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ADMITTING NO GROUP-VALUED MEASURE
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Abstract. We construct a finite orthomodular lattice L such that, for each

commutative group G, there is no nontrivial G-valued measure on L. This

result extends a result of R. J. Greechie {Orthogonal lattices admitting no states,

J. Combin. Theory Ser. A 10 (1971), 119-132), and also sheds light on recent
investigations in the noncommutative measure theory.

1. Introduction

In the quantum logic approach to the foundations of quantum mechanics

it is often assumed that the "event structure" of a quantum experiment is an
orthomodular lattice (OML) L (see [7, 16, 18], etc.). The "states" of the exper-
iment are then represented by probability measures on L. Thus, it is natural
in this general approach to ask if any OML admits probability measures, as
all Boolean OMLs and Hilbert-space-projector OMLs do, or if there are OMLs
with only very few or no probability measures. This question was answered

by Greechie—he showed that there are finite OMLs without any probability

measure at all [5]. As peculiar as the latter result might seem, it considerably
influenced the quantum axiomatics (see [7, 16]—the existence of "states" has
to be assumed!) and both algebraic and analytic investigations of OMLs (see

[11,14, 17], etc.).
In a generalized setup of vector-valued or group-valued measures on OMLs,

an analogous question has apparently been an open problem (the Greechie ex-
amples [5] as well as the other combinatorial examples [15, 16, 17] do admit
nontrivial group-valued measures). Since quite a few Boolean group-valued
measure-theoretic results have found their noncommutative versions recently

(such as, e.g., the generalization of [1] and [19] established in [4]), this question

of the existence of group-valued measures on an OML has become even more

topical. In this paper we provide an answer to the question by exhibiting a finite
OML with no nontrivial group-valued measure. In the proof we have adopted

the basic Greechie construction idea, but we also needed to combine it with

some new combinatorial methods in OMLs.
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2. Preliminaries

Let us first review basic notions as we shall use them in the sequel.

An orthomodular lattice is a lattice L with a least and a greatest element

(denoted by 0, 1, respectively) and with a unary operation ' (orthocomplemen-
tation) satisfying the following properties for all a, b e L:

(1) (a')' = a,
(2) a<b =* b'<a',
(3) a V a1 = 1,

(4) a < b ==> b = aV(bAa').

Let L be an orthomodular lattice, and let G be a commutative additive group.

A mapping m : L —► G is called a G-valued measure on L if the following
conditions are satisfied:

(1) m(0) = 0,
(2) m(a V b) = m(a) + m(b) whenever a, b are orthogonal, i.e., a < b'.

Obviously, every OML L admits a trivial group-valued measure m satisfy-

ing m(a) = 0 for all a € L. The question appears if, for a given L, there

exists a group G such that L admits a nontrivial G-valued measure (naturally,

if L is a Boolean algebra then the latter question answers positively for any

G). As a matter of fact, all explicitly known examples of OMLs without proba-

bility measures (see [5, 15, 16]) admit nontrivial Z-valued measures (where Z
is the group of all integers). The following simple properties of group-valued
measures will be utilized later on.

Proposition 2.1. Let L be an OML, and let G be the group-theoretic product of

commutative groups G¡, i e I. For all i e /, let n,■,: G —* G¡ be the canonical

projection. If m is a G-valued measure on L, then iij o m is a Gj-valued
measure on L.

The proof is elementary.

Corollary 2.2. Let L be a finite OML which admits a nontrivial group-valued

measure. Then there is a prime number p such that L admits a nontrivial

Zp-valued measure (Zp is the cyclic group with p elements).

Proof. Let m be a nontrivial group-valued measure on L. The values of m

generate a subgroup, G, of G. As G is finitely generated, it is isomorphic

to some finite product fT/e/ Gi > where each G¡ is either Z or Zpk for some
prime number p and k e N [10, §20]. In view of Proposition 2.1, L admits
a nontrivial measure, m, with values either in Z or Zpk. In the former

case, it suffices to factorize Z modulo q, where q is a sufficiently large prime

number. If hq is the factorization mapping, then hqom is a nontrivial Zq-

valued measure. In the latter case, we factorize Zpk modulo p. Again, we

denote by hp the corresponding mapping. The measure hp o m is nontrivial

because G is generated by the values of m, and it is a Zp-valued measure.   D

Let us now briefly recall basic technical tools of our construction. A hyper-
graph is a couple H = (V, £7) consisting of a nonempty set V (of vertices)

and a covering F of V by nonempty subsets (edges). A loop of order n in

H  (n > 3) is an «-tuple of edges Ex, ... , En e ê? such that the intersections



AN ORTHOMODULAR LATTICE ADMITTING NO GROUP-VALUED MEASURE 9

Ex n E2, ... , £■„_! f)En, Enf)Ex are nonempty and mutually disjoint. (Our

definition of a loop slightly differs from that of [5], but this has no influence on
the following Loop Lemma.)

Let L be a finite OML, and let us denote by ¿/ (L) the set of all atoms of
L. The Greechie diagram of L (see [5]) is a hypergraph H = (V, ê?) such

that V = s/(L) and F consists of all maximal subsets of mutually orthogonal

elements of si/ (L).

Loop Lemma (see [5, 9]). Let H = (V ,7777) be a hypergraph satisfying the fol-
lowing conditions:

(1) VEg£: card(£)>3,
(2) VE,F a% ,E±F: card(E n F) < 1,
(3) there is no loop of order less than 5 in H.

Then there is an OML M such that H is the Greechie diagram of M.

3. Results

We start with an auxiliary construction (which, we believe, may find applica-

tions elsewhere, too).

Example 3.1. Let H be a hypergraph whose vertices are a¡, b¡ (i = 0,... ,21)

and whose edges are {a¡, b¡, ai+x}, {b¡, ai+4, bi+Xr,} (i = 0,... ,21).

(Throughout this paragraph, the indices are counted modulo 22.) Applying

the Loop Lemma to H, we obtain an OML, M. Notice that M is invariant

under any cyclic transformation of indices. (Let us remark that in the follow-

ing analysis of group-valued measures on M certain facts were obtained by

computer-aided calculations. Nevertheless, we provide arguments which allow
easy verification.)

Let G be a commutative group and let m be a G-valued measure on M.

There is the following system of 44 linear equations for 45 variables m(l),

m(a¡), and m(bi)  (i = 0,... , 21) :

(Ai) m(a¡) + m(bi) + m(ai+x) = m(l)       (i = 0,... ,21),

(Bi) m(bi) + m(ai+4) + m(bi+x0) = m(l)       (i = 0, ... , 21).

If we combine three equations (e.g., (A0), (B0), (AXo)), we eliminate the vari-

ables m(bj):

(Ci) m(a¡) + m(ai+x) - m(ai+4) + m(ai+x0) + m(ai+xx) = m(l)

(i = 0, ... ,21). Forming the linear combination of equations (Q) with

coefficients (2, -13, -7, 2, 2, 8, 14, 5, 20, 11, -4, 20, 20, -4, -4, 14,-16, -7,
-22, 5, -28, 5), we obtain

(D0) 69m(a0) = 23m(l).

By the cyclic transformation of indices, we infer that

(DT) 69m(a¡) = 23m(l)       (i = 0,... , 21).

Thus, if G is either Z or a cyclic group Zp, where p is a prime number

different from 3 and 23, then M admits only those G-valued measures which
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are constant on s7(M). (In fact, this holds also for Z3. However, M does

admit Z23-valued measures which are not constant on sf(M) 7)

Let us now explicitly state certain properties of M.

Lemma 3.2. Each group-valued measure m on M is uniquely determined by

the values m(ao), m(ax), m(a2), and m(l).

Proof. The linear combination of equations (Q) with coefficients (-7, 0, -5,

-6, -1, 3, 6, 8, 10, 10, 9, 6, 9, 12, 4, 0, 0, -2, -12, -8, -11, -6) yields

14m(«o) + 22m(ax) + 22m(a2) - m(a3) = 19m(l).

This determines the value m(a3). Analogously, the values m(ax),m(a2),

m(a3), and m(l) determine m(a4), etc. Equations (A¡) determine the values

m(bi)  (i = 0,... ,21).   D

Lemma 3.3. There is no nontrivial group-valued measure m on M such that

m(a(,) = m(a9) = m(ax2) = m(aXi) = 0.

Proof. Let us form the linear combination of equations (C,) with coefficients

(3, 12, 11, 1, 7, 11, -9, 7, -9, 1, -10, 2, -3, -8, -10, -5, 0, -6, -1, 4, 5, -3). We
obtain

-16m(a6) - llm(a9) + 31m(«12) + m(ax5) + m(axi) = 0.

This implies m(ax%) = 0. Again, the induction argument gives 0 = m(a2x) =

w(fl24) = • • • • Equations (A¡) force m(b¡) = 0 (i = 0, ... ,21).   u

We are now ready to formulate and prove our main result.

Theorem 3.4. There exists an OML L such that, for each commutative group

G, the only G-valued measure on L is the trivial one.

Proof. Let us take six copies H°, ... , H5 of the hypergraph H from Example

3.1. Let us denote their vertices by aj, bj (j = 0, ... , 5). Let us identify

ûq with all aJQ (j = 1, ... , 5). Let us perform analogous identification with

a{, a{,b}Q, and b\ (j = 0, ... , 5). As a result of the former identification, the

hypergraphs W (j = 0, ... ,5) have common vertices a[], a®, a\, b°, and

b® . Also, the procedure did not lead to any loop of order less than 5. Further,

let us add eight "new" edges {a?, a}, af}, {aj, aj, af, af}, i = 6,9, 12, 15.
Let us denote the resulted hypergraph by K. Applying the Loop Lemma to K,

we obtain an OML L associated with K.
Let m be a group-valued measure on L. According to Lemma 3.2, m is

uniquely determined by the values m(a^), m(a\), m(a2), and m(l) (= w(ûq) +

m(bl) + m(a°i)). Hence, m(a{) = m(a?) (i = 0, ... ,21; ; = 0,... ,5). For
the "new" edges we obtain

m(af) + m(ax) + m(aj) = m(aj) + m(aj) + m(af) + m(aj) = m(l)

(i = 6, 9, 12, 15). Using the consequences of Lemma 3.2, we see that

3m(af) = 4m(aj) = m(l)       (i = 6,9, 12, 15).

Thus, m(af) = 0 (i = 6,9, 12, 15). According to Lemma 3.3, m has to be
the trivial G-valued measure. The proof is finished.   D

Let us conclude with a few remarks.
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Remarks. 1. If we treat the same question for orthomodular posets, our task

is substantially easier. Indeed, Greechie and Miller [6] have constructed an

orthomodular poset P with 22 atoms which admits exactly one probability

measure. This poset P may be used in place of M in our construction. For

every group G the poset P admits only those G-valued measures which are

constant on sf(P).

2. According to (D¡), our lattice M admits exactly one probability measure

(attaining the value 1/3 at each atom). Similar examples have been found in

[12, 13]. The lattice M presented here, however, is considerably smaller.

3. We can construct OMLs with an arbitrary finite dimension of the space of
group-valued measures. It suffices to take the product of the OML of Theorem
3.4 with a suitable Boolean algebra.

Added in proof

After the paper was submitted for publication, Hans Weber (Potenza, Italy)

informed me that he obtained an alternative solution. His proof uses a com-

pletely different method and computer proving.
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