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ABSTRACT. A bound is given for the regularity index of the coordinate ring of
a set of fat points in general position in P} . The bound is attained by points
on a rational normal curve.

INTRODUCTION

Let Py, ..., P; be distinct points in P}, k an algebraically closed field,
and let m,, ..., m; be positive integers. If p;, ..., p, are the prime ideals
in R := k[Xy, ..., Xn] corresponding to the points P, ..., P, welet Z :=
m P, +---+mgP; be the zero cycle defined by the ideal p[" Npy?N---Ngpg*. If
m; > 2 the point P; is called a fat point of Z , a self-explanatory term. There
is some interest in calculating the Hilbert function and the Betti numbers of the
graded ring

A=R/(p[" Npy* NN ),

which is the homogeneous coordinate ring of Z .
It is well known that 4 = @,,(4: is a one-dimensional Cohen-Macaulay

graded ring whose multiplicity is e := ¥°;_, (™*""'), the degree of Z. This
implies that the Hilbert function H,(t) := dimy 4, of A4 is strictly increasing
until it reaches the multiplicity, at which it stabilizes. The least integer ¢ for
which H,(t) = e is called the regularity index of A and denoted by r(A4). Note
that since 4 is Cohen-Macaulay, if L is any linear form not vanishing at any
of the points P, ..., P, then the artinian ring B = A/LA has the property
that B, =0 iff ¢t > r(A4). So, for an artinian ring B we shall call its regularity
the least integer ¢ such that Hg(t) =0.

Different results have been given on the postulation of the scheme Z in
the case of fat points (see [C, DG, Cl, C2, G, G1, G2, H, S]), but they have
been proved mostly for n = 2; the papers [Hi] and [A] by Hirschowitz and
Alexander, respectively, cover most of the known results for » > 3.

In this paper, by using elementary linear algebra, we give an upper bound for
the regularity index of A when the points are in general position (see Theorem
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6). This bound is attained for points lying on a rational normal curve (see
Proposition 7). When n = 2 we get the same bound found in [C1] (see also
[CG, Theorem 3.3]). Our approach is purely algebraic but in the last part of
the paper we also give a geometric interpretation of the proofs.

MAIN RESULT

In this section we state and prove the main result of the paper, Proposition
5.

Many of the proofs require induction arguments on the number of points
being considered. We begin by finding the index of regularity of the ring
A = k[Xo, ..., Xnl/p®, where (with no loss of generality) we assume p =
(X1, ..., Xp) corresponds to the point P =(1,0,...,0). Since Xy ¢ p we
can use our observation above on the ring B = A/ XA to see that r(4) =a—-1.

Lemma 1. Let Py, ..., P,, P bedistinct points in P} and let p be the defining
prime ideal of P. If my, ..., m,, and a are positive integers, J = p{"' NEJ"'N
--NpM, and I:=JNp?, then

r(R/I)=max{a—1, r(R/J), r(R/(J + p%))}.
Proof. From the exact sequence of vector spaces
0= - J &) —(J+p) —0
it is clear that

Hg/1(t) = HRypa(t) + Hpys(t) — Hry(s1p2)(2)

for every integer ¢. Since the Hilbert functions of the one-dimensional Cohen-
Macaulay rings R/I, R/p?,and R/J are strictly increasing until they reach the
multiplicity of the ring in question and since R/(J + p?) is artinian, we see that
Hpg/(t) = e(R/I) if and only if Hgj.(t) = a—1 = e(R/p?), Hg s(t) = e(R/J),
and Hg/(s.pe)(2) = 0. The conclusion follows.

As a consequence of the above result we get the following lower bound for
the regularity index of any zero-cycle in P} .

Corollary 2. Let s > 2, Py, ..., P; be distinct points in P?, and m; > my >
- > ms be positive integers. If I :== p" N N---N @™ then r(R/I) >
my+m;—1.
Proof. We may assume p; = (Xp, X2, ..., Xp) and p = (X}, ..., Xu), and
welet J = pNpi®n---Np™ . Thenitis clear that XJ" ' X~ ¢ oM +p72.
Since J+gph2 C M +p52 , it follows that X;" ™' X™~' ¢ J+p72. This proves
that r(R/(J + p3?)) > my + my — 1 and the conclusion follows by the above
lemma.

Remark. If we fix the exponents m;, ..., m;, then the best lower bound for
r(R/I) is given by the regularity index of s generic fat points with those expo-
nents. This bound is difficult to compute (see the papers [Hi, A] for the special
case my=---=m;=2).

If we want to use the formula given in Lemma 1 then we need to find a good
bound for the regularity index of the graded ring R/(J + %) . In the following
lemma we give some basic properties of this artinian ring.
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Lemma 3. Let Py, ..., P,, P bedistinct points in P} and ¢ the defining prime
idealof P. If my, ..., m,, a are positive integers and J := pT"' Np5?N-- N[,
then

(@) Hyy(4pm(t) = L1y dimy[(J + 07)/(J + p™*")), for every t 2 0.

(b) If P=(1,0,...,0) then [(J +¢')/(J +p'"")], =0 ifand only if i >t
or X;7'M € J + p™*! for every monomial M of degree i in X, ..., X,.
Proof. The first assertion follows by using the exact sequences

0= (J+)/(J +p*) = R/(J + ") = R/(J + ') = 0

for i=1,...,a—1. As for (b) it follows easily from the assumption P =
(1,0, ...,0) which implies p = (X, ..., X,).

Now we need the following result, which has a combinatorial flavour. Recall
that a set of points in P} is said to be in general position if no h +2 of them
are on an h-plane for A< n.

Lemma 4. Let P,, ..., P,, P be distinct points in general position in P!, let
my > --- > m, be positive integers, and let J := p" NpJ2N---Npf. If t is
an integer such that nt > > m; and t > m,, we can find t hyperplanes, say
Ly,..., L, avoiding P suchthat L\---L, € J.

Proof. If r < n, by the general position assumption we can find a hyperplane
L avoiding P and passing through P, ..., P,. Since ¢t > m;, we have

L'epinpin---nplCJ.

Hence we get the conclusion if r < n and, in particular, if > m; < n. Thus
we may assume r > n + 1 and argue by induction on ) m;. By the general
position assumption we may find a hyperplane, say L, avoiding P and passing
through P, ..., P,. Since nt > 3 m;, we have

nt—12>) mi—n=(m— 1)+ +My— 1)+ Mpyy +---+m,.
On the other hand, since ¢t > m; and nt > > m; > (n+1)m,,,, it follows that
t=1>{m—-1,....,my—1, muyyy,..., m}.
Thus, by the inductive assumption we can find ¢—1 hyperplanes, say L, ..., L,
avoiding P and such that
Ly Liep 'nnpm=tnpin...np.
This implies LL,---L, € J and the conclusion follows.

Now we come to the main result of this paper.

Proposition 5. Let P, ..., P, P be distinct points in general position in P}
and p the defining prime ideal of P. Further let m; > --- > m, > a be positive
integers, J := p{" Npy* N---Np, m:=3 m;, and t the least integer such
that nt>m+a—1. Then

r(R/(J + %)) <max{m; +a-1,1t}.

Proof. Let us assume P = (1,0,...,0) andso p=(X,...,X,). If r<nm
we can find a hyperplane, say L, such that L contains P;, ..., P, and does
not contain P . Then, by scaling if necessary, L = Xo+ H for some linear form
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H € p. Since it is clear that L™ € J, weget X" € J+p. Let i be any integer
0<i<a-1,andlet M be a monomial of degree i in Xj,..., X,. Then
M € ', hence X{"M € J +p'*', which implies XJ"**"'"'M € J + p*!. By
Lemma 3 we get r(R/(J + p°)) < my +a— 1, as desired.

Now let r > n; after a suitable change of coordinates we may further assume
that P, =(0,1,0,...,0),...,P,=(0,0,...,1).

Let h = max{m; +a—1, t}. By Lemma 3(a) we need to prove that

[(J+0)/(J+p" =0
forevery i=0,...,a—1. Since h > i, by Lemma 3(b) this is equivalent to
proving that . A
X§T M e J + 't

forevery i=0, ..., a—1 and every monomial M of degree i in X;,..., X,.
Let M+ X' --- Xy with 3> ¢, =i. Then mj+c;>mj>a>a—-1>i,hence
m,~—i+c,->0.

On the other hand, forevery j=1, ..., n, wehave ¢; <i, hence m; —i+
cij<mj.Since h>m;+a-1 and i <a-1, this implies

h—i>my>max{m;—i+c,... , My—i+Cn, Mygy, ..., M}.

Moreover, h > t, hence nh > m +a — 1. This implies
n r
nh—i)>m+a-l-ni>m+i-ni=Y (mj—i+c)+ Y mj.
j=1 j=n+1
Thus we may use Lemma 4 to find 4 —i hyperplanes, say F,, ..., F,_;, avoid-
ing P and such that

Fi- Fyjepl" ™M n..npm=itnngiein...npm.
Since it is clear that
M:Xf' X;’l € p;_CI ﬂ...ﬂsoil_cﬂ,

weget MF,---F,_, e J.

But the hyperplanes F; do not contain P, hence forevery j=1,...,h—
i we can write F; = Xo + G; for suitable linear forms G; € p. We get
M(Xo + G)---(Xo + Gy—;) € J and since MG, € p'*! for every j, this
implies X2~'M € J + p'*! as wanted.

From now on if « is a rational number, denote by [a] its integer part. With
this notation it is clear that for positive integers ¢ and n we have

g+n>nf(g+n-1)/n]>q.

This implies
[(g+n—1)/n] = min{t|tn > q}.

Theorem 6. Let s > 2, Py, ..., P; bedistinct points in general position in P?
and my > .- > mg be positive integers. Further let I =" N---N . Then

r(R/I) < max{ml +my—1, [(Zm,~+n —2) /n]} )
Proof. Let J:=p" Nn---Np;*'. By Lemma | we have
r(R/I) =max{ms; — 1, r(R/J), r(R/(J + pi"))}.
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Let s =2. Since m; + my — 1 > min{t|nt > m; + my — 1}, we get
r(R/(J + p3?)) < my+my— 1

by Proposition 5. Note that r(R/J) = r(R/p{") = m; — 1. Then r(R/I) <
m; + my — 1 and the conclusion follows in this case. Thus we may argue by
induction on s. By the inductive assumption we have

s—1
r(R/J) Smax{ml +my—1, [(men—Z) /n]} )
i=1

and by the above proposition

r(R/(J + p7*)) < max{ml +ms—1, [(Zszmi +n- 2) /n}} .
i=1

Hence the conclusion is immediate.

We prove now that the bound found in Theorem 6 is sharp for points lying
on a rational normal curve.

Proposition 7. Let s > 2, Py, ..., P; be distinct points on a rational normal
curve in P?, and my > --- > m; be positive integers. Further let I = p"'N---N
w5 . Then

r(R/I)=max{m|+m2—1, [(Zmi+n—2)/n]}.

Proof. We recall that all rational normal curves in P" are isomorphic under a
linear change of coordinates. Hence, without loss of generality, we may assume
that the points are on the curve with parametric equations

Xo=t", Xy =t"" u, ..., Xy =tu" ', X, =u".

Also it is clear that a rational normal curve in P” is a nondegenerate curve
of degree n, which implies that the points are in general position. Put ¢ :=
[(Emi+n—-2)/n]. If t <m;+ m;— 1, the conclusion follows by Corollary 2
and Theorem 6. Hence we may assume that ¢ > m; + mzmand, as usual, that

ps = (X1,...,X,). Furtherwelet J =M Npl?n---Np ;' . We claim that
1 2 s—1
x{hmymet g g 4 ogme

In fact, if )((g’_”_('"‘_”Xl’""l € J + ™ , then for some F € [pM],—, C /!

we have H := X"V~ Dym=l1F e J. Since Xy """ Vxmt e ol
we get H € J N p™~!. By the definition of ¢ and the remark before Theorem
6, we have Y m; — 1 > n(t — 1), hence by Bezout’s theorem we get that the
hypersurface corresponding to H contains the rational curve C on which are
our points. This implies that H must vanish on the point (1, a, o?, ..., a")
for every a € k and thus that o™~ ! + F(1, a,o?, ..., a") = 0 for every
ack.

Since F € p™ , we have F(1,a,a?,...,a") = a™G(a) for some poly-
nomial G € k[X], hence we get o™~ ! + a™G(a) = 0 for every @ € k, a
contradiction. This proves the claim. But then

X(()t_l)_(ms-])les-l ¢ J+p;n,
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This implies r(R/(J + p5*)) > t. By Lemma 1 we get r(R/I) > ¢ and the
conclusion follows from the above theorem.

Remark. The above bound for the regularity index can be attained also by fat
points not lying on a rational normal curve (see [C1, §6]).
We end this section with the following result, which deals with the extremal
case r(R/I) =m; +mjy—1 (see Corollary 2).
Corollary 8. Let n >3, 2<s<n+2,andlet Py, ..., P; be distinct points in
general position in P} . If 2<my >my > --- > ms >0 are given integers and
I=pMn---Nep™, then r(R/I)=m +my—1.
Proof. By Corollary 2 and Theorem 6 we need only prove that n(m;+m;—1) >
S"m; —1 or, equivalently,
(my+my—1)(n—-1)—(m3+---+mg) >0.
But we have
(mi+my—1)(n—1)—(m3+---+my)
>(mp+my—1)(n—1)—nmy=m —1)(n-1)-m,
>(my—-1)(n-1)—-my=(m-1)(n-2)-1.
The conclusion follows from the assumptions n > 3 and m; > 2.

A GEOMETRIC INTERPRETATION

We recall that if Z is the zero-dimensional subscheme of P} corresponding
to the ideal I = p{"' N---Np™, then for every integer ¢ we can consider the
linear system & of all hypersurfaces of degree ¢ containing Z as a subscheme.
It is clear that

dimy () = dim(I;) — 1 = dimg(R,) — Hg;(t) — 1
= dimy(R,) —e+h(ZH) -1,
where h(%) := e — Hgy (1) is called the superabundance of <. The linear
system . is said to be regular iff h(Z]) = 0, that is, Hg/;(t) = e or, with the
notation of the above sections, r(R/I) <t.

We fix the following notation: J := p" Nn---Ngp, I:=JNnp?, I':=

JNnpi' e=e(R/I), ¢ =e(R/I'). It is clear that
s
_ mi+n-1 a+n-1
=2 (") ()

N
;o m;+n-—1 a+n-2
=2 (") ()

i=1
, (a +n- 2)
e—¢e = .
n-1
By using the formula for the dimension of the sum of two vector spaces in terms
of the dimensions of the summands and that of the intersection, we have

dimy (I}) — dimy (1,) = dim(p?~'/p?), — dim((J + p*~")/(J + p*));
< dim(p®!/p?) <e—e'.

hence
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Lemma 9. The linear system &4 is regular if and only if the linear system "<,
is regular and dimy(I'/I); >e—¢€'.

Proof. The conclusion follows immediately from the above remark and the
exact sequence 0 —» I'/I - R/I - R/I' - 0.

Now it is clear that in order to prove Theorem 6 using induction on the sum
of the multiplicities, we need only prove that there exist e —e’ forms in I; that
are k-linearly independent modulo I,. This can be proved as in Proposition 5.

This approach has a nice geometric interpretation. We shall see that the
existence of such e — ¢’ forms is equivalent to the fact that the hypersurfaces
of %’ separate the directions at the fat point P. To explain this fact we need
some more notation.

Let m be the hyperplane X, = 0. We may consider n as PZ“ with coor-

dinate ring S = k[X,, ..., X,,]. Since
dime(S,-) = (" 1472 =e-e
a-1
we may find e — ¢’ points in P;~', say Qi,..., Qe—e, that are not on a
hypersurface of degree a—1 in PZ" . This implies that forevery i=1,...,e—
e', there is a form G; € S,_; such that G;(Q;) #0 and G;(Q;) =0 if j#i.
We consider for every i=1,..., e —¢' the line L; connecting P and Q,.

With this notation we say that the hypersurfaces of .’ separate the directions
at the fat point P if there exist hypersurfaces Fy, ..., Fo_, in &’ such that
each F; contains the subscheme aP of L; for every j # i and does not
contain the subscheme aP of L;.

Proposition 10. There exist e—e' elements in 1, that are k-linearly independent
modulo I, if and only if the hypersurfaces of £, separate the directions at the
fat point P.

Proof. Let Fy, ..., F,_, bethe elements of I, that are k-linearly independent
modulo I,. Since dimy(p?!/p%), =e—¢' and F,, ..., F,_, are k-linearly
independent also modulo ¢, they form a basis for the vector space (p?~!/p%),.
The elements G,, ..., G._. defined above can be considered as elements of
©®"!. Hence forevery i =1, ..., e —e' we can write

Xy VG =Y " AiF; + H,

for suitable A; € k and H; € p®. Due to the choice of G, ..., Go_. itis easy
to see that for / running from 1 to e — ¢’, the hypersurfaces corresponding to
Y- AijF; separate the directions at the fat point P.

Conversely, let Fy, ..., F,_, be the elements of I; given by our assump-
tion. If Y A;F; € I, then Y A, F; € p?. It follows that ) A;F; contains the
subscheme aP of L; for every i. This clearly implies 4, = 0 for every i, and
we are done.
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