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Abstract. We study the extent to which certain theorems on rank preservers

of Boolean matrices carry over to column rank preservers. We characterize the

linear operators that preserve the column rank of Boolean matrices.

I. Introduction and preliminaries

There are many papers on the study of linear operators that preserve the

rank of matrices over several semirings. Boolean matrices also have been the
subject of research by many authors. But there are few papers on column rank

preservers of the matrices over semirings. Recently Beasley and Song [ 1 ] ob-

tained characterizations of column rank preservers of matrices over nonnegative

integers.

In this paper, we obtain characterizations of the linear operators that preserve

the column rank of Boolean matrices.
We let Mm<n(B) denote the set of all m x n matrices with entries in B =

{0, 1}, the two element Boolean algebra. Arithmetic in B follows the usual

rules except that 1 + 1 = 1. Throughout this paper, we shall adopt the conven-

tion that m < n .
If V is a nonempty subset of Bk = Mkx(B) containing 0 which is closed

under addition, then V is called a Boolean vector space. If V and W are vector

spaces with V c W, then V is called a subspace of W. We identify Mmj„(B)

with Bmn in the usual way when we discuss it as a Boolean vector space and

consider its subspaces.

Let V be a Boolean vector space. If S is a subset of V, then (S) denotes

the intersection of all subspaces of V containing 5, which is a subspace of

V too, called the subspace generated by S. If S = {Vx, V2, ... , Vr}, then
(S) = {Y?i=xxivi\xi e B} > tne set °f linear combinations of elements in S.
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Note that (0) = {0}. Define the dimension of V, written dim(V), to be the

minimum of the cardinalities of all subsets S of V generating V. We call a

generating set of cardinality equal to dim(V) a basis of V. It is a known fact

that every Boolean vector space has only one basis.

A subset of V is called linearly independent if none of its members is a linear

combination of the others. Evidently every basis is independent.

The subspaces of Bm generated by the columns of an m x n Boolean matrix

A is called the column space of A . We define the column rank of A, c(A), to

be the dimension of the column space of A . If an m x n Boolean matrix A

is not zero, then its Boolean rank, b(A), is the least k for which there exist

m x k and k x n Boolean matrices F and G with A = FG. The Boolean

rank of the zero matrix is 0.

It follows that 0 < b(A) < c(A) < n for arbitrary A £ Mm,„(B).

Beasley and Pullman [2] showed the following:

Lemma 1.1 [2]. If the columns of A £ Mm<n(B) are linearly independent, then

c(A) = n.

Lemma 1.2 [2]. Let p(B, m, n) be the largest integer k such that, for all mxn

Boolean matrices, r(A) = c(A) if r(A) < k. Then

{1    ifmin(m, n) = 1,

3   ifm > 3 and n = 3,

2   otherwise.

2. Column rank preservers of Boolean matrices

If V is a Boolean vector space, a mapping T : V —> V which preserves sums
and 0 is said to be a (Boolean) linear operator.

Suppose T is a linear operator on Mm,„(B). Say that T is a:

(i) congruence operator if there exist invertible matrices U and V in

Mmin(B) such that T(A) = UAV for all A in Mw ,„(£);
(ii) transposition operator if m = n and T(A) = A', the transpose matrix

of A,  for all A in Mm,m(5);
(iii) column rank preserver if c(T(A)) = c(A) for all A in Mm>„(2?).

Also, T preserves column rank k if c(T(A)) = k whenever c(A) = k for

all A in Mm ,„(£).

Rank preservers are defined in a manner similar to (iii). We define a subspace

of Mm ,n(B) whose nonzero members have Boolean column rank 1 as a column-

rank-1 space.

Using Lemma 1.2, we can apply the results for ranks 1 and 2 in [3] to those

for column ranks 1 and 2. Thus we obtain the following Theorem 2.1 and

Lemma 2.1 by proofs analogous to those in [3].

Theorem 2.1. If T is a linear operator on Mm ,„(£), then the following state-

ments are equivalent:

(a) T is injective and preserves column rank 1.

(b) T preserves the column ranks 1 and 2 and preserves the dimension of all

column-rank-1 spaces.
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(c) T is in the group of operators generated by congruence and transposition

operators.

Lemma 2.1. If T is a linear operator on Mm<n(B) with m > 1 and T is not

injective but preserves column rank 1, then T decreases the column rank of some

column rank 2 matrix.

But some rank preservers do not preserve any column ranks as shown in

Lemma 2.2 below.

Example 2.1. Consider

/l    1   0   1\
4-  I   l     °     l     °

I 0   1   1   o   •
Vi  i  i  1/

Then none of the columns of A are linear combinations of the others. So

c(A) = 4 by Lemma 1.1. But c(A') = 3 because the fourth column of A' is

the sum of the first and second columns of A', and b(A) = b(A') < c(A') = 3.
By Lemma 1.2 b(A) is greater than 2. So b(A) = 3. This shows that, for
A £ Mmim(B) with m > 4, b(A) < c(A) is possible.

Lemma 2.2. If T is a transposition operator on Mm>w(7?) with m>4, then T

does not preserve column rank c for c > 3 but preserves all Boolean ranks.

Proof. Let A be the matrix in Example 2.1. Consider C = A © 0m-4 £
Mm>m(B). Then c(C') = 3 but T(C') = C has column rank 4. Let

D = A © Ik © 0m_fc_4 £ Mm>m(B),

where Ik is the identity matrix of order k. Then c(D') = 3 + k but T(D') = D
has column rank 4 + k. Therefore, T does not preserve column rank c for

c > 3, but it is obvious that T preserves all Boolean ranks.

Theorem 2.2. Suppose T is a linear operator on Mm<„(B) for n > m > 4. Then

the following statements are equivalent:

(a) T preserves column ranks 1, 2, and 3.

(b) T is a congruence operator.

(c) T is a column rank preserver.

(d) T is bijective and preserves column ranks 1 and 3.

Proof, (a) implies (b): Since T preserves column ranks 1 and 2, T is injective

by the contraposition of Lemma 2.1. Theorem 2.1 implies that T is in the

group of operators generated by congruence and transposition operators. Since

a transposition operator does not preserve column rank 3 by Lemma 2.2, T is

a congruence operator.
(b) implies (c): If T is a congruence operator, then there exist invertible

matrices U and V of proper orders over B such that T(A) = VAV for

^ € Mm ,„(!?). Since the invertible matrices U and V are permutation matrices

over B, UA and AV do not change column rank of A. So T preserves all

column ranks of matrices in Mm>„(B).

It is obvious that (c) implies (a); Theorem 2.1 and Lemma 2.2 imply that (b)

and (d) are equivalent.
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Thus we have characterizations of the linear operators that preserve column

rank of Boolean matrices when n > m > 4. They are different from the charac-

terizations of the linear operator that preserves Boolean rank in [3]. For n < 3,
they are the same as the characterizations of the rank preservers by Lemma 1.2.
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