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ON THE DUALS OF LEBESGUE-BOCHNER LP SPACES

BAHAETTIN CENGIZ

(Communicated by Palle E. T. Jorgensen)

Abstract. Let (X, sé , p.) be an arbitrary positive measure space. We prove

that there exist an extremally disconnected (locally) compact Hausdorff space Y

and a perfect (regular) Borel measure v on Y such that LP(p, E) ~ LP(v , E)

for all 1 < p < oo and any Banach space E. If E* is separable, then

LP(p,E)m ~ L«{p.,E*) for all 1 < p < oo , ± + ± = 1 , and Lx{p,E)* ~

L°°(v, E") ~ C(ß/\ JEJ), where E* denotes £* endowed with the weak*

topology. In particular Ll(p)* ~ L00^).

Let (X, sé , ß) be an arbitrary measure space1 and E a Banach space. We

shall denote the Lebesgue-Bochner spaces LP (X, sé , ß, E), 1 < p < oo, by

LP(ß, E), and by Lp(ß) when E is the scalar field, if there is no chance of

confusing the underlying measurable spaces. For the definitions and properties

of these spaces we refer to [2]. We shall write E ~ F to mean that the Banach

spaces E and F are isometric. E* will denote the dual of E.

Let 1 < p < oo and q be such that £+ 1 = 1. For g £ Lq(ß, E*) we define

<S>g on LP(ß, £) by the equation &g(f) = jx(f,g)dß, f&LP(ß,E).
In the case of scalar-valued functions, it is common knowledge that the map-

ping g —> í>g is a linear isometry from LQ(ß) into the dual space Lp(ß)*. It

is surjective for all 1 < p < oo [4, p. 286]. For p = 1, examples show that, in

general, this mapping need not be surjective (e.g. [5, p. 349]); that is, there may

not be enough functions in L°°(p) to represent all the elements of Ll(ß)*.

However, if the measure space is decomposable (meaning that X is the disjoint

union of measurable subsets, X = \Ji€¡X¡, with ß(Xf) < oo for all i, and

ß(A) = X),g/ MA n Xi) f°r every measurable set A of finite measure), then the
mapping under consideration is surjective [5, p. 353] (or [4, p. 290]). Thus,

for some nondecomposable measure spaces, Ll(ß)* cannot be represented as

L°°(ß) (via integral). However, J. Schwartz [7] has found a representation of

it as a space of certain scalar countably additive set functions defined on the

family of measurable sets of finite measure.

In the case of vector-valued functions, LP(ß, E)* ~ Lq(ß, E*) for all 1 <

p < oo, if either (X, sé , ß) is decomposable and E* is separable [3, p. 282] or
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(X, sé , ß) is rj-finite and E* has the Radon-Nikodym property with respect

to ß [2, p. 98].
Following [1], we shall call a Borel measure v on an extremally disconnected

locally compact Hausdorff space Y, perfect if

(i) every nonempty clopen (closed and open) set has positive measure,

(ii) every nowhere dense Borel set has measure zero, and

(iii) every nonempty clopen set contains another clopen set with finite mea-

sure.

In this article we shall replace a given arbitrary measure space (X, sé , ß)

by a new measure space (Y, 3S, v) which will not affect the spaces IP (p., E) ;

that is, LP(ß ,E)~Lp(u, E) for all 1 < p < oo, and will "enlarge" L°°(ß, E)
so that at least in the scalar case, L°°(v) will have enough functions to represent

all the elements of Ll(ß)*. Moreover, Y will be an extremally disconnected

(locally) compact Hausdorff space, 3§ will be the Borel algebra of Y, and v

will be a perfect (regular) Borel measure. Actually, we will have more: if E*

is separable then LP(ß, E)* ~ Lq(ß, E*) for 1 < p < oo, ± + ± = 1, and

Lx(p,E)* ~L°°(v,E*).

Aside from the above-mentioned goal, we shall also obtain a generalization

of a theorem by Cambern and Greim [1] which states that for any extremally

disconnected compact Hausdorff space Z , any perfect measure X on the Borel
algebra of Z, and any Banach space E, Ll(X, E)* ~ C(Z, E*) where El
denotes E* endowed with the weak* topology, and C(Z, El) denotes the

space of all continuous functions from Z into E * provided with the supremum

norm.

Let (X, sé, ß) be a finite measure space, n the quotient mapping from

sé onto the measure algebra se/ß, and ô the Stone representation of sé ¡ß
onto the algebra of all clopen subsets of the Stonean space il of sé /ß. For

A £ sé define ß(A) = ß(A) where A = S(n(A)). The space Q is extremally

disconnected; ß is a measure on the Boolean algebra of all clopen subsets of

il and extends uniquely to a perfect regular Borel measure on il that we shall

also denote by p. [6, p. 120]. As can be checked very easily ß(ClU) = ß(U)
for every open set, where Cl U denotes the closure of U. It is also easy to see

that for every Borel set B there exists a clopen set C such that the symmetric

difference BAC has measure zero. Let £% be the Borel algebra of Q. In the

sequel we shall refer to the measure space (il, 3§, fi) as the perfect measure

space associated with the finite measure space (X, sé , ß).

Clearly, for each 1 < p < oo and each Banach space E, the mapping
n n

^2x'Xa< ~* HXiXÂ, '        x¡£E, A¡£sé ,
;=1 1=1

is a linear isometry between dense subspaces of LP(ß, E) and Lp(fi, E) and

hence they are isometric. The same mapping can also be used to establish an

isometry between L°°(ß, E) and L°°(ß, E).

Now let (X, sé , ß) be an arbitrary measure space. We shall call two mea-

surable sets ß-disjoint if their intersection has measure zero. An application

of Zorn's lemma can be used to show that there exists a maximal family of

mutually /¿-disjoint measurable sets with strictly positive finite measure. Any

such family will be called a p-decomposition of the measure space (X, sé , ß).
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Theorem. Let (X, sé , ß) be an arbitrary measure space. Then there exist an

extremally disconnected locally compact space Y and a perfect (regular) Borel

measure v on Y such that for any Banach space E, LP(p, E) ~ LP(v, E) for

all 1 < p < oo.

Proof. Let {X,¡ : i £ 1} be a /¿-decomposition of (X, sé , p). It is easy to show
that every <T-finite measurable set is contained a.e. in the union of a countable

subfamily of {X¡: i £ 1} . From this observation it follows that for any 1 < p <

oo and any Banach space E, LP(ß, E) ~ £í€/®LP(X¡, sé¡, ßi, E) (the direct

sum of the spaces LP(X¡, sé¡, ßt, E), i £ I), where sé¡ = {A C\ X¡: A £ sé} ,
ßi(A n Xi) = ß(A nXi), A£Sé , i £l.

Now, for each i £ I let (Y,, 38¡, ßi) be the perfect measure space associ-

ated with the finite measure space (X¡, sé¡, ß,), and let Y = ]C¡€/ ®Y¡ De the

topological direct sum of the topological spaces Y,, i £ I. Clearly Y is an

extremally disconnected locally compact Hausdorff space, and the measure v ,

defined on the Borel algebra 38 of Y by the equation v(B) = £{&(.§ n Y¡),
B £ 38, need not be regular but there exists a regular Borel measure on Y

which coincides with v on each 38¡, i £ I.

Since each summand Y, is clopen in Y, for any subset 5" of Y, int S =
IJ, int(5n Y¡) and CIS = (ji Cl(5Ti7,). Thus, it follows that a subset is nowhere
dense in Y if and only if its intersection with each Y, is nowhere dense in Y,,

and since each /i, is a perfect measure on Y,, we conclude that v(B) = 0 for

every nowhere dense Borel subset B of Y. Clearly every nonempty clopen

subset of Y has strictly positive measure and contains another clopen set of

finite measure. Hence ( Y, 3§, v) is a perfect measure space and

Lp(ß ,E)~J2 ®Lp(ßi, E) ~ Lp(u , E)
iei

for all 1 < p < oo , which completes the proof.

Observing that the measure space (Y, 38, v) is decomposable we conclude

the following corollary:

Corollary 1. If E* is separable then LP(ß, E)* ~ Lq(ß, E*) for all 1 < p < oo,
J + \ = 1, and Ll(p, E)* ~ L°°(i/, E*). In particular Lx(ß)* ~ L°°(v).

Corollary 2. Let (X, sé , ß) be an arbitrary measure space. Then there exists an

extremally disconnected compact Hausdorff space Z and a perfect Borel measure

X on Z such that for any Banach space E,

(i)   Lp(p, E) ~ Lp(k, E) for all 1 < p < oo,
(ii)   Ll (p, E)* ~ C(Z, El), and if E* is separable,

(iii)   LP(ß, E)* ~ Lq(X ,E") for all 1 < p < oo, i + \ = 1.

Consequently, L°°(À, E*) ~ C(Z , El).

Proof. Let Z be the Stone-Cech compactification of the space Y constructed

in the proof of the theorem. Clearly Z is extremally disconnected. Let v be

the perfect measure on Y introduced earlier and define À on the Borel algebra

& of Z by the equation 1(B) = v(BC\Y), B £ 38 .
Since Y is locally compact, it is open in Z, and thus, if C is clopen in

Z then C n Y is clopen in Y, and it is empty if and only if C is empty.

It now follows that X(C) > 0 for every nonempty clopen subset C of Z,
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and every such set contains another clopen set with finite measure. If B is a

nowhere dense Borel subset of Z then B n Y is a nowhere dense Borel subset

of Y from which we conclude that X(B) = 0 for every nowhere dense Borel

subset B of Z. Hence A is a perfect Borel measure on Z and obviously

Lp(ß,E)~Lp(X,E) for all 1 <p<oc.
(Z, 38, X) is a decomposable measure space. Now the remaining assertions

in the corollary follow from this fact and Cambern and Greim's theorem cited

earlier.

Remark. The fact that for any Banach space E, Ll(X,sé, ß, E)* can be

realized as a space of continuous functions was first observed by Cambern and

Greim [1, p. 375] for rj-finite measure spaces.
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