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INTEGRABILITY OF SUPERHARMONIC FUNCTIONS
AND SUBHARMONIC FUNCTIONS
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Dedicated to Professor Ohtsuka on the occasion of his seventieth birthday

Abstract. We apply the coarea formula to obtain integrability of superhar-

monic functions and nonintegrability of subharmonic functions. The results

involve the Green function. For a certain domain, say Lipschitz domain, we

estimate the Green function and restate the results in terms of the distance from

the boundary.

1. Introduction

Let D be a domain in E" with n > 2. Integrability of superharmonic

functions, subharmonic functions and harmonic functions on D has been con-

sidered by many authors [2, 3, 7-10, 12-16]. In this paper we shall apply the
coarea formula to obtain integrability of superharmonic functions and noninte-

grability of subharmonic functions. Our results involve the Green function for

D. Let D be a regular domain with Green function G(x, y). Let xo £ D and

write g(x) = G(x, xo). Our main theorem is the following.

Theorem. Let <p(t) be a nonnegative function on (0, oo).  Let c2 — 2n and

cn = (n- 2)an for n > 3 where a„ is the surface measure of a unit sphere.

(i) If u is a superharmonic function on D, then

I u(x)<p(g(x))\Vg(x)\2dx < c„u(xo) I    <p(t) dt.
JD JO

(ii) If s is a subharmonic function on D, then

I s(x)<p(g(x))\Vg(x)\2 dx > cns(x0) I    (p(t) dt.
JD JO

Our Theorem has the following corollaries. Let D be a proper subdomain

and put 6(x) = dist(x, 3D). Since g(x) is a positive harmonic function on

D \ [xo], it is easy to see that |Vg(x)| < Afg-(x)/r5(x) for x apart from a
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neighborhood of Xo . Let X\ £ D. By the Harnack principle there is a constant
M > 1 such that M~xg(x) < G(x, xx) < Mg(x) for x close to the boundary.

Hence we have

Corollary 1. Let <p satisfy the doubling condition:

(1) sup   <p(t)<M   inf'   w(t)
T<t<2T T<t<2T

for T > 0 with M > I independent of T. Suppose

(2) /   <p(t)dt = oo   for some T>0.
Jo

If s is a nonnegative nonzero subharmonic function on D, then for any compact

subset E of D

[    s(x)<p(g(x))^dx = ™.
Jd\e <>(xy

For some domains we can estimate g(x) by 8(x). By B(x, r) we denote

the open ball with radius r and center at x. We say that D is uniformly

A-regular if there is a constant £] , 0 < ex < 1, such that, for all x £ dD and

all r, 0 < r < r0 ,

(3) u>jc,r<l-£i    onfi(x, r/2)r\D,

where wx,r is the harmonic measure of dB(x, r)C\D in the region B(x, r)f)D

[1, Definition 2]. It is known that D is uniformly A-regular if and only if it

satisfies the capacity density condition (CDC) (see [6, 18]). For such a domain

there are constants B , 0 < /? < 1 , and M > 0 such that

(4) g(x) < MS(x)P

for x close to dD (see [1]). Letting <p(t) = l/t in Corollary 1, we obtain

Corollary 2. Let D be a uniformly A-regular domain and let /? be as above. If

s is a nonnegative nonzero subharmonic function on D, then for any compact

subset E of D

(5) /    s(x)S(x)fi-2dx = oo.
JD\E

Let Tv = {x : x„ > |x|cosy/}. This is a cone with vertex at the origin

and aperture \j/. It is not so difficult to see that there is a positive harmonic

function uw on Tv such that uv = 0 on dTv ; such a function uv is unique

up to a multiplicative constant and is homogeneous of degree a = an(y/) > 0,

i.e., uv(rx) = rau,l/(x) for r > 0. This constant an(y/) is referred to as the

maximal order of barriers (see [7, p. 271]). It is known that an is strictly

decreasing; a„(n/2) = 1; limv,^0Q«(v) - oo ; limy/^n an(\//) = 0 (for n > 3 );

a2(y/) = n/(2ij/); and a^y/) = n/\j/ - 1 .
We say that D satisfies the exterior cone condition with aperture if/ if there

exists p > 0 such that for each y £ dD there is a truncated cone of radius

p with vertex at y and aperture y/ lying outside D. It is easy to see that if

D satisfies the exterior cone condition with aperture y/ , then D is uniformly

A-regular and the constant /? in (4) can be taken as a„(n - y/). Estimating the

derivative of a certain conformal mapping, Masumoto [8] proved this result for

the plane case. (Note that the constant 6 in his notation is related to y/ as

n6 = 2y/.)
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Corollary 3. Let D satisfy the exterior cone condition with aperture y/ and let

P = a„(n - y/). If s is a nonnegative nonzero subharmonic function on D, then

(5) holds for any compact subset E of D.

Our Theorem also yields integrability of superharmonic functions. For this

purpose we need to give a lower bound of |V#(x)|. It is, in general, difficult

to obtain the bound; the pointwise estimate |Vg(x)| > Mg(x)/6(x) does not

hold. However, we can prove that |Vg(x)| > Mg(x)/S(x) in a certain sense

(see Lemma 1 below) for an NT A domain introduced by [5]. An NTA domain

is uniformly A-regular. As a result we have

Corollary 4. Let D be an NTA domain. Let <p satisfy (I). Suppose

I   <p(t)dt<oo   for T>0.
Jo

Then every nonnegative superharmonic function u on D satisfies

i g(x)2
\ u(x)<p(g(x)) j—-j dx < oc

JDXBlxo,^) °{X)

for any rx > 0.

We say that a bounded domain D is Ac-Lipschitz if D and dD are given

locally by a Lipschitz function whose Lipschitz constant is at most k. If D

is rc-Lipschitz for some k > 0, then we say that D is a Lipschitz domain. A

Lipschitz domain is an NTA domain. Let D be a /c-Lipschitz domain and let

an be the maximal order of barriers as before. Then it is known that

g(x) > MS(x)a    for x £ D,

g(x) < Md(xY   for x e D \ B(x0, r2),

where a = a„(^), /? = an(n - y/), and y/ = arctan(l/A:), 0 < y/ < n/2 [7,

Proposition 2]. We remark that 0 < /? < 1 < a. Since J0te~] dt < oo for

e > 0, we obtain the following corollary, which improves [7, Theorem 8] with

P = l.

Corollary 5. Let D be a k-Lipschitz domain and let a and /? be as above,

(i) If u is a nonnegative superharmonic function on D, then for e > 0

/ «(x)(5(x)E+a-2c7x<oo.
JD

(ii) If s is a nonnegative nonzero subharmonic function on D, then for any

compact subset E of D

f    s(x)S(xf~2 dx = oo.
JD\E

For the plane case Masumoto [9] proved a result more general than the above

(i). He also informed us that Stegenga and Ullrich [13] recently proved the in-

tegrability of superharmonic functions on a Holder domain and a John domain.

However, our method is completely different and gives sharp exponents for at

least Lipschitz domains (see also Corollary 6 below).   Another advantage of
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the use of the coarea formula is that it enables us to deal with superharmonic

functions and subharmonic functions, simultaneously.

Recently, Maeda pointed out that an(y/) = 2 for cos y/ = l/\/n. Hence we

have the following: IfO<k< 1 /%/« — 1, then every nonnegative superharmonic

function on a k-Lipschitz domain D is integrable over D.

The plan of this paper is as follows. We prove our Theorem in the next

section, and Corollary 4 in §3. Other corollaries are almost straightforward. In

§4 we give some Lp-integrability results.

I would like to thank Professors Fumi-Yuki Maeda, Makoto Masumoto, and

Noriaki Suzuki for valuable conversations.

2. Proof of the Theorem

Our main tool for the proof of the Theorem is the coarea formula. For the

reader's convenience we state it below. For a proof see, e.g., [11, pp. 37-39].

Lemma (Coarea formula). Let Q be an open set in R" . Suppose y/ is a Borel

measurable function on Q and f is a smooth function on Q. Then

f y/(x)\Vf(x)\dx= f    dt I y/(x)da(x),
Jn Jo        J{xen ■. \f{x)\=t}

where a is the surface measure.

Proof of Theorem. Let Dt = {x £ D : g(x) > t} and let G,(x, y) be the Green

function for D,. Obviously x0 £ D, and D, | D as t J. 0. By the Sard
theorem (see, e.g., [11, Corollary, p. 35]), we find a set I? of linear measure 0

in (0, oo) such that dD, = {x £ D : g(x) = t} is smooth for t g J? . Observe

that G,(x, xo) = g(x) - t, and hence the harmonic measure cot at Xo for Dt

is given by
dco, = _d_G1i^Xo1 = _dg =

da dn dn

for t g f , since the outward normal n on dD, is equal to -Vg/|Vg|. Hence

the Poisson integral formula becomes

u(xo) > — /    w|Vg| da   for a superharmonic function u on D,
cn JdD,

s(xo) < — /    s\Vg\ da    for a subharmonic function 5 on D.
cn JdD,

Let us invoke the coarea formula with y/ = uy>(g)\Vg\, f = g, and Q = D.

Then

u(x)y>(g(x))\Vg(x)\2dx=        <p(t)dt        u\Vg\da < cnu(x0)        <p(t)dt.
JD JO JdD, JO

Thus (i) follows. Similarly, we obtain (ii) by letting y/ = s<p(g)\Vg\, f = g,
and Q = D. The Theorem is proved.

Remark. Letting q>(t) = l/T for 0 < t < T, we obtain the following:

(i) If u is a superharmonic function on D, then

u(x0) > — limsup— / u(x)\Vg(x)\2dx.
Cn     r—0     l   J{x€D:0<g(x)<T)
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(ii) If s is a subharmonic function on D, then

1 If
s(x0) < — liminf- / s(x)|Vs(x)|2<7x.

Cn    7-—0    1  J{xzd : 0<g(x)<7}

3. Proof of Corollary 4

Let {Qj} be the Whitney decomposition of D. We may assume that xo £ Qo

and we shall omit this cube Qo in the succeeding argument. For each Whitney

cube Qj we let Xj be the center of Qj,  rj the diameter of Qj, and tj =

dist(Qj, dD). We write M for a positive constant independent of Qj, whose

value may change from one occurrence to the next. If M~x f < g < Mf for

two positive quantities / and g, then we write / « g . Observe that r,- « tj .

Let x* £ dD be a point such that dist(x;*, Qj) = tj.  It is well known that

the boundary Harnack principle holds for an NTA domain [5, Lemma 4.10]. In

view of (3) and the boundary Harnack principle, we can find a constant M\ > 1

such that

g(x) < (1 - e,) inf g   for x e D n B(x*, tj/Mx).
Qj

Hence we can find a constant M2 with the following property: Let Qj be the

cube with the same center Xj as Qj but expanded M2 times. Then

(i) there is a point x' £ Qj such that g(x') < (1 - e() infGj g;

(ii) dist(£>;, dD) « rj .

Observe that only a finite number of cubes Qo, ■■■ , Qj0 meet Q0. We shall

omit these cubes in the succeeding argument. Let g(Xj) = gj. By the Harnack

inequality g(x) « gj for x £ Qj. By m(E) we denote the Lebesgue measure
of E.

Lemma 1. Let Qj be as above. There exists a positive constant e2 such that

Ej = {ie Qj : \Vg(x)\ > e2gj/rj}

satisfies m(Ej) > Mm(Qj).

Proof. Observe that |Vg| < Mgj/rj on Qj. Let x' e Qj be as before the

lemma. For x £ Qj we let / be the line segment connecting x' and x. Note

that / c Qj and |/| < Mrj uniformly for x £ Qj , where |/| is the length of /.

We have for e > 0

eigj < Mexg{x) < M(g(x) - g(x')) < M [\Vg\ds

<M f e^ds + M f M^-ds
J{yel:\Vg(y)\<egj/rj}    rj J{yel:\Vg{y)\>egj/rj}       rj

< M\l\e^J- + M^- lye l\ \Vg(y)\ >e^-\
rj ri   I rj J

< M3egj + M^ lye I: \Vg(y)\ > e^\ .
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Letting e > 0 so small that Af3e < Ci/2, we obtain

£lgJ<M^\l[y£l:\Vg(y)\>e^  ,

whence \{y £ I: \Vg(y)\ > egj/rj}\ > Mrj. This inequality holds for any x £

Qj. Therefore, Fubini's theorem asserts that for s2 = e

Ej = {y£ Qj : \Vg(y)\ > e2gj/rj}

satisfies m(Ej) > Mm(Qj).

Lemma 2. Let Q be a cube in M" . For M4 > 1 we let Q* be the cube with the
same center as Q but expanded Af4 times. Suppose E is a measurable subset

of Q. If u is a nonnegative superharmonic function on Q*, then

—-—     udx < —~     udx,
m(Q) Jq m(E) JE

where M5 depends only on the dimension and M4 .

Proof. Let C7*(x, y) be the Green function for Q*. Taking the balayage over

Q, if necessary, we may assume that u is a Green potential J G*(•, y) dp(y)

with measure n on the closure of Q. Let r be the diameter of Q. Then it is

easy to see that

Mr2~nm(E)<  f G"(x,y)dx<  f G*(x, y)dx < Mr2
Je Jq

uniformly for y in the closure of Q, where M depends only on the dimension

and A/4 . Hence Fubini's theorem yields

—^ / udx < -^rNI = Mr2-»\\ii\\ < JL- J udx.
m(Q) Jq m(Q) m(E) JE

The lemma is proved.

Proof of Corollary 4. By (1) and the Harnack inequality we have

(p(g(x))g(x)2S(x)-2 « <p(gj)gjr-2

for x £ Qj. Let us apply Lemma 2 to Q = Qj and E = Ej. Then we obtain

from Lemma 1 that

L u<p(g)g2S~2dx < M(p(gj)g2r~2 ludx< M(p(gj)g2r~2 /   udx
Jq, Jq, Je,

<M I utp(gj)\Vg\2dx <M I u<p(g)\Vg\2dx.
Je, Jqj

Note that the multiplicity of Qj is bounded, i.e., E#?j ^ N. Summing up

the integral over Qj, we obtain from the Theorem that

/ _   u<p(g)g2d~2 dx < M u<p(g)\Vg\2dx < Mu(x0) < 00.
Jd\(q0u-uqJo) Jd\q0

Since u<p(g)g2S~2 is integrable on any compact subset of D \ {xo} , we obtain

the corollary.
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4.   LP-INTEGRABILITY

In this section we shall prove the following corollary, which gives an answer

to Problems 3.32 and 3.34 raised by Armitage and Gardiner in [4].

Corollary 6. Let D be a k-Lipschitz domain and let a and P be as in Corollary

5.

(i) If u is a nonnegative superharmonic function on D, then

I u(x)p dx < oo
Jd

for 0 <p < min{«/(« + Q -2), I/(a- 1)}.
(ii) Let 0<p<l.lfsisa nonnegative nonzero subharmonic function on

D, then for any compact subset E of D

f s(x)p
JD\E 8(xY-np^2-P)p ^      °°-

We remark that 0 < P < 1 < a and

•   r   „ -x   , //       ,m      ( n/(n + a-2)    ifl<a<2,
mm{n/(n + a-2),l/(a-l)} = \    ']

{ l/(a — 1) it a > 2.

If s is a nonnegative subharmonic function, then so is sp for p > 1. Thus

the case p > 1 is irrelevant for nonintegrability of subharmonic functions. It

is easy to see that the bound of p in Corollary 6 is sharp. In particular, the

bound given in [7] is improved. For the plane case Masumoto [8, 9] gave the

same bound of p . Observe that if D is a bounded Lipschitz domain, then for

e< 1

(6) f S(x)~edx<oo.
Jd

In view of Corollary 5, we obtain that Corollary 6(i) follows from the next

lemma.

Lemma 3. Let D be a bounded domain and suppose that u is a nonnegative

superharmonic function on D.

(i) If 0 < y < 1 and 0 < p < n/(n - y), then

(7) ( f u(x)pdx)      <M f u(x)8(x)~ydx.

(ii) Suppose (6) holds for some e > 0. If y < 0 and 0 < p < e/(e - y), then

(7) holds.

Proof. For (i) we may assume that p > 1 . Let {Qj} be the Whitney decom-

position of D. By an argument similar to Lemma 2 we have

(f u(x)"dx\     < M(diamDy-n+p/" f u(x)S(x)~ydx,

since y-n+p/n > 0 by assumption. Summing up the above integral, we

obtain (7).
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We note that p < e/(e - y) < 1 for (ii). Using the Holder inequality with

1 lp > 1, we obtain

/ u(x)pdx<([ u(x)d(x)-ydx\   ( J 8(x)pyl(x-p)dx\      .

Since 0 < p < e/(e - y) implies py/(l - p) > -e, we obtain (7). The lemma

is proved.

For the proof of Corollary 6(ii), it is sufficient to show the following lemma.

Lemma 4. Let tp satisfy (1) and let 0 < p < 1.  Suppose s is a nonnegative

subharmonic function on D. Then

f s{x)(p(g(x))^dx
JD\B(x0,r) °\X)

<M(f s(x)p(p(g(x))pg(x)2p     \'P
-        iU„r,"      S(x)n->>P+2P aX)

for 0 < r < S(x0)/2.

Proof. We denote by / the integral in the right-hand side of (8).   Put k =

r/(2d(xo)). As observed in [14, Proof of Theorem 2], we have

(9) s(x)p < Md(x)-" f s(y)pdy,
JB{x,kS(x))

where M depends only on p , k , and the dimension. For x £ D\B(xo, r) we

have

o(x) <\x - x0| + f5(x0) < (1 + —~ J |x - x0| < ^r;|x - x0|,

so that g = G(-, Xo) is harmonic on B(x, \k8(x)). Hence (1), (9), and the

Harnack inequality yield

s(x)> < mw-*,.<*m)-'*«-2' jBif mm s{yyJ^Zff' <>y

< Md(x){2-n)p<p(g(x))-pg(x)-2pI.

Therefore

s(x) = s(x)p ■ s(x)1-" < Ms(x)p(S(x)^-n)p(p(g(x))-pg(x)~2pI)^-p^p .

Substituting this inequality in the left-hand side of (8), we obtain the lemma.

Note added in proof

Professor Peter Lindqvist informed me that he proved the integrability of

a positive supersolution of certain nonlinear equations, such as the p-Laplace

equation (J. Analyse Math. 62 (to appear)). He used the BMO-norm estimate

and an argument similar to [12, 13].
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