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FINITE GROUPS CONTAINING MANY INVOLUTIONS

AVTNOAM MANN

(Communicated by Ronald M. Solomon)

Abstract. If the ratio of the number of involutions of a finite group to the

group order is bounded below, the group is bounded by abelian by bounded.

One of the first exercises in group theory is that a group in which all non-

identity elements have order two (so-called involutions) is abelian. An almost
equally easy exercise states that a finite group is abelian if at least 3/4 of its

elements have order two. This cannot be improved, as the dihedral group of
order eight, as well as its direct product with any elementary abelian group, pro-
vides examples of groups in which the number of involutions is exactly one less

than 3/4 of the group order. However, it is known that groups in which many

elements are involutions are not far from being abelian. Indeed, all groups in

which at least half the elements are involutions have been determined by Miller

and more recently by Wall and by Liebeck and MacHale (see [LM], which in-
cludes references to the earlier determinations); this was sharpened by Rusin,
who determined the groups in which at least 11/32 of the elements are invo-

lutions [R]. The following result formalises the sense in which the existence of
many involutions makes a group nearly abelian.

Theorem. Let G be a finite group of order \G\, and assume that at least r\G\
elements of G are involutions, for some real number r. Then G contains a

normal subgroup H such that both \G : H\ and \H'\ are bounded by some
function of r.

As will be seen, this follows easily by combining a formula of Frobenius
and Schur with a recent result of Neumann. Our motivation, however, was

an even more recent paper of Berkovich [Be] (see also [NB] and [BM]) which
discusses the function T(G) defined below, and I wish to thank this author
for communications of this and other papers prior to publication and fruitful
contacts generally.

If G is a finite group, we denote by k = k(G) the number of conjugacy

classes of G, let dx, ... , d^ be the degrees of the irreducible characters of G,
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and write T(G) for the sum of these degrees. We thus have

(1) T(G) = Y,di,

(2) \G\ = Y,dl

Lemma 1. With this notation, we have

(3) V\G\<T(G)<J\G\k.
Proof. The left-hand inequality is immediate from (2), and the right-hand one
follows from (1) and the Cauchy-Schwarz inequality, applied to the vectors

(dx, ... ,dk) and (1,..., 1). (The referee pointed out that a similar argument
occurs in [I], e.g., in the proof of Theorem 4.11. Moreover, after writing the first

version of this note I have learned that an inequality equivalent to the right-

hand side of (3) appears already in [NB, Lemma 2.3], proved by a different

method.)

Lemma 2 (Frobenius-Schur). Let t(G) be the number of elements of G whose

square is 1 (i.e., involutions and the identity). Then there exist numbers u¡ =

1,0, or -1, for i = 1, ... , k, such that

(4) t(G) = 5>4,

See [I, Corollary 4.6]. An immediate corollary is

(5) t(G) < T(G).

Lemma 3. If G is a finite group such that k(G) > s\G\, for some real number

s, then G contains a normal subgroup H such that both \G : H\ and \H'\ are

bounded by some function of s.

This is Theorem 1 of [PMN]. Now assuming the hypothesis of the theorem,
inequalities (5) and (3) show that k(G) > r2\G\, and Lemma 3 finishes the

proof.

Of course, there can be no converse to the theorem as stated. But the con-

clusion of the theorem is valid also under the assumption that T(G) > r\G\.

Conversely, suppose that G contains a subgroup H such that \G : H\ < C and
| H'\ < C, for some real number C. Since each irreducible character of H is
a component of one of G, we get T(G) > T(H) ; looking only at linear char-

acters yields T(H) > \H : H'\. Thus, T(G) > (1/C2)|G|. We can thus say that
the ratio T(G)/|G| is bounded below if and only if G is bounded by abelian
by bounded. We thus add to the many interesting characterisations of the class

of bounded by abelian by bounded groups. The earliest such characterisation,
due to B. H. Neumann, is as groups covered by bounded permutable subsets
[BHN]. Recent characterisations are Lemma 3 and the "permutability" results
of [CLMR] and [Bl]. They can also be characterised by their group rings satis-
fying generalised polynomial identities ([P, 5.3.15]; I am grateful to A. Shalev

for pointing this out to me).

Added in proof

The inequality t(G) < y/\G\k already occurs in the Brauer-Fowler paper

(Ann. of Math. (2) 62 (1955), 565-583).
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