
proceedings of the
american mathematical society
Volume 116, Number 3, November 1992

CLASSIFICATION THEOREM FOR MENGER MANIFOLDS

A. chigogidze

(Communicated by James E. West)

Abstract. We introduce the notion of the n-homotopy kernel of a Menger

manifold and prove the following theorem: Menger manifolds are w-homotopy

equivalent if and only if the «-homotopy kernels are homeomorphic

This paper is devoted to some problems induced by the internal development

of Menger manifold theory. It is closely related to previous papers [1,8, 3-5]

and can be considered as their natural continuation. We gave a detailed discus-

sion of certain phenomena in [5] that are inherent in this theory (in comparison

with Hubert cube manifold theory) and that are clearly manifested even in the

formulations of such important components of the theory as stability and tri-

angulation theorems [8, 5] as well as the open embedding theorem [5]. Let us

consider the last proposition more formally (see §1 for definitions). It states

that each Menger (ai + l)-manifold N contains a Z-set Z satisfying the fol-

lowing conditions: (1) Z is homeomorphic to N; (2) the complement N-Z

admits an open embedding into Mn+l (throughout the paper Mk denotes the

Ac-dimensional universal Menger compactum). It should be observed (it was re-

marked in [5], too) that there is a certain arbitrariness in the above formulation

connected with the choice of homeomorphism from condition (1). It will be

shown that under minimal restrictions the mentioned arbitrariness can be elim-

inated. At the same time this specifies the second condition, because in this way

the complement N-Z will acquire completely correct sense and will depend

only on the Menger (ai + l)-manifold N. Moreover, this complement (which

will be called an Ai-homotopy kernel of N and will be denoted by Ker(/V)) be-

comes a very important object associated with N. Indeed, if we bear in mind

the strong parallel between Hubert cube manifold theory and Menger (ai + 1)-

manifold theory then we shall be able to conclude confidently that Ker(/V)

plays the role of the product N x [0, 1 ) (compare our modified open embed-

ding theorem below and Chapman's open embedding theorem for Hubert cube

manifolds [2]). Moreover, the consideration of Ai-homotopy kernels gives us the

possibility to solve the problem of classification of Menger (ai + l)-manifolds

by «-homotopy type. Our main result states in this connection that Menger

(ai + l)-manifolds are Ai-homotopy equivalent if and only if their Ai-homotopy

kernels are homeomorphic (compare with Chapman's theorem that states that
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two Hubert cube manifolds X and Y are homotopy equivalent if and only if

the products X x [0, 1) and Y x [0, 1) are homeomorphic [2]). Of course,

there is nothing to do in the compact case, because, by Bestvina's theorem [1],

Ai-homotopy equivalent compact Menger (n + l)-manifolds are homeomorphic.

This paper is organized as follows. In § 1 we present the definitions and results

we need from the theory of Menger manifolds. In §2 we introduce the concept

of Ai-homotopy kernel and prove the main result.

1. Preliminary facts

All the spaces in this paper are assumed to be locally compact and metrizable

and maps are assumed to be continuous. C(X, Y) denotes the set of all con-

tinuous maps from X to Y, endowed with the limitation topology (uniform

convergence in all equivalent metrics). Let us recall that if X is compact then

this topology coincides with the compact-open topology.

A closed subset Z of X is called a Z-set (in X) if the identity map id*

can be approximated arbitrarily closely (in the topology indicated above) by

maps whose ranges do not intersect Z . An embedding whose range is a Z-set

is called a Z-embedding.
The Ac-dimensional universal Menger compactum Mk is understood to be

the compactum obtained from the (2k + l)-dimensional unit cube by the stan-

dard Cantor process of "deleting interiors of central cubes" [9, 1]. A Ac-dimen-

sional Menger manifold (briefly, M*-manifold) is defined to be a space in which

each point has an open neighborhood homeomorphic to an open subspace of

Mk . The following remarkable result, which gives a topological characterization

of Menger manifolds, is due to Bestvina [1].

Theorem 1.1. Let X be an (n + \)-dimensional locally compact LC"-space.

Then the following conditions are equivalent:

(i) X is a Menger (n + \)-manifold\

(ii) // Bo is a closed subset of a locally compact space B with dim B <

n + 1 then any proper map f.B —> X, such that the restriction f\Bo is a

Z-embedding, can be approximated (up to a given open cover of X) by a Z-

embedding that agrees with f on Bo;

(iii) X satisfies the disjoint (n + 1 )-disks property, i.e., any map of the (ai + 1 )-

dimensional cube into X can be approximated arbitrarily closely by maps having

disjoint images.

As was shown in [1] an adequate homotopy language for Menger (ai + 1)-

manifold theory is based on the concept of (proper) M"+x -homotopy between

maps. Its definition is cumbersome and, moreover, assumes a fairly high degree

of local connectedness of the range. This involves certain inconveniences. In [3,

4] we gave another, much simpler, and more convenient variant of this relation

not assuming any restrictions on the range. It was shown in [3] that these two

notions coincide for maps between at most (ai -i- 1 )-dimensional locally compact

LC"-spaces, and so below we shall use only our definition and respectively the

corresponding results from [ 1 ] will be translated having in mind this agreement.

The definition is as follows.

Definition 1.1. Two (proper) maps /, g: X —> Y are said to be (properly)

Ai-homotopic (written / ~" g and f ~"p g, respectively) if the compositions
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/ • ai and g • h are (properly) homotopic in the usual sense for any (proper)

map h : Z —► X of any at most Ai-dimensional space Z into X .

The concept of (proper) Ai-homotopy equivalence is defined in an obvious

way.

It should be observed especially that the relations of such type were consid-

ered by Fox [10] and Whitehead [12]. The following two propositions directly

follow from our definition and corresponding results of Bestvina [1].

Theorem 1.2. Let Z\ and Z2 be Z-sets in a Menger (n + \)-manifold N and

let h: Z\ —► Z2 be a homeomorphism. Denote by i¡ the inclusion map Zj «-> N

(7 = 1,2). If i\ ~p i2 • h then h extends to a homeomorphism H: N —> N.

Theorem 1.3. Properly n-homotopy equivalent Menger (n + \)-manifolds are

homeomorphic.

The following proposition [1] will be needed in §2.

Theorem 1.4. Each proper UV-surjection between Menger (n + \)-manifolds

can be approximated arbitrarily closely by homeomorphisms.

Before formulating the following two resolution theorems, let us recall that

a map /: X —► Y is said to be Ac-invertible if for any map g: Z —► Y with

dimZ < k there exists a map h: Z —> X such that f • h = g . The following
result is due to Dranishnikov [8]. Here, Q denotes the Hubert cube.

Theorem 1.5. There exists an (n + \)-invertible UV-surjection /„: Mn+l —> Q

satisfying the following condition:

(i) if X is a locally compact LC-space lying in Q, then its inverse image

f~y(X) is a Menger (n + \)-manifold.

Of course, Dranishnikov's map has some other important properties as well.

But we shall not use them in this paper. Another similar result is the following

resolution theorem.

Theorem 1.6. For each locally compact polyhedron K there exists an (n + 1)-

invertible proper UV-surjection f£: M£+l —» K of some Menger (n + 1-

manifold M£+ ' onto K satisfying the following conditions:

(i) if L is a closed subpolyhedron of K then its inverse image (fg)~](L)

is a Menger (n + \)-manifold;

(ii) if L is a closed subpolyhedron of K and Z is a Z-set in L, then the

inverse image (fg)~](Z) isa Z-set in (fg)~l(L).

It should be observed that the construction of the map f£ was given in

fact in [6], but I could not see at that time that conditions (i) and (ii) were

satisfied. After that, some concrete considerations showed that it became very

important to have a resolution map satisfying property (ii) (see [5, problem 2])

and, moreover, as we shall see below this property is a main technical moment

in proving our classification theorem. A complete proof of Theorem 1.6 was

given very recently in [7].

The next proposition that will be needed in the sequel very often is an easy

consequence of the well-known properties of proper U K"-maps between locally

compact LC"-spaces [11, 1 ] and of Theorem 1.3.
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Proposition 1.1. Two Menger (n + \)-manifolds admitting proper UV-surjec-

tions onto the same LC-space are homeomorphic.

The following two propositions will be useful also. Their proofs were given

in [5] and [1], respectively.

Proposition 1.2. Each Menger (n + \)-manifold admits an (n + \)-invertible

proper UV-surjection onto some Hubert cube manifold.

Proposition 1.3. Let f: M —> X be a proper UV-surjection of a Menger (ai+1)-

manifold and let Z be a Z-set in M. If g: Z —► X is any proper map properly

n-homotopic to f\Z , then there exists a proper UV"-surjection h: M —> X such

that h\Z = g.

2. The ai-homotopy kernel and the classification theorem

Consider a Menger (n + 1)-manifold M and two Z-embeddings /, g: M —>

M each of which is properly Ai-homotopic to the identity map iÛm ■ Then the

homeomorphism g- f~l: f(M) —► g(M) is properly n-homotopic to idf(M)

and, consequently, by Theorem 1.2, there exists a homeomorphism ai: M —► M

extending g • f~l . Then the restriction ai|(M - f(M)) is a homeomorphism

between the complements M - f(M) and M - g(M). This shows that the

following definition is correct and does not depend on the choice of the corre-

sponding Z-embedding.

Definition 2.1. An ai-homotopy kernel Ker(M) of a Menger (ai + l)-manifold

M is defined to be the complement M - f(M) where /; M —► M is an
arbitrary Z-embedding properly Ai-homotopic to idjt/ .

Proposition 2.1. IfaMenger (n+\)-manifold N admits a proper UV-surjection

onto the product M x [0, 1), where M is a Menger (n + \)-manifold, then N

is homeomorphic to Ker(M).

Proof. By Proposition 1.1, it suffices to show that Ker(M) admits a proper

t/I/"-surjection onto the product M x [0, 1). By Theorem 1.5, we can fix a

proper c7F"-surjection /: M\ —>Mx[0, 1] where M\ is also a Menger (ai + 1)-

manifold. Consider the quotient space M2 of M\ with respect to the partition

whose nontrivial elements are fibers f~l(m, 1) over the Z-set M x {1} of

the product M x [0, 1]. Clearly, by Theorem 1.1, M2 is a Menger (ai +
l)-manifold. Moreover, if we consider the naturally induced {7K"-surjection

g : M2 —> M x [0, 1 ], then we conclude, by Proposition 1.1, that M\ and
M2 are even homeomorphic. Now it is easy to see that the set g~l(M x {1})

is a Z-set in M2 and the restriction g\g~x(M x {1}) is a homeomorphism.

By Theorem 1.4, the composition KMg, where tim'- M x [0, 1] —> M is the

natural projection, can be arbitrarily closely approximated by homeomorphisms.

Particularly, there exists a homeomorphism h: M2 —> M that is properly ai-

homotopic to 7iMg • Then the map r = h ■ g~l ■ i, where i: M —► M x

{1} is a natural homeomorphism, is a Z-embedding properly Ai-homotopic to

id^. Indeed, r = h • g~l • i ~np it m • g • g~x • i — ̂ m • i = í^m ■ Thus, by

Definition 2.1, we conclude that the complement M - r(M) is homeomorphic

to Ker(M). Consequently the space M2 - g~l(M x {1}) = h~l(M - r(M)) is

also homeomorphic to Ker(M). It only remains to note that the space M2 -

g~l(Mx{l}) admits a proper £/l/"-surjection onto the product Mx[0, 1).   D
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Comparing the above argument with the proof of an open embedding theorem

for Menger (ai + l)-manifolds [5, Theorem 11], we immediately obtain the

following modified version.

Theorem 2.1. The n-homotopy kernel of each Menger (ai + \)-manifold admits

an open embedding into Mn+] .

One can easily verify that the Menger compactum Mn+l without a point

is homeomorphic to its Ai-homotopy kernel. The following proposition gives a

whole class of "stable" Menger (ai + l)-manifolds (i.e., Menger (ai + l)-manifolds

that are homeomorphic to their Ai-homotopy kernels).

Proposition 2.2. For each Menger (n + \)-manifold M, the spaces Ker(M) and

Ker(Ker(M)) are homeomorphic.

Proof. By Proposition 1.2, we can fix a proper i7F"-surjection g: M -* X of

M onto some Hubert cube manifold X . By Theorem 1.5 and Proposition 2.1,

there exists a proper C/F"-surjection /: Ker(M) —> M x [0, 1). The same

reasons show that there exists a proper i/F"-surjection ai: Ker(Ker(M)) —>

Ker(M) x [0, 1). Consequently we have two proper f71/'I-surjections:

p = (gxid)-f: Ker(M)-+Xx[0, 1)

and

q = (pxid)-h: Ker(Ker(M)) - X x [0, 1) x [0, 1),

where id denotes the identity map of [0,1). Since X is a Hubert cube

manifold, the product X x [0, 1] is homeomorphic to X [2]. Noting that

the spaces [0, 1) x [0, 1) and [0, 1] x [0, 1) are homeomorphic, we have

X x [0, 1) x [0, 1) « X x [0, 1] x [0, 1) « X x [0, 1). Consequently, Menger
(aï + l)-manifolds Ker(Ker(vVf)) and Ker(Af) admit proper f/F"-surjections

onto the same Hubert cube manifold. It remains to use Proposition 1.1.    G

Proposition 2.3. Let M be a Menger (n + \)-manifold. If A is a Z-set in

Ker(M), then the spaces Ker(M) and Ker(Ker(M) - A) are homeomorphic.

Proof. As in the proof of the preceding proposition we can fix three proper

c7F"-surjections g: M -> X, f: Ker(M) -♦ M x [0, 1), and p = (g x id) •
/: Ker(Af) —► X x [0, 1), where X is some Hubert cube manifold and id

denotes the identity map of [0, 1 ). Now we redefine the map p in such a

way that the set p(A) will be a Z-set in X x [0, 1). For this consider any Z-

embedding r: A-* Xx[0, 1) properly Ai-homotopic to the restriction p\A . By

Proposition 1.3, there exists a proper cVF^-surjection q: Ker(M) —» X x [0, 1)

such that q\A — r. Moreover, as in the beginning of the proof of Proposi-

tion 2.1, we can additionally suppose that A = q~xq(A). Consequently the

restriction q\(K.er(M) - A): Ker(M) - A —> X x [0, 1) - q(A) is a proper

L7l/"-surjection. As above this implies (together with Theorem 1.5 and Propo-

sition 2.1) that Ker(Ker(M) - A) admits a proper C/Fn-surjection onto the

product (I x [0, 1) - Q(A)) x [0, 1). By the same reasons, there exists a

proper i7F"-surjection of Ker(Ker(M)) onto the product X x [0, 1) x [0, 1).

By Proposition 2.2, Ker(M) and Ker(Ker(M)) are homeomorphic. Thus, by

Proposition 1.1, it suffices to show that the spaces (X x [0, 1) - q(A)) x [0, 1)

and X x [0, 1) x [0, 1) are homeomorphic. Indeed, since q(A) is a Z-set

in AT x [0, 1), we conclude that the Hubert cube manifolds X x [0, 1)  and
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X x[0, 1) - q(A) are homotopy equivalent. Then, by Chapman's theorem [2],

the products X x [0, 1) x [0, 1) and (lx[0, 1) - q(A)) x [0, 1) are homeo-
morphic.   D

Proposition 2.4. Let a Menger (n + \)-manifold M be a Z-set of a Menger

(n + \)-manifold N and the inclusion i: M ^> N be an n-homotopy equiva-

lence. Then there exists a Z-set A in N such that the complement N - A is

homeomorphic to Ker(Af).

Proof. By the triangulation theorem for Menger (ai + l)-manifolds [5], there

exist (ai + l)-invertible proper £/l/n-surjections <p: M —» L and y: N —► Kx ,

where L and Kx are (ai + l)-dimensional locally compact polyhedra. (ai + 1)-

invertibility of tp implies the existence of a proper map s: L —* M with q> ■ s —

idz,. Then the composition y/ • i • s: L -^ Kx is properly homotopic to some

proper PL-map p: L —> .Am . Form the mapping cylinder, M(p) = K of the map

p . Recall that it is the space formed from the disjoint union (L x [0, 1]) © K\ ,

by identifying (/, 1) with p(l), l e L. At the same time we identify L with
L x {0}. Clearly L x [0, 1 ) can be considered as an open subspace of K . Since

p is a proper PL-map, L x {0} and Kx are subpolyhedra of the polyhedron K .

Let c: K —> K\ be the collapse to the base, i.e., the natural retraction defined by

sending (/, t) to p(l). Clearly c is a proper i/F"-surjection that is homotopy

equivalent.
Now we fix an ( ai+l)-invertible proper C/F"-surjection fg: M£+[ -»Jt satis-

fying the conditions of Theorem 1.6. Clearly the composition c-fg: Af£+1 —> A'i

is a proper £/I/"-surjection and hence, by Proposition 1.1, the Menger (ai + 1)-

manifolds M£+l and N are homeomorphic. By Theorem 1.6, the inverse

image (/^)_1(L x {0}) is a Menger (ai + l)-manifold that, again by Proposi-

tion 1.1, is homeomorphic to M. One can easily verify, using our assump-

tion and the specifics of the above construction, that the natural inclusion of

(fg)~l(Lx{0}) into M£+1 is an «-homotopy equivalence. Moreover, by The-

orem 1.6, the above inverse image is a Z-set in M£+l (since L x {0} is a Z-set

in K). Now redenoting the above objects for simplicity, we shall have the fol-

lowing situation: a proper í7I/"-surjection f:N—*K satisfying the conditions

of Theorem 1.6 is given, M = /_1(Lx{0}) isa Z-set in N, and the inclusion

M <-► N is an ai-homotopy equivalence. Clearly K - K\ = L x [0, 1) and

hence its inverse image f~l(L x [0, 1)) admits a proper c7K"-surjection onto

L x [0, 1). On the other hand, Ker(M) admits a proper C/F'!-surjection onto

M x [0, 1) and hence onto the product L x [0, 1) as well. Thus, by Proposi-

tion 1.1, the inverse image f~l(L x [0, 1)) and Ker(Af) are homeomorphic.

Consequently, to finish the proof it remains to construct an open embedding

A:/-'(Lx[0, 1))-» AT such that the complement A = N-h(f~l(L x [0, 1))
is a Z-set in N.

Now we shall follow the proof of Theorem 20.1 from [2]. First of all note

that since N is a Menger (ai + 1)-manifold, by Theorem 1.1, there is a count-

able subset {tpk : k = 1,2,...} of C(I"+l, N) consisting of Z-embeddings.
As it was observe above, f~x(L x {0}) is a Z-set in N and the inclusion

f~[(L x {0}) <-> /V is an Ai-homotopy equivalence. It easily follows from [3]

that in this case there exists a retraction r\ : N —► f~[(L x {0}) that is ai-

homotopic to id# . Consider the restriction
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s, = n|••• : f-\(Lx {0}) u 9>,(/"+1) - r\L x [0, 2-1)).

Clearly, S\ is a proper map. By 1.1, s\ is properly Ai-homotopy to a Z-

embedding

S, : rHX x {0}) U Pl(/"+1) - f-\L x [0, 2-1))

that coincides with the identity map on f~l(L x {0}). By Theorem 1.2, there

exists a homeomorphism G¡: N —> N extending g\ . Put h\ = Gj"1 . Then Ai

is a homeomorphism such that

(a) A1|/-'(Lx{0}) = id,
(b) Vl(In+l)chif-l(Lx[0,2-1)).

Consider now the polyhedron K - (L x [0,2~])). Since the set L x {2-1}

is a Z-set in K - (L x [0, 2-1)), we can conclude, by Theorem 1.6, that

the set h\f~x(L x {2-1}) is a Z-set in a Menger (ai + l)-manifold N -

h\f~x(L x [0, 2-1)). Moreover, since the inclusion (L x {2-1}) «-» K -

(L x [0, 2-1)) is a homotopy equivalence, we conclude that the inclusion

h\f~x(L x {2-1}) ^-> N - h\f~x(L x [0, 2-1)) is an Ai-homotopy equiv-

alence. Again using the above construction, there is a homeomorphism h'2:

N -hJ~x(Lx [0, 2"1)) -» N-hif~l(Lx[0,2-])), which is the identity on
hlf~l(Lx{2-1}) and for which

<p2(In+l) n (N - hJ~\L x [0, 2-1))) c h'2hxf-\L x [2-1, 2 • 3"1)).

Extend h'2 to a homeomorphism h2 of all of /V by defining h2 — id on

hJ-\L x [0, 2"1]). Then we have

9i(In+i) U <p2(In+]) c h2hxf-\L x [0, 2 • 3-1)).

Inductively continuing this process, we construct homeomorphism h¡<: N —>

tY suchthat /i¿+1 = id on hkf~x(L x [0, ac(ac + l)-1]) and

^,(/"+1) U • • ■ U ̂ (7"+1) C hkhk_x • ■ -A,/"\L x [0, ac(ac + I)"1)).

Define an open embedding A: f~[(L x [0, 1)) -> TV by A(^) = limi:_00 A^ •••

Ai(x) for each x e /_1(L x [0, 1)). Clearly

|J{^(/"+1) : rc = l, 2,...} c A-/-'(Lx [0,1))

and consequently, by the choice of the family {tpk : k - \ ,2, ...}, the com-

plement N - h • f~l(L x[0, I)) is a Z-set in N .    D

Now we can prove our main result, which is an analogue of Chapman's theo-

rem on [0, 1 )-stable classification of Hilbert cube manifolds by homotopy type.

Theorem 2.2. Menger (n + \)-manifolds are n-homotopy equivalent if and only

if their n-homotopy kernels are homeomorphic.

Proof. Let M and jV be Ai-homotopy equivalent Menger (ai + 1 )-manifolds.

Fix maps a: M -* N and ß: N —► M such that ß-a ~" idA/ and a-ß ~" id;v .

As above there are (ai + 1 )-invertible proper i7F"-surjections /: Ker(M) —»

Mx[0, 1) and g: Ker(N) -» /Vx[0, 1). Let tp: Mx[0, 1) -> /Vx[0, 1) and
y/ : N x [0, 1 ) —» M x [0, 1 ) be proper maps such that tp is homotopic to a x id
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and y is homotopic to ß x id, where id denotes the identity map of [0, 1) (see

[2, Lemma 21.1]). Since g is (n+ l)-invertible and dimKer(AZ) = ai+ 1 , there

exists a proper map r: Ker(M) —> Ker(N) such that g-r — <p-f. Similarly we

fix a proper map s: Ker(/V) —> Ker(Af) such that f-s — y/-g . In this situation

one can directly verify that s-r ~" idKer(Ai) and r-s ~" id^AO • Moreover, by

Theorem 1.1, we can additionally suppose that r and 5 are Z-embeddings.

Now consider the Z-set r(Ker(Af)) in an Menger (ai-(- l)-manifold Ker(/V).

It follows immediately from the above construction that the inclusion r(Ker(M))

«-» Ker(iV) is an Ai-homotopy equivalence. By Proposition 2.4, there is a Z-set

A in Ker(TY) such that Ker(TV) - A is homeomorphic to Ker(r(Ker(A/))) =

Ker(Ker(M)) (recall that r is an embedding). Then, by Proposition 2.2 and 2.3

of §2, Ker(M) « Ker(Ker(Ker(M))) « Ker(Ker(7V) - A) « Ker(JV) as desired.
The second part of the theorem is trivial.   D
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