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A CHARACTERIZATION OF FINITELY JUNCTIONED CONTINUA
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Abstract. Metric continua which are fc-junctioned are defined and charac-

terized. Furthermore such continua are shown to be invariant under open or

monotone mappings.

A metric continuum is said to be k-junctioned if it is an inverse limit of

graphs each of which has at most Ac branch points, with surjective bonding

maps. A continuum is called finitely junctioned if it is k-junctioned for some

integer Ac > 0.

Finitely junctioned continua were considered in relation to homogeneity in

[2, 4, 71.
It follows from the definition that a continuum is O-junctioned if and only if

it is either chainable or circularly chainable. In this note we obtain an analogous

characterization for all finitely junctioned continua (Theorem 1). It follows, for

example, that if each proper subcontinuum of a nondegenerate metric contin-

uum is chainable, then the continuum is 1-junctioned. The result is the best

possible (see [5]).
Another interesting and easy consequence of Theorem 1 is the invariance

of Ac-junctionedness under monotone and open mappings. It is known that a

monotone image of a chainable continuum is chainable [1] and a monotone

image of a circularly chainable continuum is circularly chainable [3]. We ex-

tend these results to Ac-junctioned continua (Theorem 2). An open image of a

chainable continuum is chainable, by [8], but the old problem of whether an

open image of a circularly chainable continuum has to be O-junctioned remains,

in general, unsolved (positive answers are known for solenoids [6] or under the

additional assumption that the range space is decomposable [3]). It follows

from our Theorem 3 that an open image of a circularly chainable continuum is

1-junctioned.

An element of a cover of a space is called a junction element if it meets at least

three other elements of the cover. A collection of open subsets U\, U2, ... , Un

of a space X is a chain (circular chain) in X if U,• n U¡¡ ¿í 0 <=> \i - j\ <

H\i - j\ < 1 or (i, j) = {1 , ai}) . We will use an equivalent definition of Ac-

junctioned continua in terms of covers. A metric nondegenerate continuum X

Received by the editors January 4, 1991. This paper was presented at the 24th annual Spring

Topology Conference held at Southwest Texas State University, San Marcos, Texas, April 5-7,

1990.
1991 Mathematics Subject Classification. Primary 54F20, 54C10; Secondary 54F15, 54F50.

©1992 American Mathematical Society

0002-9939/92 $1.00 + $.25 per page

839



840 EDWIN DUDA AND PAWEL KRUPSKI

is Ac-junctioned if and only if for every e > 0 there exists a finite open e-cover

of X of order one with at most Ac-junction elements. A metric continuum X

is chainable (circularly chainable) if for every e > 0 there exists an e-chain

(-circular chain) covering X. All mappings are assumed to be continuous.

Theorem 1. A metric continuum X is k-junctioned, where k > 0, if and only

if X contains a k-element subset P such that every subcontinuum of X - P is

chainable.

Proof. The "only if part has been proved in [4, Theorem 7]. For the sake of

completeness we repeat here an idea of its proof. We may assume that X is

not Aw-junctioned for any m < k. Therefore, there exist finite open covers

fên of X such that mesh 9^ -» 0 and fên contains exactly Ac junction ele-

ments Cx, ... , Ck for every ai = 1,2,... . Define subsequences ai, ... , ak

of natural numbers and points p\, ... , pk of X by induction: c*i is a se-

quence («i, ai2, ...) such that the sets C,J,, CL, ... converge to a point p[ ;

for 1 < i < Ac — 1 , a,+i is a subsequence (a\ , a2, ...) of a, such that the

sets Q+1, C£x, ... converge to a point pi+\. Put P = {p\, ... , pk} and

ak — (ai, a2, ...). If A" is a subcontinuum of X - P, then for sufficiently

large m all the junction elements Cx , ... , Ckm of the cover <ëam are disjoint

with K. Therefore the family {Ce 8^m : C f\ K ^ 0} is a chain in X of

arbitrarily small mesh covering K (it cannot be a circular chain, for Ac > 1 ).

It means that K is chainable.

Suppose now a metric continuum X contains a subset P = {p\, ... , pk}

such that every subcontinuum of X - P is chainable. Let e > 0 be a posi-

tive number such that if Ac > 1 then e < min{dist(p,, Pj); i, j = 1, ... , Ac} .

Consider open e/2-neighborhoods B\, ... , Bk of points p\, ... , pk, respec-

tively. For every component C of the compact set Z = X - (J1=1 B¡ denote by

^c an e/2-chain in X covering C. There is an open set Vç c X such that

C c Vc c Vc c (J S^c and bd Vc n Z = 0. Choose a finite number of sets

Vq, ..., Vc„ covering Z . The sets W¡ — Vc, n Z are closed and open in Z

for i'=l,..., Ac. Therefore the sets T\ = Wx and T¡ = Wi-(W]LI---UWi_l),
for i = 2, ... , n , are closed and open in Z , disjoint and cover Z . Now, the

sets U n T,:, where U e f/c , are open in X unless

(*) UnT¡r\bdBj¿0    for some j.

Put, for every j = I, ... , k ,

Gj = Bjö[J{U:Ue &c,,  U satisfies (•) and / = 1,..., ai}

and define

9 = {Git..., Gk}U {U: U £ %■,,  U does not satisfy (*) and i = 1,..., ai}.

It follows from the construction that & is an open e-cover of X of order

one and the only junction elements of & can be G\, ... , Gk . The proof of

Theorem 1 is complete.

Theorem 2. If f is a monotone mapping of a k-junctioned continuum X onto

a nondegenerate Hausdorff space Y, then the Y is a k-junctioned continuum.

Proof. The result is known for Ac = 0 [1,3]. Suppose Ac > 0 and let P be a Ac-

element subset of X satisfying Theorem 1. In view of Theorem 1, it is enough
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to observe that every subcontinuum K of Y - f(P) is chainable. Indeed,

f~x(K) is a chainable subcontinuum of X - P by Theorem 1 and the mapping

/ restricted to f~x(K) is monotone; so K is chainable by Bing's result [1].

It is proved in [3, Theorem 3.2] that if every proper subcontinuum of a metric

continuum X is chainable, then so is every proper subcontinuum of an open

image of X.

Actually, the proof gives the following statement.

Lemma [3]. If f is an open mapping of a metric continuum X onto a Hausdorff
space and K is a proper subcontinuum of Y such that a component of f~x(K)

is a chainable continuum, then the continuum K is chainable.

Theorem 3. Let f be an open mapping of a k-junctioned continuum X onto a

nondegenerate Hausdorff space Y. If k = 0 then Y isa 1 -junctioned contin-

uum. If Ac > 0 then Y is a k-junctioned continuum.

Proof. In order to prove the case Ac = 0 pick a point p e Y, a subcontinuum

K c Y - {p}, and a component C of f~x(K). The component C, being a

proper subcontinuum of X, is a chainable and lemma implies K is chainable.

By Theorem 1 the continuum Y is 1-junctioned. The proof of the case Ac > 0

is similar.
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