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Abstract. We show that, up to homeomorphism, the 2-sphere is the only com-

pact arcwise connected metric space X satisfying (i) If J is a simple arc in

X , then X\J is arcwise connected;

(ii) If y is a simple closed curve in X, then X\J is disconnected (in

the sense that X\J contains a proper nonempty subset that is both open and

closed).

1. Introduction

Decades ago topologists found several results similar to that of the abstract.

Early variants were found by Zippin [7] and extended by van Kampen [5].

Another related result is the "Kline Sphere Problem" [1], which, according to

James E. West, was one of R. H. Bing's favourites of his own work. More

recently, differential geometers seek characterizations of the spheres in terms

of curvature and other metric invariants, see, e.g., [2]. In [1] and [5] local

connectedness plays an important role. The purpose of this note is to prove a

version that does not require any local topological property explicitly.

2. Proof of the characterization

Zippin [7] proved that every compact, locally connected metric space satis-

fying (i) and (ii) of the abstract is homeomorphic to the 2-sphere. So, in order

to prove the statement of the abstract it suffices to prove that the space X in

the abstract is locally connected. For this the following result of Moore [3] is

useful.

Theorem 1. A compact, connected metric space X is locally connected if and

only if every pair of distinct points in X can be separated in X by a finite union

of locally connected continua.

The space X in the abstract satisfies Moore's criterion. In fact we have

Proposition 2. Let X be an arcwise connected Hausdorff space satisfying (i)

and (ii).   Then any two points p, q of X can be separated by some simple
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closed curve J in the sense that p and q belong to distinct arcwise connected

components of X\J.

As pointed out by the referee, Proposition 2, was proved by Wilder [6, Chap-

ter III, §§4 and 5] assuming local connectedness, but only using the hypothesis

of Proposition 2. Another proof can be obtained from the result in [4], which

implies that the space X in Proposition 2 does not contain the graph A313,

which may be thought of as a simple closed curve with three pairwise disjoint

crossing "chords." For if an arcwise connected Hausdorff space Y satisfying

(i) contains two points that cannot be separated into distinct arcwise connected

components by a simple closed curve, then it is not difficult to find a ^33 in

Y.
The two points p and q in Proposition 2 belong to distinct arcwise connected

components X\ and X2, say, of X\J. But X\J has precisely two arcwise

connected components (see [4]). As X\J is disconnected, by (ii), Xx is open

and closed in X\J. Hence p and q are also separated in the sense required

in Moore's criterion. So, Proposition 2 and Theorem 1 reduce the statement in

the abstract to the result of Zippin.
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