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EXACT EMBEDDINGS INTO ARTINIAN RINGS

RAYMOND A. BEAULIEU AND ANDERS JENSEN

(Communicated by Maurice Auslander)

Abstract. The concept of exact embedding of a Noetherian ring into an Ar-

tinian ring discussed by Blair and Small is exploited to yield results on em-

beddings of various rings into Artinian rings. In particular we investigate Ore

extensions, group graded rings, and filtered rings. Also, we prove that exact

embeddability is a Morita invariant.

1. Introduction

In recent years there has been considerable interest in determining when

(right) Noetherian rings embed in Artinian rings. Goldie's and Small's theo-
rems characterize those rings with (semi-) simple Artinian and Artinian classical

quotient rings. The somewhat weaker question asking only when a ring embeds

in an Artinian ring has been studied by several authors. Small [17], and later,

Dean [6] and Dean-Stafford [7] gave examples of one- and two-sided Noetherian

rings failing to embed in Artinian rings. On the other hand, a classification of

homomorphisms from a right Noetherian k -algebra to simple Artinian rings,

due to Schofield [15], was used by Blair-Small (see [3, 4]) to establish the em-

beddability of, for example, Krull-homogeneous algebras and affine Pi-algebras.

Inherent in [3, 4] is the concept of exact embedding, the study of which is the

subject of this paper.

2. Conventions and background

In what follows we adopt the convention that Noetherian (Artinian) means

two-sided Noetherian (Artinian), i.e., when chain conditions are assumed on

one side only we will indicate this explicitly. All rings considered have 1 and

homomorphisms take 1 to 1. The prime radical of a ring R is denoted N(R),

and for an ideal I < R we set Wr(I) = {a e R \ a is regular in R/I}. DCC

is short for descending chain condition. All modules are considered to be right

modules unless explicitly stated otherwise, and k denotes an arbitrary field.

For general background on Sylvester rank functions and Schofield's results

we refer to [3, 15, 12]. Here we only state the results that we will actually need

in the sequel.
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Definition. A Sylvester rank function for a ring R is a function X: Finitely

presented i?-modules —> ̂Z for some /ieN such that

(i)   X(R) = 1;
(ii)   X(M®N)=X(M) + X(N);

(iii)   X(M") < X(M) < X(M') + X(M") for any exact sequence M' -* 7v7 -»
Af" —> 0 of finitely presented /^-modules.

A is called exact if it is additive over short exact sequences of finitely generated

modules.

The fundamental theorem concerning Sylvester rank functions is

Theorem 2.1 (Schofield [15]). Let R be a k-algebra. Then any Sylvester rank
function X for R arises from a homomorphism fi : R -» M„(D), D a division

ring, in such a way that

(i)   Kerf = {a e R | X(R/aR) = 1} and
(ii)  X is exact if and only if M„(D) is flat as a left R-module.

Conversely, a homomorphism f : R —> Mn(D) gives rise to the Sylvester rank

function defined by Xf(MR) = £ lengthMn(D) M ®R M„(D).
In fact, this establishes a one-to-one correspondance between the set of classes

of homomorphisms inducing the same Sylvester rank function and the set of

Sylvester rank functions.

Part (ii) of Theorem 2.1 motivates the following

Definition. A k-algebra R is said to have an exact embedding (or flat embed-

ding) if R admits an exact Sylvester rank function with associated kernel 0.

We will be primarily interested in the exact embeddability of right Noetherian

rings, for which we have available the reduced rank function, p. For basic

results concerning p we refer to [13]. In particular, we have that for a right

Noetherian ring R, the function X defined by X(M) = p(M)/p(R) is in fact
an exact Sylvester rank function. If in addition R is a Ac-algebra then, by

Theorem 2.1, X induces a homomorphism from R to a simple Artinian ring.

As noted in [3,Theorem 1], the kernel of this homomorphism is precisely the

object described in the next

Definition. Let 7? be a right Noetherian ring. We define the right Sylvester

kernel of R to be

K(R) = {aeR\MreR,  3c e %R(N(R)) such that arc = 0}.

Furthermore, it has been observed by Lenagan (unpublished) and Krause [12]

that K(R) is the unique smallest kernel of an exact Sylvester rank function. We

assemble these facts as

Theorem 2.2. Let R be a right Noetherian k-algebra. Then R/K(R) has an

exact embedding into a simple Artinian ring. Furthermore, if R admits an exact

Sylvester rank function with corresponding kernel I (as in Theorem 2.1(i)), then

K(R)CI.

Remark. Let R be a right Noetherian ring and 7 < R an ideal of R such that

7 C N(R). If 7t : R —► R/I denotes the canonical projection, then n(K(R)) C

K(R/I).
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A commutative Noetherian ring always embeds in an Artinian ring; simply

do a primary decomposition of 0 and embed the primary components. Also, by
Small's Theorem, R (still commutative Noetherian) has an Artinian quotient
ring if and only if K(R) = 0.

For noncommutative rings the three concepts embedding, exact embedding

and having an Artinian ring of quotients are distinct (and, of course, increas-
ingly stronger). The Noetherian k-algebra

R_(k[x]   k[x]/(x)\

\  0     k[x]/(x))'

for example, has K(R) — 0, but does not have an Artinian quotient ring.

Furthermore, R has left Sylvester kernel (^ *M/(*'), so in general left and

right Sylvester kernels are distinct for Noetherian rings.

The following is a useful criterion for determining when the Sylvester kernel
is 0.

Theorem 2.3. Let R be a right Noetherian ring such that for any ideal L < R,

r. annR(L) is the right annihilator of some finite subset of L. Then

K(R) = 0 «=>■ All right annihilator prime ideals are minimal.

Proof. ==> Suppose LP - 0 for some 0 ^ L < R and a nonminimal prime

P e Spec(R). By a standard result P n &R(N(R)) # 0 so 0 ^ L C K(R).

<= Assume K(R) ^ 0. Let P he a maximal element in the set of

right annihilators of nonzero right ideals contained in K(R). P is a prime

ideal. Let L = l.annR(P) n K(R). By the assumption on annihilators we

have P = r.ann({xi, ... , x„}) for some X\,..., xH € L. An easy inductive

procedure (just as in the proof of [3, Theorem 3]) produces a c eWR(N(R))r\P
whence P is not a minimal prime.   □

We note that 7? satisfies the above condition on right annihilators if either

R has DCC on right annihilators or R satisfies Gabriel's H-condition, see [13,
6.10.4].

3. Going up, going down and Morita invariance

We begin by noting that the proof of [3, Theorem 5] also covers exact em-
beddability.

Theorem 3.1. If R is a k-algebra that is (exactly) embeddable in a simple Ar-

tinian ring and if S is a k-algebra extension of R that is a finitely generated

submodule of a finitely generated free R-module, then S is also (exactly) em-
beddable in a simple Artinian ring.

Going in the opposite direction we have

Theorem 3.2. Suppose that S is a right Noetherian k-algebra. If R is a right

Noetherian k-subalgebra of S such that S is flat as a left R-module, then
K(R) C K(S) n R. In particular K(S) = 0 => K(R) = 0.

Proof. By Theorem 2.2, S/K(S) embeds in a simple Artinian ring T such

that T is flat as a left S-module. Consequently T is flat as a left .R-module

so, by Theorem 2.1, R admits an exact Sylvester rank function for which the
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associated kernel is K(S) n R. It now follows from Theorem 2.2 that K(R) C

K(S) n R.   a

In case our flat extension is actually a localization, we have a more explicit

relationship between the respective kernels.

Proposition 3.3. If R is a right Noetherian ring and 3? is a right Ore set of

regular elements of R, then K(Ry) = K(R)R^>. In particular K(R) = 0 if
and only if K(R^) = 0.

Proof. Since P n<9* = 0 for any minimal prime P of R, we have N(R^) =

N(R)Ry9> and so %Rs,(N(R^)) = {cs~x e Ry \ c e &R(N(R)) and s e 3"}.
Now a straightforward computation using the right Ore condition gives the

result.   □

We now turn to Morita contexts. For definitions and basic results we refer

to [13]. We do note, however, those results that will be fundamental in what

follows.

Lemma 3.4. If (* vs) is a Morita context, then there is a one-to-one order pre-

serving correspondence between the lattice of primes of R not containing V W

and the lattice of primes of S not containing WV. The correspondence is given

by P <-> {s e S \ VsW C P}. Furthermore, if this context is actually the ring of

a Morita equivalence, then there is a one-to-one order preserving correspondence

between the lattice of all ideals of R and the lattice of all ideals of S, given by

I <-> WIV, and the rings R/I and S/WIV are again Morita equivalent.

Proposition 3.5. Suppose that (^,vs) is a Morita context, where R and S are

right Noetherian rings. Suppose further that K(R) = 0. If the following condi-

tions are met, then we will also have K(S) = 0.

(i)   S has DCC on right annihilators or satisfies Gabriel's H-condition;

(ii)   VW is not contained in any minimal prime of R;

(iii)   VsW = 0 implies 5 = 0.

Proof. Suppose K(S) ^ 0. By (i) and Theorem 2.3 we can find a nonminimal

prime ideal P in 5 and a nonzero ideal L such that LP = 0.
We claim that VPW is not contained in any minimal prime ideal of R.

Indeed, suppose VPW C Q, where Q is a minimal prime ideal of R. By (ii)

VW ct Q so by the correspondence in Lemma 3.4 we have Q = {r e R \ WrV C

P'}, where 7" is a prime ideal of 5" such that WV ct p'. Furthermore, since

all prime ideals contained in 7" are part of the correspondence we have that

P' is a minimal prime ideal. Now note that (WV)P(WV) = W(VPW)V C
WQV C 7" . Since 7" is a prime ideal and WV <£P', we must have P C 7" ,
contradicting that P is nonminimal.

Hence WR(N(R))nVPW / 0. By (iii) VLW ? 0, and since VLW-VPW c
VLPW = 0, we conclude that 0 ^ VLW C K(R).   n

Corollary 3.6. If R is a right Noetherian ring and e is an idempotent of R

that is not contained in any minimal prime ideal of R, then K(R) - 0 implies

K(eRe) = 0.

Proof. eRe has DCC on right annihilators since R does. Hence the Morita

context (e^ fRee) satisfies the hypotheses of Proposition 3.5.   □
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We now give the main result of this section.

Theorem 3.7. If R and S are right Noetherian rings that are Morita equivalent,

then K(R) and K(S) correspond in the sense of Lemma 3.4. In particular,

exact embeddability is a Morita invariant for right Noetherian k-algebras.

Proof. Let d%vs) be the context of the equivalence. We must show that

K(S) = WK(R)V. By Lemma 3.4, R/K(R) and S/WK(R)V are again
Morita equivalent rings, and since R/K(R) has DCC on right annihilators

(Theorem 2.2), it follows that S/WK(R)V also has DCC on right annihi-
lators. The remaining conditions in Proposition 3.5 are trivially satisfied by

the Morita context giving the equivalence of R/K(R) and S/WK(R)V, so

we conclude that K(S/WK(R)V) = 0. Since K(R) C N(R) implies that
WK(R)V C N(S), an application of the remark after Theorem 2.2 shows

that K(S) C WK(R)V. A symmetric argument yields K(R) c VK(S)W,
so K(S) c WK(R)V C WVK(S)WV = K(S). This forces K(S) = WK(R)V,
as required.   □

Unlike the situation for embeddings in Artinian rings or having Artinian

quotient rings, the exact embeddability of 7? does not guarantee the exact em-

beddability of eRe for an arbitrary idempotent e e R.

Proposition 3.8. Suppose that R is a right Noetherian ring that may be embedded

in an Artinian ring. Then there exists a right Noetherian ring S such that

K(S) = 0 and R ~ eSe for some idempotent e e S.

Proof. Suppose that 7? embeds in the Artinian ring T, and set S = (q £).

Any nonminimal prime ideal of S is of the form (qj), where P is a non-

minimal prime of R. Clearly no such ideal can have a nonzero left annihilator.

Since 5" inherits DCC on right annihilators from M2(T), we can apply Theo-

rem 2.3 to conclude that K(S) = 0.   D

For example, every commutative Noetherian k-algebra may be realized in

this way as a "corner" of a ring having an exact embedding.

4. Ore extensions and graded rings

We now study the Sylvester kernels of Ore extensions and graded rings.

Lemma 4.1. Let R be a right Noetherian ring, a e Aut(i<), and 8 a a-

derivation of R. Assume that 8(N(R)) c N(R). Then for all

ceWR[x,ayS](N(R[x;o,8])),

there exists an fi e R[x; a, 8] and an n e N(R[x; a, 8]) such that cf =

Zlo dix* + n,  where dm e WR(N(R)).

Proof. A straightforward modification of [16, Lemma 2].   □

Theorem 4.2. Let R be a right Noetherian ring, a e A\xt(R), and 8 a o-

derivation. If 8(N(R)) C N(R), then K(R[x;o,S]) = K(R)R[x;o,8], and
in particular K(R) = 0 if and and only if K(R[x; cr, 8]) = 0.

Proof. First consider / = fo + fix + ■ ■ ■ + f„xn e K(R)R[x; a, 8]. Since

WR(N(R))  is ff-invariant we can find ace WR(N(R))  such that fnx"c =
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Mgo + g\x + ■■■ + gn-xx"-x) for some go,... , gn-\ e R . Consequently

fie e K(R)R[x; a, 8] and the degree of fc is at most n-l. Since ffR(N(R))
is multiplicatively closed and contained in <toR[X-ya,S]{N(R[x; o, 8]), an induc-

tive procedure shows that K(R)R[x; a, 8] C K(R[x; a, 8]).

Conversely, set 3 = {£?=o^*'l" e N U {0}; d„ e &R(N(R))}. Note again
that WR(N(R)) is cr-invariant, so 3 is multiplicatively closed. Let k = ko +

■ ■ ■ + kmxm e K(R[x; a, 8}). We can find c e %[Xyt?ys](N(R[x; a, 8])) such

that kc = 0. Applying Lemma 4.1 to c, we see that there exists a d e 3

and an n e N(R[x; a, 8]) such that kd = kn. Now apply this to kd; we

get kdd' = knn'. Since 3 is multiplicatively closed and N(R[x; a, 8]) is

nilpotent we get that for all r e R we can find d e 3 such that krd — 0.

We conclude that km e K(R), and hence, by the first part of the proof, that

ko + ••• + kn-ix"~x e K(R[x; a, 8]). An easy induction on n now yields

K(R[x;tr,8])CK(R)R[x;o,8].   □

In [3, 4] it is proved that R[x; a] embeds in an Artinian ring if either

7? embeds in an Artinian ring and a has finite order or R is commutative

Noetherian, and it was conjectured that the result holds if R is just assumed

to be embeddable in an Artinian ring. Theorem 4.2 settles this question in the

affirmative for exact embeddability.

Next we consider group graded rings. For notation and basic results on graded

rings we refer to [5].

Proposition 4.3. Let A = @ eGAg be strongly graded by the finite group G. If

Ae is a right Noetherian k-algebra then K(Ae) = 0 if and only if K(A) = 0 if
and only if K(A#k[G]*) = 0.

Proof. This follows from Theorems 3.1 and 3.2, since ArA and AA#k[G]* are

finitely generated and projective.   D

Proposition 4.4. Let A - (&n€ZAn be strongly graded and Aq a right Noetherian

ring. Then K(A) - K(Aq)A, and so in particular K(A0) = 0 if and only if

K(A) = 0.

Proof. By [9, Lemma 3.3] (yet another version of [16, Lemma 2]) we have that

for all / e WA(N(A)) there exists a g e A such that fig — d + n where d0 e
WAo(N(Ao)) and n e N(A). Now the proof is carried out as a straightforward

modification of the proof of Theorem 4.2. We omit the details.    □

A well-known inductive procedure based on Propositions 4.3 and 4.4 yields.

Corollary 4.5. Let G be a poly-cyclic-by-finite group and let A = (BgeGAg be a

ring strongly graded by G. If Ae is a right Noetherian k-algebra then K(Ae) = 0

if and only if K(A) = Q.

5. Filtered rings

In this section we consider the question of exact embeddings of filtered rings

into Artinian rings. Incidentally, our approach yields a new and very different

proof of a result on Artinian quotient rings (see [10] and Theorem 5.6 hereafter)

in the Noetherian case.
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Let us first fix some notation and recall some basic facts. For proofs we

refer to [1]. Let J? be a ring with an ascending filtration {F„R}nez, i.e.,

FnR Q Fn+iR, FnRFmR C Fn+mR, and 1 e FqR . We consider only exhaustive

(\\n€ZF„R = R) and separated (f]n€ZFnR = 0) nitrations. Recall that the

associated graded ring gr(7?) is defined by gr(R) = 0nez7r„7\/7r„_17? and the

Rees ring, R, is defined by R = ($n€ZF„R. Letting X he an indeterminate

we have the following:

(i) -R" — UnezFnRX" C R[X~X, X], where the isomorphism (of graded

rings) takes the central regular element 1 e Fx R c R to X. Henceforth

we identify R and its image in R[X~X, X];

(ii)   gr(R) = R/XR;

(iii)   R[X-X] = R[X~X,X];
(iv) If gr(R) is (right) Noetherian and F_XR C J(F0R), then R is (right)

Noetherian.

For the proof of our main result we need the following proposition, which is

of some independent interest.

Proposition 5.1. Let R be a Noetherian ring or a right FBN ring, and suppose

that x e R is a regular normal element such that f|, x'R = 0.7/ K(R/xR) = 0

then K(R) = 0.

Proof. Note that we can apply Theorem 2.3 to R, so if K(R) ^ 0 there exists

a nonminimal prime ideal P of R such that L = 1. annR(P) ^ 0. Since x

is regular, x £ P. Letting Qi, ... , Qn he the prime ideals minimal over

xR we have, by Jategaonkar's Principal Ideal Theorem (see [8] or [13]), that

(P + Qi)/Qi*0 forall i.
By a standard argument (Goldie's theorem) it follows that P n ^((1,(2/)

^ 0. Since N(R/x"R) = xr\iQi/xnR for all n e N we conclude that

(L + xnR)/xnR C K(R/xnR) and, by a straightforward computation,

K(R/xnR) = 0 for all n e N.

Thus, for all n e N we have L C xnR, which implies L — 0, a contradiction.
Hence K(R) = 0.    □

We now apply this to filtered rings.

Theorem 5.2. Let R be a ring with a filtration {F„R}nez such that F-XR c

J(F0R). If either gr(R) is Noetherian or R is PI and gr(R) is right Noetherian,

then K(gr(R)) = 0 implies K(R) = 0.

Proof. We have the following diagram (recall our notation):

R[X~X,X] ^^ R[X~X]

1 I
R R      -► R/XR —^ gr(R)

Since R and X satisfy the hypothesis of Proposition 5.1 we have that

K(gr(R)) = 0 implies K(R) = 0. By Proposition 3.3 K(R) = 0 if and only

if K(R[X~X]) = 0. Finally, K(R[X~X, X]) = 0 if and only if K(R) = 0 by
either Proposition 4.4 or Theorem 4.2 combined with Proposition 3.3.   □
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Propositions 5.1 and 5.2 apply to a number of situations of which we single

out three: PBW-extensions, Ore extensions, and power series rings. Recall that

S = R[6X ,...,&„] is called a PBW-extension of R if (1) SR is free with basis

{0*1 • • • ekn"\kt eNU {0}} , (2) [di, 6j] eR + Zt OiR . and (3) [R, 0,] C R, see

[2, 13, 14].

Corollary 5.3. Let S — R[6X, ... , 8„] be a PBW-extension of a Noetherian ring

R. Then K(R) = 0 implies K(S) = 0.

Proof. The obvious filtration of S makes gr(5) a polynomial ring over R.

Repeated application of Proposition 5.1 yields that K(gr(S)) = 0, and then an

application of Theorem 5.2 yields K(S) = 0.   □

As a second application of Theorem 5.2 we note that we can remove the

condition on 8 in Theorem 4.2 if we assume that 7? is Noetherian.

Corollary 5.4. Let S = R[x; a, 8] be an Ore extension of a Noetherian ring R.

Then K(R) = 0 implies K(S) = 0.

Proof. The obvious filtration makes gr(S) a skew polynomial ring over 7?.

Now apply Proposition 5.1 (or Corollary 4.3) and Theorem 5.2.   □

Finally a direct application of Proposition 5.1 yields

Corollary 5.5. Let R be a Noetherian ring. Then K(R) = 0 implies K(R[[x]]) =
0.

Remark. The extension rings in the above corollaries are all free as modules

over the smaller ring. Thus Theorem 3.2 applies to yield converses in case we

assume R is a k-algebra.

A technique similar to the one used in the proof of Theorem 5.2 yields a

result on quotient rings for Noetherian rings. This result is, as mentioned,
known even for right Noetherian rings (see [10]), so we only sketch our proof:

Theorem 5.6. Let R be a Noetherian ring and x e R a normal regular element

such that f|,-x'R = 0. Assume that R/xR has an Artinian ring of quotients.

Then so does R.

Proof. One easily sees that R/x"R has an Artinian quotient ring for all n by

checking Small's criterion. As noted in Krause [11], the theorem follows if all

middle annihilator prime ideals of R are minimal.

Let P = Mid(A, B) be a middle annihilator prime ideal, where A, B < R

and AB ^ 0. Since x is normal and regular, x £ P. If P is not minimal it

is seen, just as in the proof of Propostion 5.1, that P n CR(x"R) ^ 0 for all n .

Picking n such that AB ct X"R we see that

(A + x"R)/x"R -(c + xnR)- (B + xnR)/x"R = 0

for some regular c + x"R in R/x"R . The fact that R/x"R has a full quotient

ring implies AB C x"R, a contradiction. Hence all middle annihilator primes

are minimal, and we are done.   D

Corollary 5.7. Let R be a filtered ring such that gr(R) is Noetherian and F_XR C

J(FqR) . If gr(R) has an Artinian ring of quotients, then so does R.

Proof. Just as Theorem 5.2 since "having an Artinian ring of quotients" travels

the same diagram (see [10]).   □
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