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SPECTRAL TYPES OF UNIFORM DISTRIBUTION
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(Communicated by J. Marshall Ash)

Abstract. We investigate the spectral types of unitary operator U on L2(T)

defined by (Uf)(x) = A{x)f{x + 6), \A{x)\ = 1 a.e., where T is the unit
circle identified with the half open interval [0,1) and 8 is irrational. It is

shown that Veech's result on the Kronecker-Weyl theorem modulo 2 is closely

related to the spectral type of U .

1. INTRODUCTION

Let T be the unit circle \z\ = 1 identified with the half open interval [0, 1).
Take an irrational number 6 e T and consider the rotation by 6. The classical

Kronecker-Weyl theorem states that, for a given interval / c T,

(1) liml-Yx,(ke) = m(I)
k=0

where m is the normalized Lebesgue measure on the circle. In 1969, Veech

[13] initiated the study of the following problem: Let y„ = JllZo X/(kd) (mod
2), yn e {0, 1} , and consider the existence and value of the limit

(2) &£!>-
i

One might expect that the limit exists and equals \ . But contrary to our in-

tuition, he proved that the limit always exists if and only if 6 has bounded

partial quotients in its continued fraction expansion. (For the theory of contin-

ued fractions, see [9].) The limit might not be equal to \ if exp(nixi(x)) is a

coboundary, that is, exp(nixi(x)) = q(x)q(x + 6) for some q(x) of modulus
1 a.e. on the circle. Veech showed that for 8 with bounded partial quotients

exp(7iixi(x)) is a constant multiple of a coboundary if and only if t e Z • 6
where / is the length of the interval /. But for 6 with unbounded partial

quotients the same is true for uncountably many / 's.
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In this paper we investigate the same problem from a spectral theoretic view-

point rather than seeing what happens at a single point when the limit (2) does

not exist or is not equal to \. We formulate the problem in the following

general setting: Let (X, p) be a probability space and t be a //-invariant er-
godic transformation on X, which is not necessarily invertible. We consider

the behavior of the sequence y„(x) = zZkZo Xi(tkx) (mod 2), yn(x) e {0, 1} ,
at each point x of X where / is a measurable subset in X. Equivalently,

we consider the sequence 2y„(x) -1, n = 1,2,3,..., at each x and check

whether the limit approaches zero. Note that 2y„(x) - 1 = ex-p(niyn(x)). Now

we define an isometry U on L2(X) by

(Uf)(x) = exp(7iixi(x))f(rx).

Then, for n # 1,

(Unf)(x) = exp (ni"Yxi(rkx) j f(r*x)
\     k=0 /

and

(Unl)(x) = exp j niYxi(*kx)) - exp(niyn(x)),

\      k=0 J
and now our problem is to study the existence of

1   N
(3) lim -T(Unl)(x).

N-+oc N *-^
n=\

By von Neumann's Mean Ergodic Theorem, we have that ^ Z)^=i(c7"l)(;c)

converges to F>/1 in L2(X) where F# is the orthogonal projection of the

constant function 1 onto the invariant subspace H = {h e L2(X) : Uh = h} .
If an isometry Uf(x) = A(x)f(rx), \A(x)\ = 1 a.e., has an eigenvalue

X, then we can choose q e L2(X) such that Htflb = 1, Uq = Xq. Hence
A(x)q(xx) = Xq(x). Since \A(x)\ = 1, we have |<?(;c)| = |A||^(tx)|, and \q\
is an eigenfunction of U and \X\ is an eigenvalue. Since t is ergodic, we see

that \q\ is constant a.e. and |A| = 1 . Hence A(x) = Xq(xx)q(x). Recall that

a function f(x) is called a coboundary if f(x) = q(xx)q(x) where \q(x)\ = 1
a.e. on X. Therefore U has an eigenvalue if and only if A(x) is a constant

multiple of a coboundary. And also note that / is a coboundary if and only if

/ is a coboundary.

For an invertible ergodic transformation r we have the induced unitary op-

erator Ur defined by Utf(x) = f(rx). In this case, (Uf)(x) = A(x)f(xx),

\A(x)\ = 1 a.e., is also unitary.
The operator U also appears in ergodic theory: Let G be a compact abelian

group with Haar measure v and <p : X —► G be a measurable function. We

define the skew product transformation z^ on the product probability space
(X x G, p x v) by t^x, g) = (rx, g • <p(x)). Note that t^ is also measure-

preserving. The transformation t^:Ix(?-+IxG is not ergodic if and only

if there is a nontrivial character x of G and a measurable map n of X into

the unit circle T satisfying x(f(x)) = n(x)n(tx). In the case that G = T and
4>: X —> T, we have the induced operator

(Vh)(x, y) = h(x*(x, y)) = h(rx, y + 4>(x))
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for h e L2(X x T), x e X, y e T. It is easy to see that L2(X x T) is the
orthogonal sum of the F-invariant subspaces Hn = {h(x)e2n'ny : h e L2(X)},

n = 0, 1,2,... . Note that V\Ho is unitarily equivalent to UT and that V\Hl
is unitarily equivalent to U.

We are mainly concerned with the spectral types of unitary operators. The

following definitions are needed. Let U - J,,1zdP(z) be the spectral rep-

resentation of a unitary operator U in a separable Hilbert space H where P

is the corresponding spectral measure on the unit circle. Recall that P(E) is
an orthogonal projection in H for every measurable set in the unit circle. If
C(f) = span{Unf: n e Z} is the cyclic subspace generated by f e H, then the

spectral theorem says that there exists a sequence f, f2, fi, ... in H such that

oy > oy2 » oy » and H = C(f)® C(f2) © C(fs) © • • • where oy is a posi-
tive finite measure on the unit circle defined by E i-+ (P(E)f, f). The sequence

f\, f2, h, ■ ■ ■ is unique in the sense that for any other sequence gi, g2, g$, ...

in H satisfying ogx » ogl » ogi » and H = C(gi) © C(g2) © C(g3) © • • •

we have oy « ogi for every i. The spectral type of oy is called the maximal

spectral type of U . We say that U has continuous spectrum if oy, is a contin-

uous measure and that (7 has discrete spectrum if oy, is a discrete measure.

Note that a unitary operator C7 has discrete part in its spectrum if and only
if it has an eigenvalue, which is necessarily of modulus 1. If ay is equivalent

to the Lebesgue measure, then U is said to have Lebesgue spectrum. And if
oy and the Lebesgue measure are mutually singular, then U is said to have

singular spectrum.

2. Spectrum and uniform distribution

The following result shows when U and UT have the same spectral type.

Proposition 1. For an invertible ergodic transformation x we let Ur be the uni-

tary operator defined by UTf(x) = f(xx). Then the spectrum of the unitary

operator (Uf)(x) = A(x)f(xx), \A(x)\ = 1 a.e., has nontrivial discrete part if
and only if A(x) is a constant multiple of a coboundary. And in this case, U
and Ux are have the same spectral types.

Proof. Let U = L,{ XdP(X) be the spectral representation of the unitary oper-

ator U where P is the corresponding spectral measure. Suppose that there ex-

ists 0^/e L2(X) such that the measure E h* (P(E)f, f) defined on \X\ = 1
has discrete part. Then for some Ao we have (P({Xo})f, f) ^ 0. In other
words, P({Xq}) ̂  0. Hence there exists q , ||#||2 = 1 satisfying P({X0})q = q .
Note that P({X0}c)q = 0. Therefore, Uq = jL. , XdP(X)q = X0 P({X0})q = X0q

and A(x)q(xx) = Xoq(x). Since \A(x)\ = 1, we have \q(x)\ = |#(t.x)| and now

ergodicity of x implies \q\ = 1. Hence A(x) = Xoq(xx)q(x).

Now we suppose that A(x) = Xq(x)q(xx) for some q, \q(x)\ - 1 a.e. and

X, \X\ = 1. Since Uq(x) = A(x)q(xx) = Xq(x)q(xx)q(xx) = Xq(x), U has an
eigenvector q, and its spectrum has nontrivial discrete part.

To show the spectral equivalence, we let V be the unitary operator defined

by the multiplication by the function q of modulus 1. Then VU — XUXV and
U and XUt; are spectrally equivalent. Hence U and Ur have the same spectral
types.   □
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Proposition 2. Let x be an ergodic transformation on X, and let U be the
isometry on L2(X) given by Uf(x) = A(x)f(xx) where A(x) is real-valued

and \A(x)\ = 1 a.e. on X. Define a subspace H = {h e L2(X) : Uh = h}.
Then the dimension of H is 0 or 1. Furthermore, the following hold:

(i)IfdimH = 0, then

i£m^0    inL2(X).
n=l

(ii) // dim// = 1, then A(x) is a coboundary. And the converse is also

true. In this case, if we take q e H, \\q\\2 = I, then \q(x)\ = 1 a.e. and

A(x) = q(x)q(xx). Furthermore, we may choose a real-valued function for such

q. In this case,

1   N r
YU"l^      q(x)dp.q    inL2(X).
n=\ Jx

Proof. To find the dimension of //, we take / ^ 0, g ^ 0 e H. Then

Uf = f, Ug = g. Since A(x) = 1, f(xx)g(xx) = A(x)f(xx)A(x)g(xx) =
(Uf)(x)(U~g)(x) = f(x)g(x). Hence fg is constant because of the ergodicity

of t . Now we apply von Neumann's Mean Ergodic Theorem in L2(T). From

Uq = q, we have A(x)q(xx) = q(x), and by taking the absolute values we

see that |<?(;c)| is constant. Since \\q\\2 = 1, we have \q(x)\ = 1 and A(x) =

q(x)q(xx) by taking the complex conjugates of both sides. Now by taking the

squares of A(x) = q(x)q(xx), we obtain 1 = q2(x)q2(xx), q2(x) = q2(x + x).

Now the ergodicity of x implies that q2(x) is a constant of modulus 1 and we

put q2(x) = X2 , \X\^J_. Then (Xq)2 = 1, Xq(x) = 1. Putting p(x) = Xq(x),

we see that A(x) = p(x)p(xx).   □

Remark. When the limit (2) fails to converge to zero, (ii) provides us with

information on the extent of irregularity. That is, ^2^f (UnT)(x) converges

to a real-valued function of modulus | fx q(x) dp\. And the size of fx q(x) dp
can be estimated as follows:

Proposition 3. Let x be an ergodic transformation on a probability space (X, p).

Suppose A(x) = exp(nixi(x)) where I is a measurable set in X. If dim H = 1

and q e H satisfies A(x) = q(x)q(xx), q(x) real, then \ fx q(x) d\ < 1 - (/).

Proof. Since q(x) is real, it is of the form q(x) = exp(niXE(x)) for some

measurable set £ in I. Then exp(nixi(x)) = exp(nixE(x)) exp(nixr-iE{x))
and / = E A x~xE modulo measure zero sets where A denotes the symmetric

difference of two sets. Hence

p(I) = p(E A x~xE) < p(E) + p(x~xE) = 2p(E)

and

/ p(x) dfi = 1 • (1 - p(E)) + (-1) • p(E) = 1 - 2p(E) < 1 - p(I).
Jx

On the other hand, we have

exp(^^7(x)) = (-q)(x) (-q)(xx) = exp(nixF(x)) exv(nixT-iF(x))
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where F is the complement of E in T. In this case, / = F A x~xF modulo

measure zero sets and

p(I) = p(F A T"'F) < p(F) + p(x~xF) = 2p(F) = 2(1 - p(E)) = 2 - 2p(E).

Hence

f q(x)dx=l-2p(E) *p(I)-l.
Jx

Therefore | jx q(x) dp\ < 1 - p(I).   D

Remark, (i) Roughly speaking, the larger the size of the set /, the less the extent

of the irregularity of convergence to 0, which fits our intuition.

(ii) Note that exp(7tixi(x)) is a coboundary if and only if there exists a

measurable set E e X such that I = EAx~xE modulo measure zero sets. For,

if there exists a real-valued function q such that exp(xi(x)) = q(x)q(xx), then

we let q = exp(nixE.) and this implies the required condition.

3. Kronecker-Weyl theorem

To study Veech's problem on the Kronecker-Weyl theorem modulo 2, we
consider the transformation xq : x >-*• x+8, 6 irrational, and the corresponding

unitary operator Uf(x) = exp(nixi(x)) where / is an interval. Proposition
2(i) is nothing new since it follows from Veech's original result on the pointwise
convergence to zero. But when the limit (2) does not converge to zero, then (ii)
provides us with a certain amount of information on the extent of irregularity.

That is, ^X)f (Unl)(x) converges to a where \a\ < 1 - length (/). Note that
Veech's original result on the irregularity of the convergence, which contradicts
our intuition, now does not seem to be so contradictory if we consider the fact

that the larger the size of the set /, the less the extent of the irregularity of
convergence, which fits our intuition more or less.

It is easy to see that exp(7tz^r0; i/2fc)) is not a constant multiple of a cobound-

ary, where k is a fixed positive integer. For, if it were of the form

exp(nixl0A/2k)) = Xq(x)q(x + 6),

then by squaring both sides we would have   1 = X2q2(x)q2(x + 6); hence,
_2 _2
X q2(x) = qz(x + 6) and X   would be an eigenvalue of the irrational rota-

tion by 9. Hence X — e2j""e for some n eZ. Now if we take the product of

the translates

exp(niX[i-i/2k, i/2k)) = Xq(x - (i - l)/2k)q(x - (i - l)/2k + d),     l<i<2k,

then we obtain _
-l=txv(nix[o,i)) = X2kQ(x)Q(x + d)

for some Q(x); hence, -f Q(x) = Q(x + 6) and -f = -e2*inke is an

eigenvalue of the rotation by 6, which is a contradiction. In fact, Conze [4]

showed that exp(7tz^[o>r)) is not a constant multiple of a coboundary when

0 < r < 1 and r is a rational number.

For examples of coboundaries, consider the case when the length of the in-

terval / is given by integral multiples of 0 . Since translates of a coboundary

are still coboundaries, we choose / = [0, {nd}) for the sake of simplicity.
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This does not necessarily yield a coboundary, but it is a constant multiple of a
coboundary since the equation

exv(nixi(x)) = Xq(x)q(x + 8)

for X = -enie , q(x) = e~nix , 0 < x < 1, implies

exp(7n^[0,{„e})(x)) = upjxjp(x + 8)

where v = (-\)\*«\+*e«*io and

p(x) = q(x)q(x-8)---q(x-(n-l)8).

If [n6] + n and n axe even, then

exp(jrz;t[o, {„*})(*)) = r(x)r(x + 8)

for r(x) = p(x)ennix ; hence, it is a coboundary. Otherwise, exv(niX[o,{n8})) is

not a coboundary. For more details on the construction of coboundaries, see

[1, 11, 12].
Helson [6, 7] showed that the spectral type of the unitary operator U in

L2(T) defined by Uf(x) = A(x)f(x + 6), \A(x)\ = 1 a.e., is pure, that is, it
is purely discrete or purely singular continuous or purely absolutely continuous.

In other words, the maximal spectral type of U is pure. For, if we let L2(T) =

//ac © Hx © HA be the decomposition into three f7-invariant subspaces such

that U has absolutely continuous spectrum in //ac and singular continuous

spectrum in //sc and discrete spectrum in //d, then each subspace is invariant

under the multiplication by e2nix and the irrational rotation by 8. Hence each

subspace is either the whole space L2(T) or the trivial subspace {0} . It is also
known that, if it is absolutely continuous, then it is Lebesgue.

In [2] it was shown that for sufficiently small rational 0 < r the unitary

operator given by A(x) = e2nirx , 0 < x < 1, has singular continuous spectrum.

In [3] it is shown that, if A(x) is a C2-function of modulus 1 with winding
number m ^ 0, then U has Lebesgue spectrum and that, if A(x) is in C1

with m = 0, then the spectral type of U is singular. Recently, it is shown that,

if A(x) is absolutely continuous with winding number m^O, then U has

Lebesgue spectrum [8]. It is also shown in the same paper that the continuity
of A alone does not classify the spectral type of U. In [5] it is proved that if
A is a step function and if 6 has unbounded partial quotients in its continued
fraction expansion, then the spectral type of U is singular. It is not known

whether we can have the same result for any arbitrary irrational 6. However,

using the same method in [3] we can show that, if A is a step function with its

discontinuities only at two points, the spectral type is singular for any irrational

8. In [4] it is proved that, if A is a step function with its discontinuities at
rational points, then the spectral type is continuous.

4. Normal numbers

Consider the measure-preserving transformation T2 on T defined by x2x =

2x . Note that x2 is strongly mixing. The classical theorem of Borel on normal
numbers states that, for almost every x e T, the number of l's in the first n

digits of the binary expansion of x is approximately \ , that is,

k=0
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This follows from the ergodicity of x2. As in the previous example we consider

Borel's theorem modulo 2. Define Uf(x)-exp(niX[i/2,i)(x))f(x2x). Since U

is an isometry, Proposition 2(ii) and the following lemma imply that ^ £f Lfn 1

converges to 0 in L2(T).

Lemma 1. Let H={he L2(X) :Uh = h). Then dim// = 0.

Proof. Suppose dim H = 1. Then Proposition 2(ii) implies that

(4) exv(7tiX[i/2,X)(x) = q(x)q(2x)

for some q, q(x) e {1}. Replacing x by 1 - x we get

(5) -exv(7tiX[i/2,i)(x)) = q(l -x)q(2(l -x)).

Multiplying (4) and (5), we get

-1 = q(x)q(l -x)q(2x)q(2(l -x)),        (-l)q(x)q(l -x) = q(2x)q(2(l -x)).

Hence T2 has an eigenvalue other than 1, which contradicts the fact that t2 is

mixing.   D

Note that x2 on T is isomorphic with the one-sided shift on X = T\lc'{0, 1}

modulo measure zero sets since 12(^^=1 an%~n) = 12^=1 an+i2~" ■ Now we

consider different T2-invariant probability measures other than the Lebesgue

measure on T in the following way: For any 0 < p < 1 we define a continuous

measure pp on {0, 1} by pp(0) = p, pp(l) - I -p. If p = 1/2, then
pp is nothing but the Lebesgue measure and any two of such measures with

different p 's are mutually singular. We give the product measure on X where

on every {0,1} some fixed pp is given. This is a coin-tossing problem with

different odds for head and tail. Now we identify X with T and consider

Uf(x) = exp(7tix[i/2,i)(x)f(x2x) in L2(X, pp). Since the one-sided shift is
mixing for any p, we apply the previous method to prove that the invariant
space H is {0} . Therefore we may conclude that modulo 2 theorem on normal

numbers is true for any measure pp .

Note that for the set / = [\ , |) the function q = exx)(nixi) is a coboundary

since / = E A x^xE for E = [\, 1). But we have / q dx = 0; hence, we

obtain the uniform distribution modulo 2 in this case even though the invariant
subspace is not zero-dimensional.
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