PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 118, Number 1, May 1993

THE EQUIVARIANT SERRE SPECTRAL SEQUENCE

1. MOERDIJK AND J.-A. SVENSSON

(Communicated by Frederick R. Cohen)

ABSTRACT. For spaces with a group action, we introduce Bredon cohomology
with local (or twisted) coefficients and show that it is invariant under weak
equivariant homotopy equivalence. We use this new cohomology to construct
a Serre spectral sequence for equivariant fibrations.

Bredon [1] introduced what is now called Bredon cohomology, with the pur-
pose of developing obstruction theory in the context of spaces equipped with
an action of a fixed group G. The kind of coefficients needed in this theory
are not abelian groups but rather contravariant functors from the orbit category
@ (G) into abelian groups.

The purpose of this paper is to prove the existence of a spectral sequence
for a Serre fibration of G-spaces. As in the nonequivariant case, if no further
restrictions are made, it is necessary to use cohomology with twisted coefficients.
Such twisted coefficients are not functors on the orbit category & (G), but on
some augmentation of @ (G) depending on the base space of the fibration.

Our approach is to give a new definition of Bredon cohomology in terms
of cohomology of categories. Indeed, with a G-space X we shall associate a
category Ag(X) of “equivariant singular simplices in X .” Any abelian group-
valued functor M from the orbit category &'(G) can be viewed as a system of
coefficients on the category Ag(X). A key result is that for any such M, the
cohomology groups H*(AgX, M) of this category are naturally isomorphic to
the Bredon cohomology groups H( (X, M) ; see Theorem 2.2.

The category Ag(X) allows us to define cohomology groups of a G-space with
more general coefficients. In particular, we shall construct a category Ilg(X) of
“equivariant homotopy classes of paths in X ,” which sits in between Ag(X)
and @(G) by functors Ag(X) — Ig(X) — €(G). A twisted or local system
of coefficients M on X is then defined as an abelian group-valued functor
on Ilg(X), and the Bredon cohomology of X with twisted coefficients can
now be constructed as the cohomology H*(Ag(X), M) of the category Ag(X).
This is invariant under weak G-homotopy equivalence, see Theorem 2.3. (The
converse is also true: a map of G-spaces is a weak (G-homotopy equivalence
whenever it induces an equivalence of fundamental groupoids as well as an
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264 I. MOERDUJK AND J.-A. SVENSSON

isomorphism in cohomology with such twisted coefficients; see Moerdijk-
Svensson [8].) This notion of local coefficients should not be confused with
a different one introduced in Bredon [1]. For example, unlike Bredon’s notion,
ours reduces in the nonequivariant context to the usual one originating with
Steenrod.

A Serre fibration f:Y — X of G-spaces and a (twisted) coefficient system
M on Y then naturally give rise to a twisted coefficient system H*(f, M) on
X , which should be thought of as the Bredon cohomology of the fibers of f (see
3.1). The Serre spectral sequence now takes the usual form HZ (X, Hi(f, M))
= HZY(Y, M).

We point out that analogous results for Bredon homology can be derived in
the same way. The interested reader will also notice that our approach can be
carried out for arbitrary diagrams of spaces. For example, this gives a Serre
spectral sequence for cyclic (co-)homology.

1. COHOMOLOGY OF CATEGORIES

In this section, we review the definition and some well-known basic facts con-
cerning cohomology groups of categories (cf., e.g., Quillen [9], Gabriel-Zisman
[5, Appendix II], and Watts [13]).

Let C be a small category. We write Ab(C) for the category with objects
the contravariant functors from C into abelian groups and with morphisms the
natural transformations. Ab = Ab(1) is the category of abelian groups. There
is a ‘global sections’—or Eg —functor

(1) I'=Tc: Ab(C) — Ab
defined by I'(M) = !_121 M = {a:Cy - M|Mu)(a(C)) = a(D) for every
morphism #: D — C in C}. (Here Cy is the set of objects of C.) Ab(C) has

enough injectives, so one can form the right derived functors of I". These are,
by definition, the cohomology groups of C:

) H™C, M)=R'T(M), n>0.

For a small category C, let NC denote the nerve of C, i.e., the simplicial set
with n-simplices the composable sequences u = (Cy =% C; —% ... =¥ Cp)
in C. If M € Ab(C), one can form a cosimplicial abelian group C*(C, M)
defined by

(3) cre, M= J[ Mwo)).
UEN,(C)

(Here, as in the rest of this paper, if u = (Cy =% C; — --- =¥ C,) is
an element of N,(C), we write u(i) = C;.) The differentials in the associated
cochain complex (also denoted by C*(C, M)) are obtained from the face maps
of NC by taking alternating sums, in the standard way. This cochain complex
computes the cohomology of C with coefficients in M : there is a canonical
isomorphism
(4) H*(C, M) = H*(C*(C, M)).

For later reference, we single out the special case where C is the dual A°P

of the simplicial category A. Then ADb(A°P) is the category of cosimplicial
abelian groups. For a cosimplicial group M , the cohomology H*(A°P, M) can
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THE EQUIVARIANT SERRE SPECTRAL SEQUENCE 265

be computed as the cohomology of the cochain complex M? - M - M?2 — ...
obtained from M by taking alternating sums of the coface maps M" — M"+!;
briefly,

(5) H*(A®, M) = H*(M*).

For an arbitrary small category C, an M € Ab(C) is called locally constant,
or morphism inverting, if for any arrow u: D — C in C, M gives an isomor-
phism M (u): M(C) = M (D) of abelian groups. A locally constant M induces
a locally constant (or twisted) system of coefficients on the classifying space BC
of C, again denoted by M . Now H*(C, M) coincides with the usual twisted
cohomology of the space BC:

(6) H*(C, M)= H"(BC, M) (for M locally constant).

To conclude this section, we recall the Grothendieck spectral sequence
(Grothendieck [7]) in the context of cohomology of small categories. Let f: D
— C be a functor between small categories. There are induced functors

1
(7) Ab(D) = Ab(C)
ft
defined by

f(M)(D)=M(fD) (DeD),
SL(N)(C) = limN (CeC
sIic

where f/C is the comma category. (Objects of f/C are pairs (D, u: fD —
C) and morphisms from (D, u: fD — C) to (D', u': fD' — C) are maps
a: D — D’ such that «'f(a) = u.) The functor f* induces a homomorphism

(8) f*:H"(C, M) - H"(D, f*M).

If /:D — C is a weak equivalence (in the sense that Bf: BD — BC is a
homotopy equivalence of spaces), then the map (8) is an isomorphism, provided
M is locally constant.

If N € Ab(D) then there is a canonical isomorphism I'c f,N = I'pyN, and
hence a Grothendieck spectral sequence (natural in f)

9 Ef:? = RPTc(R1f.(N)) = RP*Ip(N).

By the explicit description of f, given above, this spectral sequence may also
be written as

(10) E-9 = HP(C, Hi(f/-, N)) = H?*(D, N).

Here H9(f/—, N) € Ab(C) is the functor that sends an object C of C to
H(f/C, wi(N)), where wc: f/C — D is the forgetful functor (D, u) — D.

~

b

2. BREDON COHOMOLOGY WITH TWISTED COEFFICIENTS

Let G be a (discrete) group and X a G-space. The purpose of this section is
to express (ordinary) Bredon cohomology of X as the cohomology of a certain
category Ag(X) and to introduce twisted Bredon cohomology. In §3, we derive
a Serre spectral sequence for a G-fibration f: Y — X, from the Grothendieck
spectral sequence of the functor Ag(Y) — Ag(X).
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266 I. MOERDIJK AND J.-A. SVENSSON

The construction of Ag(X) proceeds by the so-called Grothendieck construc-
tion (see, e.g., Gray [6] and Thomason [12]). If C is a small category and
F: C° — Cat is a functor into the category Cat of small categories, then the
Grothendieck construction of F is the category [, F defined as follows: the
objects of [ F are pairs (C, x) where C is an object of C and x one of
F(C);anarrow (C, x) = (C', x') in [ F isapair (f, a) where f: C — C’
in C and a: x — F(f)(x') in F(C); composition in [, F is defined in the
evident way. Notice that there is a canonical projection functor

(11) /CF*‘C'

The Grothendieck construction is natural in C and F in the obvious sense.

Thomason [12] showed that the Grothendieck construction provides a cate-
gorical model for homotopy colimits, in the sense that for a functor F: C —
Cat there is a (weak) homotopy equivalence

(12) hocolimB o F ~ B (/ F) ,
Cop C

where B: Cat — Top is the classifying space functor.

For example, if T is a topological space with associated singular complex
Se(T): A? — Sets C Cat, write A(T) = [, So(T). The category A(T) faith-
fully represents the space T, up to homotopy. Indeed, there are (weak) homo-
topy equivalences
(13) T ~ |Se(T)| =~ hocA?pth.(T) ~ BA(T) = hg((:}))lolpmpt,
here the second homotopy equivalence is standard (see, e.g., [10, Appendix]),
the third is a special case of (12), and the last equality holds by definition.

Now consider a fixed group G, and write @(G) for the orbit category; i.e.,
@(G) is the full subcategory of the category of G-spaces spanned by the (dis-
crete) G-spaces G/H , where H is any subgroup of G. For a G-space X,
there is a functor

(14) X): @(G)°® — Top

into the category Top of topological spaces, which sends an object G/H of
@(G) to the space Map;(G/H, X) = X! of points fixed by H. Composing
with the functor A: Top — Cat just described, we obtain A(X()): #(G)P —
Cat. Let

(15) Ag(X) = AXD)),
a(G)
with projection functor py: Ag(X) — @(G) asin (11).

The category Ag(X) can be described explicitly as follows: its objects are
G-maps 0: G/H x A" — X, where A" is the standard n-simplex; maps from
(6: G/HxA" — X) to (1: G/KxA™ — X) are pairs (¢, a) where ¢: G/H —
G/K isa G-map and a: A" — A™ is a simplicial operator (i.e., a map coming
from an order preserving function {0, ..., n} — {0,..., m}) such that 7o
(pxa)=o0.
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THE EQUIVARIANT SERRE SPECTRAL SEQUENCE 267

The category Ag(X) is in some sense the equivariant analogue of the category
A(T) associated to a topological space 7. Thus, analogous to (13), there is a
weak (G-homotopy equivalence

(16) X ~ h%(é(()}l)mpx;

cf. Seymour [11] and Elmendorf [4]. (Indeed, using Elmendorf’s notation, this is
his weak equivalence C®X = X , except that the geometric realization involved
in the definition of the functor “C” is replaced by the thick realization of Segal
[10, Appendix].)

Another important category associated to a G-space X is the category Ilg(X)
constructed as follows. Let z(X()): @(G)° — (groupoids) C Cat be the func-
tor that sends G/H to the fundamental groupoid z(X*) of the subspace X%
of H-fixed points. Then define

(17) 76(X) = /@ RE

with projection gy: ng(X) — @(G) asin (11).

Explicitly, ng(X) is the category whose objects are G-maps x: G/H — X
and whose arrows from (x: G/H — X) to (y: G/K — X) are pairs (¢, a)
where ¢: G/H — G/K is a G-map and o« is a G-homotopy class (relative
endpoints) of equivariant paths G/H x I — X from xo¢ to y. We shall call
ng(X) (as well as the functor n(X(-))) the fundamental groupoid of the G-
space X—but notice that ns(.X) is not a groupoid, and that in general 7g(X) #
n(Ag(X)) (unless G is trivial).

There is a canonical functor from Ag(X) to 7ng(X), commuting with the
projections:

Bg(X) B mg(X)
(18) px \d  ax

g(G)

Indeed, if T is any topological space, there is a quotient functor A(T) — n(T)
that sends an object (0: A" — T) to a(e") € T, where e” is the last (nth)
vertex of A”; an arrow a: (0: A" - T) — (1: A™ — T) of A(T) is sent to
the image under 7 of the linear path from a(e”) to e™ in A™. This func-
tor is natural in T, so for a G-space X we obtain a natural transformation
A(X)) — 2(X()) between functors @(G)°P — Cat, and hence by “integra-
tion” a functor vy asin (18).

We are now ready to define Bredon cohomology with twisted coefficients. A
functor M € Ab(Ag(X)) is said to be a (G-)local (or twisted, or locally con-
stant, relative to G) system on X if, up to isomorphism, it factors through
Vx: Ag(X) — ng(X) (e, M = vy(M') for some M’ € Ab(ng(X))). Simi-
larly, M is said to be constant (relative to G) if it factors through py: Ag(X) —
@(G), up to isomorphism. Observe that when X is G-simply connected (in the
sense that X# is nonempty and simply connected for any subgroup H C G)
then the functor gy is an equivalence of categories, hence every locally constant
system is constant.

2.1. Definition. For a G-local system M on a G-space X, the (twisted) Bre-
don cohomology HZ(X, M) of X with coefficients in M is defined as

(19) HG(X , M) = H*(Ag(X), M).
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268 I. MOERDIJK AND J.-A. SVENSSON

We will use the notation Hj (X, M) only for local coefficients M (although
(19) makes sense for any M € Ab(Ag(X)). In 2.3 we will see that a weak
G-homotopy equivalence f:Y — X induces an isomorphism Hg(X, M) =
HE(Y, f*M); this is not true for general coefficients.

To justify the notation introduced in 2.1, we will now prove that for a constant
system M, it agrees with ordinary Bredon cohomology. We briefly recall the
singular version of Bredon cohomology from Brocker [2]. For a G-space X
and n >0, let

(20) Ca(XD): #(G)® — Ab

be the functor that to G/H associates the free abelian group Z[S,(X%)] gen-
erated by the singular n-simplices of X¥ . For M € Ab(@(G)), let

(21) C"(X , M) = Homg()(Ca(X), M)

be the abelian group of natural transformations from C,(X) into M . Defining
the differentials in the standard way, we obtain a cochain complex C*(X, M)
and Brocker’s definition of Bredon cohomology is

(22) Hp (X, M)=H"(C*(X, M)).

2.2. Theorem. Let X be a G-space and M a functor @(G)*® — Ab. Then
there is an isomorphism

Hi (X, M) HiX, M),
natural in X and M . (On the right we identify M with M opy: Ag(X)°P —
Ab.)
Proof. Consider the bisimplicial set X whose p, g-simplices are triples (u, a,
o), where u = (A"™ - A" — ... % A™) € Ny(A) and a = (G/Hy —™
G/H, — --- - G/H;) € N;(@(G)) while ¢: G/H; x A" — X is a G-map.
Observe that
(23) diagonal(X) & N(AgX).

From X and the given functor M: @ (G)°® — Ab we obtain a double cosim-
plicial abelian group C**(X, M) in the obvious way,

(24) crix, M= [ M0)
(u,a,a)eiﬂ-'l

(recall a(0) = G/Hy for a as above). We also write C**(X, M) for the
associated double cochain complex, and Tot(C**(X, M)) for the associated
total complex. Then by a result of Dold and Puppe [3], by (23) and (3) we
obtain
H"(TotC**(X, M)) = H"(diag C**(X , M))

= H"(Ag(X), pxM) =H}(X, M),

where the last equality holds by definition (we identify M with p}(M)).
Now let us consider the rows of X and of the complex C**(X, M) sep-

arately. For (u,a,0) € XP+9 as above, we may identify (a, o) with a g-

simplex of the nerve of fa(c) Sn,(X7)). Thus for fixed p > 0, the complex

(25)
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C?-*(X, M) is a product of complexes computing the cohomology of the cate-
gories fa(c) Sn, (X (=)) with coefficients in M . Therefore, still keeping p fixed,

(26) Hi(C*(x, M) = [[ H* (/ Sn, (XY, M)

UEN,(A)

(here n, depends on u = (A™ — ... — A™), as above). We shall prove below
that for any fixed n >0

0 ifg>0
27 H? / Sp( XY, M ={ ’ .
@7 ( 2(G) w0 ) Homg(G)(Ca(X), M) if g =0.

The theorem then follows, since by (26), (27), and (5) we have

HP(TotC"(X,M»zH"( II HOmﬂ(G)(Cn(X),M))
uEN(A)

= HP (A%, Homg(g)(Ce(X) , M))
& H?(Homg g)(Ce(X) , M))
= H} (X, M) (by definition).
This isomorphism together with (25) gives HZ(X, M) = Hf (X, M), as re-
quired.
It remains to show (27). Let Map(A”, X) be the G-set of maps A" —» X
with G-action induced from X . Then
Ca(X)(G/H) = Z[S,(X")] = Z[Map(4A”, X)"].
Therefore to prove (27), it suffices to show that for an arbitrary G-set S,

_ 0 qg>0
28) HY SO, M) = { ’ .
(28) ( #(G) ) Homg ) (Z[ST], M),  q=0.

By writing S as a sum of orbits, it suffices to consider the case where S = G/H
for a fixed subgroup H C G. But in this case we have

() = @(G)/(G/H)
#(G)

and T': Ab([,(S))) — Ab is simply the evaluation at (G/H, id: G/H —
G/H), which is an exact functor. Thus writing p: fg(c)(S(')) — Z(G) for the
projection functor, we have for M € Ab(@(G)) that H"(f@(c)(S(‘)) ,D*M) =
if ¢ >0 and H°(f@(0)(S(‘)),p*M) = p*(M)((G/H),id) = M(G/H) for
q =0 (and S = G/H). This proves (28), and completes the proof of the
theorem.

We now deduce the invariance under weak equivalence. Recall that a G-map
f:Y = X of G-spaces is a weak G-homotopy equivalence if for any subgroup
H C G, f restricts to an ordinary weak homotopy equivalence f#: YH# — xH
In the following theorem, we denote by f*M the local system on Y induced
by a local system M on X (ie., f*M is the composition Ag(Y)°P —2c(f)
Ag(X)P —M Ab).
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270 1. MOERDIJK AND J.-A. SVENSSON

2.3. Theorem. Let f:Y — X be a weak G-homotopy equivalence. Then for
any local system M on X, the map [ induces an isomorphism HA(X , M) >
H (Y, f*M).

Proof. Suppose given, a system M : Ag(X)°® — Ab that factors through vy:
Ag(X) — IIg(X) (up to isomorphism). As in the proof of 2.2, we can construct
a bisimplicial set X and a bicomplex C**(X, M), where

(29) crix, M= J] M(o(axu).
(u‘a,a)ejl"l"ﬂ
Here for u = (A™ —* ... =% A%), o = (G/Hy —»* --- =% G/H,), and

o: G/H; x A" — X as before, o(a x u) denotes the obvious composition
(G/Hy x A" — X) € Ag(X). As in the proof of 2.2, we have

H™(Tot C**(X , M)) = H(X , M).

Also as in 2.2, the rows of the double complex C(X, M) are exact, so one
of the spectral sequences associated to (29) degenerates. For the other spectral
sequence, we introduce the following notation. For a = (G/Hy —* --- —%
G/H,), write M®: A(XH)°? — Ab for the functor obtained by restricting M ;
i.e., M* sends an object o: A™ — X" to M(G(ax1)), where 6: G/H,;xA™ —
X is the map adjoint to ¢ and ax 1: G/HyxA™ — G/H; x A™ is the obvious
map coming from a € N,(@(G)). Since M factors through vy, it follows
that M< factors through the canonical functor A(XHe) — I1(XH), i.e., M* is
a local system of coefficients on X# . The spectral sequence for the bicomplex
then takes the following form:

2.4. Lemma. There is a spectral sequence (natural in X and M)
EPi= [ HL(X™@, M*) = HEY (X, M)
a€EN,(2(G))

(where a(q) = H, for a = (G/Hy — --- — G/H,) and HY, is ordinary twisted
cohomology).

The theorem now follows from this lemma and the nonequivariant case.

3. THE SERRE SPECTRAL SEQUENCE

Let f:Y — X be a G-fibration; i.e. (Bredon [1]), f is a map of G-spaces
that restricts to a Serre fibration Y# — X for each subgroup H C G. Let
M: Ag(Y)°P — Ab be a local system of coefficients on Y . For g > 0 we define
a functor

(30) HE(f, M): Ag(X)P — Ab

as follows: for an object (6: G/K x A" — X) of Ag(X), let 0*(Y) be the
G-space obtained by pulling back f along o:

oY) ——

(31) | |1

G/KXA" LN X
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THE EQUIVARIANT SERRE SPECTRAL SEQUENCE 271

and define H}(f, M)(o) = H{(c*(Y), 6*M). (This is clearly a functor of o .)

3.1. Remarks. Note that H(f, M) is a local system on X, ie., Hi(f, M)
factors through the functor vy: Ag(X) — mg(X). Indeed, if u: A™ — A" is
a simplicial map, then since f is a G-fibration, the map (a(1 x u))*(Y) —
0*(Y) covering d(1 x u): G/K x A" — G/K x A" is a weak G-homotopy
equivalence. Hence it induces an isomorphism in Bredon cohomology with
twisted coefficients, by Theorem 2.3. We shall denote the functor n5(X)%? —
Ab corresponding to H(f, M) again by HZ(f, M). This functor sends an
object (17: G/K — X) of ng(X) to the group HZ(t*(Y), *(M)), where

(YY) —— Y

| b
G/K —— X

is a pullback of G-spaces. The G-space 7*(Y) is the fiber over the “point” t
of X. The map t corresponds to a point t € XX by 1(gK) = g-t. The fiber
Y, = f~'(t) over t isa K-space,and G xx Y, = t*(Y) while Hi(1*Y, *M) =
HE(Y;, M|Y,). In this sense, the functor H}(f, M): ng(X)°" — Ab is Bredon
cohomology of the fibers of f.

3.2. Theorem. For any G-fibration f:Y — X, there is a natural spectral se-
quence
Ef‘q = Hg(X, Hg(f, M)) = Hg“’(Y, M).

In the proof of 3.2, we shall use a simplicial version of 2.3 and 2.4, which
we briefly describe first. For a functor X: @ (G)°P — (ssets), let n(X(-)) be
the functor that assigns to an object G/H of #(G) the fundamental groupoid
of the simplicial set X(G/H). (This is the usual edge-path groupoid, which
is isomorphic to the fundamental groupoid n(|X(G/H)|, Xo(G/H)) of the re-
alization of X(G/H) with the vertices of X(G/H) as base points.) Then let
nG(X) = [p T(X(=)). Moreover, write Ag(X) = [pGaX = f@(G) X
Then as before, taking the “last vertex” yields a canonical functor vy : Ag(X) —
ng(X). A local system of coefficients on X is a functor M: Ag(X)°® — Ab
that, up to isomorphism, factors through vy. Completely analogous to 2.4,
there is a spectral sequence, for any such M,

(32) I[I HL(X(G/Hy), M*) = HP*(Ag(X), M).
UEN(@(G))

It follows that a natural transformation f: Y — X between functors from
@(G)°P into simplicial sets induces an isomorphism

(33) H"(Ag(X), M) = H"(Ag(Y), [*M),

provided that for any subgroup H of G themap f(G/H): Y(G/H) — X(G/H)
is a weak equivalence of simplicial sets.

Another preliminary remark for the proof of 3.2 concerns the operations of
pulling back and of associating the singular simplicial sets S,(U) to a topolog-
ical space U . In general, these two operations do not commute (up to homo-
topy); but they do for fibrations. More precisely, let f: ¥ — U be a map of

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use




272 I. MOERDIJK AND J.-A. SVENSSON

topological spaces, let A(—, n) € (ssets) be the representable simplicial set, and
let A" = |A(—, n)| € Top be the standard n-simplex, as before. For a map
&: A" — U, with corresponding simplicial map é A(—, n) = S,(U), there is
a simplicial comparison map

(34) E(Se(V)) = Se(&" (V).

Here the left-hand side denotes the pullback of simplicial sets and the right-
hand side is the singular simplicial set associated to the pullback of spaces. The
comparison map (34) is in general not a (weak) homotopy equivalence, but one
easily checks that it is when f is a fibration.

Proof of 3.2. The G-fibration f:Y — X induces a functor Ag(f): Ag(Y) —
Ag(X), and we have a Grothendieck spectral sequence (cf. (10))

HP(Ag(X), Hi(Ag(f)/—, M)) = H **(Ag(Y), M).

It thus remains to be shown that the two functors H%(Ag(f)/—, M) and
Hi(f, M) from Ag(X) into Ab are isomorphic.

Fix an object (o: G/K x A" — X) of Ag(X). We shall construct an iso-
morphism HY(Ag(f)/o, M) = HI(f, M)(o), and it will be clear from the
construction that this isomorphism is natural in . (Here and below, we de-
note also by M any system of coefficients induced by M .) We first introduce
some notation.

The map o: G/K x A" — X has an adjoint 6: A" — XX and a corre-
sponding simplicial map 6: A(—, n) — S.(XX) (as in (34)); we shall also write
&: A(—, n) = So(XL) for any subgroup L C K. Let f": Y' = f~1(XX) - XK
be the fibration of K-spaces obtained by restricting f, and let *(Y’) be the
K-space obtained by pulling back f’ along & .

Observe that there is a canonical equivalence of categories

(35) 7(K) - 7(G)/(G/K)

that sends an object K/L into the quotient-mapping G/L — G/K .

We begin by analysing HZ(f, M)(o). There is a functor (- x 1)*a*(Y)
from (@(G)/(G/K))P into spaces that send a: G/L — G/K to the pullback
of f:Y — X along go(ax 1). One easily checks that there are canonical
equivalences of categories

doo* (M) [ A= x1yo(Y)
4(G)/(G/K)

/ A (Y= L(K)/S (a* (Y=

where the second “=” comes from the equivalence (35).
On the other hand, a direct computation shows that there is an equivalence
of categories

(37) As(f)]o = /ﬂ / “(Su(¥')

(36)

Now since f’ isa K-fibration, by (34) there is a weak equivalence 6(S.(Y')) —
S.(6*(Y'L)) for any subgroup L C K, natural in L. Therefore we obtain an
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isomorphism of type (33), which in this particular case (by the equivalences
(36) and (37)) takes the form

HY(Ag(0*(Y)), M) S HY(Ag(f)/o, M).
This completes the proof.

4. MULTIPLICATIVE STRUCTURE

With a little more care, it can be shown that the equivariant Serre spectral
sequence (Theorem 3.2) carries a product structure, as expressed in the following
result.

4.1. Theorem. For a G-fibration f:Y — X and local coefficients M and N
on Y, there is a natural pairing of Serre spectral sequences

EP*9(M)® E?P"9(N) — EP*?-9+4(M @ N)
converging to the standard pairing
(38) HE(Y , M)® H5(Y , N) = Hi(Y , M@ N).

Furthermore, the pairing of E,-terms agrees, up to the sign (—1)P'9, with the
standard pairing

(39) HZ(X, HA(f, M))®HE (X, HE (f, N)) — HE™ (X, HEY (f, M&N)).

These “standard” pairings (38) and (39) are explicitly described in (51). No-
tice that for a local system R of (commutative) rings on Y, the Serre spec-
tral sequence becomes a spectral sequence of graded (commutative) rings, with
Ey = HE(X, H:(f, R)) as rings, modulo a sign.

The proof of Theorem 3.2 was based on a reduction to the Grothendieck
spectral sequence (10), and Theorem 4.1 is a special case of the following prod-
uct theorem for this Grothendieck spectral sequence:

4.2. Theorem. Forany functor f: D — C and any coefficients M, N € Ab(D),
there is a natural pairing of Grothendieck spectral sequences

E,(M)® E,(N) — E,(M®N)
converging to the standard pairing
H*(D, M)® H*(D, N) —» H*(D, M ® N).

Furthermore, the pairing of E,-terms agrees up to the sign (—1)?'? with the
standard pairing

HP(C, HY(f, M))® H? (C, HY (f, N)) — H?*"'(C, H"*Y(f, M ® N)).

Although various cases of this result are well known, it seems worthwhile
to prove it in the stated generality. To this end, recall first that for a small
category C, the category of contravariant abelian group-valued functors is de-
noted by Ab(C). In this category tensor-products are formed “pointwise™; i.e.,
Me®M(C)=MC)QzM'(C) for any M, M’ € Ab(C) and any C € C.
For a functor S: C°® — Sets, Z[S] denotes the object of Ab(C) obtained by
composing S with the free abelian group functor. In particular, for each rep-
resentable functor C(—, C) one has a “representable” object Z[C(—, C)] of
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Ab(C), characterized by the property that the action of C on M induces a
natural isomorphism

(40) Hom(Z[C(—, C)], M) = M(C),

for each M € Ab(C). It follows that Z[C(—, C)] is a projective object.
More generally, if P € Ab(C) is projective, then the canonical surjection
> cec, xepc)LIC(—=, C)] - P — 0 must split. So P is a retract of a sum
of representables. Thus P is pointwise free, and hence flat (w.r.t. the pointwise
tensor product).

We shall also use a different tensor product on abelian functors. If M €
Ab(C) and N € Ab(C®P), one can form an abelian group

(41) M®C Na

by first taking the sum ) ... M(C) ®z N(C), and then factoring out the rela-
tions x ® N(a)(y) = M(a)(x) ® y, for any arrow a: C — C' in C and any
x € M(C"), y e M(C). More generally, for M € Ab(C) and N € Ab(DxC°P),
one obtains a tensor product M ®c N € Ab(D) by applying this construction
(41) pointwise: for any object D€ D,

(42) (M ®c N)(D)=M®c N(D, -).

This tensor product satisfies the usual adjunction formulas

(43) Homp(M ®c N, L) = Hom¢(M , Homp (N, L)),
(44) Homp(M ®c N, L) = Hompgcw (N, Hom(M , L)),

where, on the right, Homp(N, L) € Ab(C) is defined by having value
Homp(N(—, C), L) at any object C € C, while Hom(M , L) € Ab(D x C°P)
has value Hom(M(C), L(D)) at (D, C). Several standard facts follow purely
formally from these adjunction formulas. For example, by (40) one obtains

isomorphisms
(45) Z[C(—, C)]®c N = N(-, (),
(46) M ®c Z[C(C, —) x D(—, D)] = M(C) ® Z[D(—, D)].

Also, purely formally, (44) and (45) readily yield that if N is projective in
Ab(D x C°P) then so is N(—, C) € Ab(D), for each C € C. It then follows
by (43) that if M and N are projective so is M ®c N . Notice also that since
every projective object (in Ab(C) or in Ab(D x C°P)) is a retract of a sum of
representables, formulas (45) and (46) yield that if M and N are projective
then the functors M ®¢ (—) and (—) ®c N are exact. In brief, projectives are
flat with respect to the tensor product (42). Finally, we remark that the tensor
product (42) distributes over the pointwise tensor product, in the weak sense
that there is an evident map

(47) y: (MeM)@c(N®N')— (MecN)® (M &cN')

that is compatible with the adjunction isomorphisms (45) and (46). (However,
in general y is not an isomorphism.)

Next, we consider pairings for the cohomology of categories. For a small cate-
gory C and for M € Ab(C), recall the cohomology groups H"(C, M) from (2).
These can also be constructed as ext—groups H"(C, M) = Ext&(c)(KZ, M)
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where Kz € Ab(C) is the constant functor with value Z, as is clear from the
isomorphism Homc¢(Kz, M) =TM = !El M.

Now consider for A € Ab(C) a projective resolution P, — 4 — 0. Since
projectives are flat and since the tensor product of projectives is again projective,
it follows that if Tor%(A4(C), A(C)) = 0 for all objects C € C then P, ® P, —
A® A — 0 is again a projective resolution. Now suppose, in addition, that we
are given a coproduct A : A — AQ A on A. By standard homological algebra,
this map A, can be lifted to a map of chain complexes

(48) Ap,: P, — P, ® P,
unique up to chain homotopy equivalence. Furthermore, by this uniqueness, if
A, is commutative (coassociative) then Ap, is graded commutative (coassocia-
tive) up to chain homotopy. The lifting (48) yields for any M, N € Ab(C) a
pairing
by composing the tensor product map

Hom(P,, M) ® Hom(P,, N) - Hom(P, ® P, , M ® N)
with the map

Hom(P, ® P,, M ® N) - Hom(P,, M @ N)

induced by Ap, . In the appropriate sense, this graded pairing (49) is commu-
tative (and associative) whenever the map A : A — A® A is. For the special
case where A = Kz and A, is the natural isomorphism Kz = Kz ® Kz, this
pairing gives a natural graded commutative and associative pairing

(50) H*(C, M)® H*(C, N) — H*(C, M & N).

This pairing is independent of the choice of the resolution P, and the lifting
Ap, ; a fact that will be of importance below. For a G-space X and for C =
Ag(X) this gives a pairing

(51) U: HiX, M)® H3(X, N) — Hi(X, M ® N)

for local coefficients M and N . (Recall from (19) that we only use the notation
Hi(X, M) if M is local; also observe that for a local system R of rings, the
multiplication R ® R — R and the pairing (51) together give a ring-structure
on Hi(X,R).)

After these preparations, we return to 4.2.

Proof of Theorem 4.2. Suppose given a functor f: D — C and coeflicient sys-
tems M, N in Ab(D) as in the statement of the theorem. Let P, — Kz —
0 and Q. — Z[C(f(-),?)] — 0 be projective resolutions in Ab(C) and
Ab(D x C°P), respectively. As in (48), one can lift the coproduct Kz = Kz ® Kz
and the diagonal Z[C(f(-), ?7)] — Z[C(f(-), DIRZ[C(f(-), ?)] to coproducts
Ap,: P, = P, ® P, and Ap,: Qs — Q. ® Q.. Next, by taking tensor products
over C, we obtain a projective resolution in Ab(D),

(52) P. ®c Qo — Kz ®c ZIC(f(-), ] = Kz — 0.

Indeed, we have observed that the ®c-tensor product of projectives is projective
and that these projectives are flat (w.r.t. ®¢). Furthermore, for fixed D €
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D the object Z[C(f(-), ?)] becomes the representable Z[C(f(D), ?)], so that
Z[C(f(=), 7] is also flat for ®c ; the isomorphism in (52) follows by applying
(42) and then (46). For this resolution (52), we now construct a particular
lifting

(53) Z:P0®CQ0_'(P0®CQO)®(P0®CQO)

of the canonical coproduct K; = Kz ® Kz in Ab(D). First, the liftings Ap,
and Ag, together give a map Ap, ® Ag,: Po ®c Qo — (Po ® Pa) @c (Qe ® Qo) .
Furthermore, the natural map y: (P, ® Py) ®c (Qg ® Qp) — (P, ®¢c Q) ®
(Py®cQy) given by (47) becomes a morphism y’ of complexes when modified
as y' = (=1)P'9y . The desired map (53) of complexes is now defined as
A=y'o(Ap, ®4Ag,).

As before, this lifting (53) yields for any M and N in Ab(D) a pairing

Homp (P, ®c Qe , M) ® Homp(Ps ®¢ Qo , N) — Homp(P, ®c Qs, M ® N)
that (as any lifting of Kz > Kz ® Kz) induces the usual pairing
(54) H*D,M)® H*(D, N) - H*(D, M® N).

We complete the proof of the theorem by inspecting the spectral sequence given
by the double complex Homp(P. ®¢c Qs , M) . The “coproducts” Ap, and Ag,
equip this double complex and hence this spectral sequence with a pairing

EP9(M) @ EZ7 (N) — EZ*P 9% (M ® N).
From the adjunction formula
(55) Homyp(P, ®c Qg , M) = Homc(F, , Homy(Q, , M))

and the fact that Q, — Z[C(f(=), )] — O is a resolution, we find that this
spectral sequence takes the form

(56) E} (M) = HP(C, Ext/(Z[C(f(-), D], M)) = H'*(D, M),

where &xt? € Ab(C) is the functor C — Extﬂb(m(Z[C( f(=), )], M); all this
is natural in M . Furthermore, since the adjunction formula (55) = (43) is
compatible with the map y of (47), the isomorphism in (56) respects pairings,
up to sign (due to modification of y). The proof is now complete by the
observation that (56) is essentially the standard Grothendieck spectral sequence
(10). Indeed, for a fixed object C € C there is an evident isomorphism of
categories

/D C(f(-), O) = f/C,

natural in C. By the following lemma, the functor &x#4(Z[C(f(-), M)], M)
occurring in (56) is then naturally isomorphic to the functor H"(f/(-), M),
by an isomorphism compatible with the pairings.

Before we state the lemma, we recall that for any small category B and any
functor X:B% — Sets, [; X is the category with as objects the pairs (B, x)
where x € X(B) and as arrows a: (B, x) — (B’, x') arrows a: B — B’ with
X(a)(x') = x . There is an evident projection functor n: [f X —B.
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Lemma. For any small category B and any functors X : B — Sets and M : B°P
— Ab, there is a canonical isomorphism

(57) Extdy @X1 M) 2 1 ([ X.wom) (020

compatible with pairings.
Proof. The functor n*: Ab(B) — Ab( fB X) given by composition with 7 is
exact and has an exact left adjoint m: Ab(f; X) — Ab(B), given for N €
Ab(f X) and B € B by

m(N)(B)= > N(x,B).
x€X(B)
By the adjunction formula Hom(mN, M) = Hom(N, n*M), m preserves
projectives since z* is right exact. Thus if P, — Kz — 0 is a projective
resolution in Ab(f; X), the complex Hom(P,, n*M), to compute the right-
hand side of (57), is isomorphic to the complex Hom(m(P,), M), to compute
Ext®(n(Kz), M). The isomorphism (57) now follows by the observation that
m(Kz) = Z[X]. Next we show that this isomorphism is compatible with the
usual pairing on the right of (57) (induced by the isomorphism Kz = Kz ® Kz
in Ab(f, X)) and the pairing on the left of (57) induced by the diagonal
Z[X] — Z[X]® Z[X] = Z[X x X]. First note that a lifting A = Ap,: P, —
P.® P, of Kz = Kz ® Kz above induces a lifting A’ = 6 o m(Ap,): m(P,) —
m(Pe ® Py) — m(P,) ® m(P,), where ¢ is the evident “diagonal” map. The
required compatibility now follows from the observation that under the ad-
junction between 7m; and zn*, the map Hom(P,, n*M) ® Hom(P,, n*N) —
Hom(P,, n*(M)® n*(N)) = Hom(P, , n*(M ® N)) induced by A corresponds
to the map Hom(m(P,), M) ® Hom(m(P,), N) - Hom(m(P,), M ® N) in-
duced by A’.
This proves the lemma, and thus completes the proof of Theorem 4.2.
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