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Abstract. If G is a locally compact Abelian group, let G+ denote the under-

lying group of G equipped with the weakest topology that makes all the con-

tinuous characters of G continuous. Thus defined, G+ is a totally bounded

topological group. We prove:

Theorem. G+ is normal if and only if G is a-compact.

When G is discrete, this theorem answers in the negative a question posed

in 1990 by E. van Douwen, and it partially solves a problem posed in 1945 by

A. Markov.

Introduction

All spaces are completely regular and Hausdorff, and all groups are Abelian.

For a locally compact Abelian group G define G+ as in the abstract. The

topology of G+ is known as the weak topology on G and has been studied,
among others, by Glicksberg in [4] and by Trigos-Arrieta in [10, 11]. In his
1990 paper E. van Douwen studied the space G+ for G discrete, i.e., G

equipped with its maximal totally bounded (topological group) topology, and

asked whether this topology was normal when \G\> co.

On the other hand, A. Markov, back in 1945, asked whether every uncount-

able group—Abelian or not—would admit a nonnormal Hausdorff topologi-
cal group topology. Without offering any details or citing the existence of a
manuscript in preparation, Markov attributed to E. Livenson a proof that ev-
ery uncountable Abelian group admits such a topology. Despite the effort of

many mathematicians, it has been impossible to determine the basis of this at-
tribution and the nature of Levinson's presumed construction. It is clear that
by considering the maximal totally bounded topology, the negative answer to
van Douwen's question provides a positive answer to Markov's problem in the

Abelian situation. Those interested in the nonabelian case are referred to the

informative survey [1].
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The result

Our strategy is to deal first with the situation when G is discrete, leaving the

general case as a corollary.

A subset A of an Abelian group G is said to be independent if 0 ^ A,

and for every choice {a¡}"=l from A and {m¡}"=l of integers, the equality

mxax H-h mna„ = 0 implies m,a, = 0 for all i. See [3, §16].
As noticed in [5, (1.4)], independent subsets of G are always closed and

discrete in G+.

If S is a subset of a space X, we denote by ClxS the closure of S in X. If

S is a subset of a group G, we denote by (S) the subgroup of G generated by

S. ßX and bG will denote the Cech-Stone compactification of X, and the Bohr

compactification of G, respectively. The main result of this article follows. The
style of proof here is due to the referee, based on the author's arguments; see

Trigos-Arrieta [12].

Theorem. If G is a (discrete) Abelian group, then |G| > œ if and only if G+ is
not normal.

Proof. (=>•) Let G be an uncountable group. By [3, §16] or [7] we can take an

uncountable independent subset A of G. By [5, (1.4)] and [2, (1.13(a))] we can

assume that any subset of A is C*-embedded in bG. Divide A into two subsets

Ai and A2 of the same cardinality, and let Hi = (Ai) and H2 = (A2). Clearly
ClbH.Ai = ßAx and ClbH2A2 = ßA2 . This implies that (ßA)2 Ç bH, x bH2 Ç

bG. If A := {(X, X) : X £ A} , we note as well that A and O := A2\A are closed
and discrete subsets of G+ with A n O = 0. One must show that A and O

cannot be separated by open sets in G+. Let U be an arbitrary open set in

G+ containing <P. By [9, 1.5 and 1.6] F := CImîU is a zero-set of bG. Since
(yffA)2\F is Lindelöf (being cozero in (ßA)2) and A is discrete and open in

(/JA)2, it follows (by considering for each p £ (ySA)2\F an open (in (ßA)2)

rectangle Rp ç (/?A)2\F, if necessary) that (/?A)2\F is at most countable.

Therefore, AnF/0, implying that A n Og+U # 0. If V were an open set

in G+ such that A ç V and U n V = 0, we would have A n C1G+U = 0 . This
contradiction proves (=>).

(<=) Obvious.   D

For the general case we can proceed as follows: Clearly the weak topology

on a locally compact rj-compact Abelian group must be normal. Let G be

a locally compact Abelian group which is not o -compact. By [6, (24.30)] G

is topologically isomorphic to R" x Go, where R denotes the real line, n is

a nonnegative integer, and Go has a compact open subgroup Ho. Apply the

theorem to the uncountable discrete group G0/H0 and use [10, (2.2); 11, §3; 6,
(5.18)]. Thus we have

Corollary. If G is a locally compact Abelian group, then G is a-compact if and

only if G+ is normal.

Remark. The paper [12] deals with the same results of this article in greater

detail.
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