
proceedings of the
american mathematical society
Volume 121, Number 1, May 1994

ALMOST PERIODIC HOMEOMORPHISMS AND

p-ADIC TRANSFORMATION GROUPS ON COMPACT 3-MANIFOLDS

JOO S. LEE

(Communicated by James West)

Abstract. In this paper we prove that regularly almost periodic is equivalent

to nearly periodic for homeomorphisms on compact metric spaces and give an

example to show that the above is false without the compactness assumption.

We also prove that the following statement is equivalent to the Hubert-Smith

conjecture on compact 3-manifolds Af3 : If h is almost periodic on M* , with

h = identity on dM3, then h = identity on A/3 .

1. Introduction

Gottschalk [Gl] defined a regularly almost periodic homeomorphism of a

metric space onto itself and proved that a regularly almost periodic homeomor-
phism on a 2-manifold is periodic. P. A. Smith [S3] defined a nearly periodic

homeomorphism of a metric space onto itself and conjectured that a nearly
periodic homeomorphism on a manifold is periodic. We will prove that regu-
larly almost periodic is equivalent to nearly periodic for homeomorphisms on
compact metric spaces (Theorem 3.1) and give an example to show that the
compactness is necessary. Later we will give several equivalent conditions to

the Hilbert-Smith conjecture (Corollary 3.3 and Theorem 4.2). Hence if we can

prove one of those conditions, the Hilbert-Smith conjecture will follow. We

also wish to acknowledge receipt of the preprint [M], which asserts that the
Hilbert-Smith conjecture is true.

One motivation for this paper is the following question, raised by B. Brechner

in [B2]: If h is almost periodic on B3, with h = identity on dB3, then must h
be the identity on B3 ? A. Fathi gave me a valuable comment for generalization

of Proposition 4.1.

2. Definitions

A homeomorphism h of a metric space (X, d) onto itself is said to be almost
periodic [A.P.] on X iff, for every e > 0, there exists a relatively dense sequence

{«,-} of integers (i.e., the gaps are bounded) such that d(x, hni(x)) < e for all

Received by the editors April 13, 1992; this paper was presented to the 26th annual Spring
Topology Conference of the AMS on April 2, 1992.

1991 Mathematics Subject Classification. Primary 57M60, 57S20, 57S25.
Key words and phrases. Manifold, almost periodic homeomorphism, the Hilbert-Smith

conjecture.

©1994 American Mathematical Society
0002-9939/94 $1.00+ $.25 per page

267



268 J. S. LEE

x e X and i = +1, +2, +3,... . In particular if, for every e > 0, there

exists a positive integer nt such that d(x, hk(x)) < e for all x e X and for

all k e ntZ, we say that the homeomorphism h is regularly almost periodic
[R.A.P.]. Below, we state a well-known characterization (Proposition 2.1) and

property (Proposition 2.2) of almost periodic homeomorphisms.

Proposition 2.1 [G2, p. 341]. Let X be a compact metric space. Then h is an

almost periodic homeomorphism on X if and only if the set of powers of h is
equicontinuous.

Proposition 2.2 [Gl, p. 55]. Let h be an almost periodic homeomorphism on

a compact metric space (X, d), and let e be any positive number. Then
there exists a regularly almost periodic homeomorphism H on X such that

d(h(x), H(x)) < e for each x e X. The homeomorphism H may be chosen
as the uniform limit of a sequence of positive powers of h .

A homeomorphism h of a metric space (X, d) onto itself is said to be nearly

periodic [N.P.] iff there exists a complete system {íí/}^! of finite covers which

are invariant under h . The sequence {n,}^ is called a complete system iff
{mesh(fi,)} has limit 0.

3. Main theorem

In this section we will prove our first main theorem (Theorem 3.1) and give an

example to show that the compactness hypothesis is necessary. P. A. Smith [S3]

showed how to construct a compact zero-dimensional group acting on a compact
metric space M, generated by a given N.P. transformation T, of M onto itself.

He then stated, without proof, every element of a />adic transformation group

acting on a compact metric space is nearly periodic. In this section, we also
provide a proof of this theorem. (See Proposition 3.5.)

Theorem 3.1. Regularly almost periodic is equivalent to nearly periodic for home-
omorphisms on compact metric spaces.

Proof. Let h be R.A.P. on a compact metric space X. We shall construct a
complete system {£2,}?^ of finite covers which are invariant under h and such
that {mesh(Q,)} has limit 0.

Let ex > 0, and choose a finite open cover B(xx,i, ei), B(xxi2, ¿x), • • • ,

B(xx¡ke , ex). Since h is R.A.P., there exists a positive integer «e, such that

d(x, hn(x)) < cx for all n e neiZ. We let powers of h act on each Bx>k,

where Bxk = B(xxk, ex). Set

B'x,k = {JhJnei+'(Bi,k)    for/ = 0, l,2,...,nei-l.

7=0

Then {B[ k : I = 0, 1, 2, ... , «e, - 1} is invariant under h and

{B[ k:l = 0,l,2,...,nei-l; k=l,2,...,ke¡}

forms a finite invariant open cover of X, denoted by Qi.

Now let ôx > 0 be the Lebesgue number corresponding to fli. Since the

set of powers of h is equicontinuous on X (Proposition 2.1), we can find

a > 0 such that hl(B(x,a)) c B(h}(x),ô\)  for i e Z,  x e X.  Let öx
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= min{¿i', 1/22}. Let e2 > 0 be the number such that h'(B(x,e2)) c
B(h'(x), ôx/6) for i e Z, x e X; and consider the finite open cover
{B(x2>k, e2) : k = 1,2, ... , k€2} . For convenience, we denote B(x2¡k, e2) =

B2k. Also, from the definition of R.A.P., there exists a positive integer nt2
such that d(x2<k , hn(x2k)) < e2 for all n e neiZ . We let powers of h act on

B2k for each k and set

oo

B2,k = U hJ"t2+l(B2,k)   forl = 0,i,...,nei-l;k=l,2,...,ktl.

7=0

Then the family of open sets Bl2 k , for I = 0, I, ... , nf2- 1, is invariant

under h and diam(7^ k) < ôx for each /. Therefore, Bl2 k is contained in

B[ j for some ;',/'. Consequently we get the finite open cover

{Bl2Jl : I = 0, 1, ... , ne2 - 1 ; k = 1, 2, ... , ktï} = Q2

which is invariant under h , mesh(Q2) < mesh^) and mesh(Q2) < 1/22.
Inductively we can get a complete system {Q,} of finite open covers which

are invariant under h and such that mesh(Q,) < 1/2'.
The converse is clearly true from the definition.   D

Theorem 3.1 is not true without the compactness assumption as the following

example shows. This example also shows that Proposition 3.5 is false without

the compactness assumption.

Example 3.2. Let d = min{d(a, b), 1} be a metric on the real line, and define

the metric p(x, y) on R°° to be the l.u.b. {d(x¡, y¡)} for x = {xx, x2,...},
y = {yx, y2. • • •} • We consider the following tree X which is embedded in

7Î3 so that the segment [a, b] is located at the z-axis with d(a, b) = 1/4
and is contained in the unit disc in the plane. We also define the period two
homeomorphism T2 described in Figure 1 (i.e., T2 is the n rotation about the

z-axis fixing the segment [a, b]).

We can define a periodic homeomorphism T2i on X with period 2' de-
pending on T2i-\ .

For example, T2i, which is the the periodic homeomorphism of X with

period four, is the composition of T2 and the n rotation of subtree below 11,
fixing the complement of this subtree and described in Figure 2.

r2

»X       X*'        2K       X»

Figure 1
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a a a

Figure 2

Define T = lim,--,«, T2¡. Then T is R.A.P. and N.P. on X. This shows that
we can define N.P. on a metric space without compactness. Now we consider

the wedge product

oo

X* = \J X¡ c Ix(7*3), '    wriere Xi is the tree described above,
1=1

and
oo oo oo

r=nt'::vx'-*vXi> whereTi=Ton*i-
1=1       1=1 (=1

Notice that we embed X* in nii(^3)/ so tnat me wedge point, a, is at the
origin. Let x e X* with d(x, 0) > 1/4. Then, for sufficiently small e > 0,
Bp(x, e) n X* c A; for some j . Hence we cannot find a complete system of

finite open covers of X*. But T* is obviously R.A.P.

Corollary 3.3. The following statements are equivalent on a compact manifold
M:

(1) A regularly almost periodic homeomorphism on a compact manifold M

is periodic.
(2) A nearly periodic homeomorphism on a compact manifold M is periodic.

(3) (Newman's property on regularly almost periodic homeomorphisms.) Let

h be a regularly almost periodic homeomorphism of a compact manifold M onto

itself. Then there exists e > 0 such that if i e Z+ with d(x, hiZ(x)) < e for

all x e M, then h' acts trivially on M.

Remark 3.4. Newman's theorem [N] for periodic homeomorphism on mani-

folds has also been proved by A. Dress [D] and P. A. Smith [S2]. See also [Br,

p. 154]. Later H. T. Ku [K] extended Newman's theorem to actions of />adic

solenoids.

Proposition 3.5. Let X be a compact metric space and G be a p-adic transfor-

mation group acting on X. Then every element of G is nearly periodic.

Proof. We use the technique of Yang [Y, p. 211]. Let X be a compact metric
space and G be a p-adic group acting as a topological transformation group on

X. Let G = Go D Gx D ■■ be a sequence of open subgroups of G such that,

whenever j > i, G¡/Gj is a cyclic group of order pJ~l and

lim{diam(c7/)} = 0.



ALMOST PERIODIC HOMEOMORPHISMS AND p-ADIC TRANSFORMATION GROUPS        271

Let

ht, j : G/Gj —* G/Gt,       A, : G —► G/Gt

be homomorphisms induced by the identity homomorphism of G ; i.e., gGj -*

gGi, g -» gG, by hij, A, respectively. Then G ~ lim,_{G/G;} with bonding
map hij. Similarly, we let

Ttt, j : X/Gj —> X/G,,        m : X —* A/G,-

be maps induced by the identity homeomorphism of X. Then {X/G, : tt,;7} is
an inverse system and {n¡} determines a homeomorphism of X onto

lim_{A7Gy} by x -> (xGx,xG2, ...). Note that X/G¡ denotes the orbit
space of X determined by G;.

Let T be an element of G, and for every nonnegative integer i, let T¡ be

the coset TG¡ in G/G¡. Since TG¡ acts on X/G¡, T¡ is a periodic map on
X/Gj with period pfc, where k < i. Let 7) be the periodic map for j > i.
Then the period of 7) is no less than the period of T¡ since G, D Gj. We
assume that the period of Tx is p. Let

Vx = {Ux,x,Ux,2,...,UXtkl}

be a finite open cover of X such that *¥x is 7ti -saturated for some finite open

cover of X/Gx. We let powers of Tx act on *¥x and find the finite open cover

oI = {Y,r,CP),...,7f-1CP)}

which is invariant under r.
Now let ôx be the Lebesgue number of ilx, âx = min{¿i', 1/22} , and let

e2 > 0 be a number such that T'(B(x, e2)) c B(T'(x), Sx/6) for all i, for all
x e X. Let Gk be a sufficiently small subgroup such that

^k = {Uk,X > £4,2 > ••• , Uk,lk}

is a finite open cover of X with diam((4,) < e2 and 7^-saturated for some
finite open cover of X/Gk . Then

Qk = {?k,TkÇ¥k),...,TZ-lÇ¥k)}

where q is the period of Tk , is an invariant finite open cover of X under T

and mesh(Qfc) < 5X. Thus we get the finite open cover Q¿ which is invariant

under T and mesh(Q¿) < 1/22.
Inductively we get a complete system {Q,} of finite open covers which are

invariant under T,and mesh(Q,) has limit 0.   G

4. The Hilbert-Smith conjecture on compact 3-manifolds

M. H. A. Newman [N], P. A. Smith [SI], and A. Dress [D] proved that if G
is a compact Lie group acting effectively on a manifold M, then the fixed-point

set is nowhere dense. From this result we have the following proposition:

Proposition 3.1. Let M be a compact, connected manifold with nonempty bound-

ary, and let h be a periodic homeomorphism of M onto itself such that h is

the identity on dM. Then h is the identity on M.

Proof. We attach two copies of M on their boundaries with the identity map

and let 77 be the map of ML)Xá\dMM onto itself such that 77 = A on one copy



272 J. S. LEE

of M and 77 = identity on the other copy of M. Then 77 is periodic on

this double of M and the fixed-point set contains an open subset. Therefore
A = identity by Newman's theorem.   D

In general, A.P. and R.A.P. are not equivalent on a metric space . For exam-
ple, an irrational rotation on Sx or D2 is A.P. but is not R.A.P. [F, vK]. But,

from Proposition 3.5, Proposition 4.1, and Corollary 3.3, we have the following

theorem:

Theorem 4.2. Let M3 be a compact, connected 3-manifold with nonempty

boundary, and let h be a homeomorphism of M3 onto itself. Then each of

the following statements is equivalent to the Hilbert-Smith conjecture on M3 :

(1) If h is almost periodic on M3, with A = identity on dM3, then A =
identity on M3.

(2) If A is regularly almost periodic on M3, with h = identity on dM3,
then A = identity on M3.

(3) If h is regularly almost periodic on M3, then A is periodic on M3.
(4) If A ¿s nearly periodic on M3, then A is periodic on M3.
(5) (Newman's property on regularly almost periodic homeomorphisms.) Let

h be a regularly almost periodic homeomorphism of M3 onto itself. Then there

exists e > 0 such that if i e Z+ with d(x, hiZ(x)) < e for all x e M3, then

h' acts trivially on M3.

Proof. (1) implies (2): Clear.
(2) implies (3): Let A be R.A.P. on M3. Then A is periodic on dM3 [Gl].

Let n be the period of A on dM3. Then A" is R.A.P. and identity on dM3.
Therefore, A" is the identity on M3, by hypothesis, and hence A is periodic
on M3.

(3) implies (1): Let A be A.P. with A = identity on dM3 and let e > 0.
By Proposition 2.2 there exists a R.A.P. homeomorphism 77 on M3 such that

d(h(x), H(x)) < e for each x e M3. H is periodic by assumption. Since 77
is a uniform limit of a sequence of positive powers of A and A = identity on

dM3, 77 = identity on dM3. Therefore, 77 = identity on M3 by Proposition
4.1. Since e was arbitrary, A = identity on M3.

By Corollary 3.3, (3), (4), and (5) are equivalent.   D
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