprocal point corresponding to

constant 2 then

(38) Wi(K) = Wi(B) = œn,        i = 0, 1, 2, ...,«- 1,

with equality if and only if K is a unit ball centered at the origin.

Proof. (23) and (5) imply that K* is a set of constant width 2. The fact that

(K*)* = K and Corollary 5.2 imply (38).

Theorem 7. If K has an equichordal point with chord length 2, then

(39) Wn_x(K*)>con,

with equality if and only if K is the unit ball centered at the origin.

Proof. The width of K* in direction u satisfies

(40) W(K\u) = h(K\u) + h(K,-u)>p{KíU)+4p{Kí_u)=2,
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where we have used the inequality between arithmetic and harmonic means,

(5), and (21). Then the mean width of K*, denoted by W(K*), satisfies

(41) W(K*) = —[     W(K* ,u)du> — f     2du>2.
ncon JS"-' - ncon J^->

But

(42) Wn_l(K*) = ^-W(K*)>^.2 = eon,

as we wanted to show. Equality holds if and only if p(K, u) = p(K, -u) - 1,

which implies K is a unit ball centered at the origin.

Theorem 8. If K has an equiproduct point with constant 1, then

(43) Wi(K) = Wi(B) = œn,        i = 0, 1, 2,..., n - 1.

Proof. We first prove the case  i — 0 ; namely,   V(K) > con .   Together the

inequality between arithmetic and geometric means and (22) imply

(44) p(K, u) + p(K, -u) > 2y/p(K, u)p(K,-u) = 2.

Also,

(45) V(K) = U    [P(K,u)Uu=X-i     ^^)T + (P(K,-u))"du
n Jsn-\ n y5»-i 2

du.

Convexity of the function x" implies

(46)
1   /•     {p{K,u))" + {p{K,-u))n 1   f     lp(K,u) + p(K,-u)y

n Js"-' 2 - n /j—i [ 2

Equations (44), (45), and (46) imply the result for / = 0, namely,

(47) V(K)>-[     du = -ncû=œn.
n JS"-' n     "       "

Equality holds if and only if p(K, u) = p(K, -u). Using (21), equality holds

if and only if p(K, u) = p(K, -u) — 1 which gives a unit ball centered at the

origin.

To prove (43) we use (37), noting that equality holds if and only if K is the

unit ball centered at the origin.
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