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CONTINUITY OF RANDOM DERIVATIONS

M. V. VELASCO AND A. R. VILLENA

(Communicated by Palle E. T. Jorgensen)

Abstract. In this paper we extend the well-known Johnson-Sinclair theorem in

a stochastic sense showing that stochastically derivative linear random operators

on semisimple Banach algebras are stochastically continuous. Besides, we prove

that probably derivative linear random operators on semisimple Banach algebras

are probably continuous.

1. Introduction

A classical topic in the automatic continuity problem of linear operators is

the problem of the automatic continuity of derivations. Many authors have

been interested in this topic (see, e.g., [2-4, 6-9, 11, 15, 16]) since, twenty-five

years ago, Johnson proved (in [10]) that derivations on complex commutative

semisimple Banach algebras are continuous. For Banach algebras, the Johnson-

Sinclair theorem, which establishes that every derivation on a semisimple Banach

algebra (real or complex) is continuous [11], is perhaps the most outstanding

result in this line.
Our goal in this paper is to randomize the Johnson-Sinclair theorem. For

that, we say that a linear random operator, fl, on a Banach algebra A, is

stochastically derivative when

¥[D(ab) = D(a)b + aD(b)]=l,    Va, be A,

and we show (Theorem 3.3.1) that stochastically derivative linear random oper-

ators, on semisimple Banach algebras, are stochastically continuous.

Now, following the pattern of [ 17], it is logical to weaken the condition of

being stochastically derivative in the following way.

We say that a linear random operator, D, on a Banach algebra A is probably

derivative if there exists 0 < Ô < 1 such that

¥[D(ab) = aD(b) + D(a)b]>ô,    Va, be A.

In the last section of this paper our purpose is to inquire into the stochastic

continuity of such operators.

For a probably derivative linear random operator, D, we define the number

y(D) := inf{P [D(ab) = aD(b) + D(a)b]: a, be A}
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(which in some sense can be considered as the probability of D being stochas-
tically derivative), and, in Corollary 4.3, we show that for a probably derivative

linear random operator, D, on a semisimple Banach algebra, A, a measurable

set, YIq, with P[Qo] > y(D), can be got such that the linear random operator
on A, D/çiç, defined by D^(a) = D(a)jç^ being stochastically continuous.

2. Some topics about the continuity of linear random operators

Throughout this paper, we consider a fixed probability space (Yl, I, P) and,

given a Banach space, Y, we denote by -26(ñ, Y) the linear space of all Y-
valuedBochner random variables on (Yl, X, P), which, with the almost surely
(abbr. a.s.) identification, is an F -space with the convergence in probability

topology [13].
A linear random operator from a Banach space X to .56 (fí, Y) is called

linear random operator from X to Y.

It is said that a linear random operator, T, from X to Y, is stochastically
continuous when

{x„} —> x, in X => {T(xn)} —> T(x), in probability.

This property can be characterized as follows:

for every 0 < e < 1, 3M > 0 such that P[||r(jc)|| < Af||jc||] > e ,    VxeX.

Besides, if we denote the separating subspace for T by A?(T), i.e.,

&(T) = {y € .26 (fí, Y) : 3xn -» 0 with T(x„) -> y in probability},

we have that, by the closed graph theorem,

T is stochastically continuous <* P [y = 0] = 1,    Vy e 9*(T).

For a linear random operator, T, we define the real number

a(r):=inf{P[y = 0]:ye^(r)}.

Since a(T) is indeed a minimum (see [17]), it is clear that T is stochastically

continuous if and only if a(T) = 1.

Now, we consider linear random operators which behave as stochastically

continuous ones on some measurable subset of Yl. For that, let fío be a measur-

able set, with P [fí0] > 0, and let T be a linear random operator from X Xo Y.
Considering ¡Qo as a new probability space (with the inherited structure from

Yl), we can define the operator r/iio: X -> .26 (fí, Y) by T/ao(x) = T(x)/n0,
and this linear random operator 7/cj0 is said to be a conditional operator of T.

We say that a linear random operator, T, is probably continuous when some

of its conditional operators are stochastically continuous. Besides, if T/ç^ is
stochastically continuous then a(T) > P[Qo], trivially. Reciprocally, probably
continuous linear random operators are these which have stochastically small

separating subspace. To be exact, as we proved in [17, Theorem 7], if T is
probably continuous then, there exists a measurable set, i2o. with P [fío] = <*(T),
such that T/çiç is stochastically continuous. Moreover, the set

{P [fío] : T/Qq is stochastically continuous}

has a maximum which coincides with a(T). (In consequence, a(T) can be

considered, in this sense, as the probability of T being stochastically continuous.)



continuity of random derivations 109

We conclude this section observing that by [17, Corollary 8], if T is a non-
stochastically continuous linear random operator and S is in ]a(T), l[ then,

for every positive constant M, there exists Xm in X, such that

nW(xM)\\>M\\xM\\>l-à,

so, the next result follows.

Theorem 2.1. If T is not stochastically continuous then, for every ô in ]0, 1 -
a(T)[ and every positive random variable Z, we can find an element, x¿¡z in

X, which can be choosen with arbitrary small norm, satisfying that

¥[\\T(xâ>z)\\>Z]>ô.

3. Stochastic continuity of stochastically derivative
linear random operators

The following lemma is essential for the conclusion of the basic results of

this paper. Given a set, J, we denote by &(J) the family of all finite subsets
of J.

Lemma 3.1. Let {Qj-. / e J} be a family of closed sets in a Banach space Y.
Then, for every y in .26 (fí, Y),

¥ ye fia =    inf   ^P
Fef(j)

J€F

Proof. Let y be in A¿q(YI,Y). By [14, Theorem 1.1], there exists a separable
Banach space, L, (depending on y ) in which y take its values almost surely,
so

P yeflöi
jes

ye [r\Qj]nL

But, by [12, Theorem 13.1.3], there exists a sequence {jn}nen , in /, such that

A fi Qj = U (Aß;) = IJ (L\QjJ = L\(f] Qj] ,
j€J jeJ n€N \«€N /

and, therefore,

P ye na
jeJ

ye (na-)nL
j€J

yefloi.)
ne®

lim P
n—»Co

ye(f]Qjn)nL

yefle.
k=i

Moreover,

P ye fia
jeJ

<

jeF

,    for ail F in 9"(J) ,

so the result follows.   G



110 M. V. VELASCO and a. r. villena

Throughout this section let D be a stochastically derivative linear random
operator on a Banach algebra, A . Moreover, the family of all primitive ideals

of A is denoted by {i>/},6/, and we define the sets

ii := {i e I: P¡ has infinite codimension}

and
I2:= {i e I: P¡ has finite codimension}.

3.1. Working with the primitive ideals of infinite codimension. The following

lemma is a refinement of [11, Lemma 2.1].

Lemma 3.1.1. Let X be an infinite-dimensional Banach space such that there
exists a strictly irreducible representation of A on X. Let 33 be the centralizer

of A on X. If the vectors Xq, xx, ... e X are linearly independent over 33

then, given y in X\{0}, there exists a in A satisfying that

axo = 0,    axx=y,    and   axx, ax2,... are 33 -independent.

Proof. By the Jacobson density theorem [5, Theorem 24.10], there exists bx in

A such that
bxXo = 0   and   bxxx = y.

Since X is infinite-dimensional over 33 , we can find a vector, y2 , in X, which

is not a linear combination (over 33 ) of the vectors bxxx, bxx2. Again by the
Jacobson density theorem, there exists c2 in A, such that

c2xx = c2x0 = 0   and   c2x2 = y2,

so, multiplying c2 by a convenient constant, we obtain b2, in A, satisfying

that

||¿2ll<2>       b2xx = b2x<j = 0,

and

¿2*2 is not a linear combination (over 33 ) of bxxx, and bxx2 .

An analogous argument shows that, for all n > 2, we can get an element, b„ ,

in A, such that

HM<2?,        bnxn-x = --- = b„x0 = 0,

and

b„x„ is not a linear combination (over 33 ) of I y b,\ xx,..., I y b,■] x„ .

Thus, defining a := ¿Z^LX bn we have that axç, = 0 and axx = y, obviously.

Moreover, if m < n ,

¡n-\     \ (n-\

..1=1      / \f=l

= b„x„ + [ y b, \ x„, axm = [ y b, \ xm are 33 -independents.   D

Let X be a Banach ^-module. Given x in X, we denote by Dx the linear
random operator, from A to X, defined by Dx(a) = D(a)x, for all a in A,
(where (D(a)x)(co) = D(a)(co)x, Vcoetl).
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Lemma 3.1.2. If X is an infinite dimensional irreducible Banach A-module then,

for all x in X, the application Dx: a —> D(a)x is stochastically continuous.

Proof. We assume that y in X is such that Dy is not stochastically continuous,
and we shall deduce a contradiction from this assumption.

We denote the centralizer of A on X by 33 . Since X is infinite dimensional

over 33, there exists a countable set {xq , xx, ...} of 33-independent vectors
in X such that ||jc„|| = 1. Applying inductively the last lemma, we obtain a

sequence {an}ne® in A satisfying that, for every n in N,

(1.1) an-axxn-i = 0,

(1.2) a„---axx„=y,

and

{a„ ■■ ■ axXj, j > n} is 33 -independent.

Now, we can assume that

(1.3) Kll<¿,   v«eN,

changing (1.2) by

(1.4) a„---axx„ = xny

where xn is a convenient positive constant.

Since Dy is not stochastically continuous, by Theorem 2.1, there exists

0 < ô < 1 such that we can obtain, inductively, a sequence, {6„}neN, in A,

satisfying that

(1.5) Pvill<IIM<l,    VneN,

(1.6) P[||M < (1 + \\D(aj---ax)\\)-x] > 1 - I,        1 <j < n,

and

n-\

\\D(bn)rny\\>n + y\\D(bjaJ...ax)(1.7) P

We consider the elements

> ô,    Vn > 2.

c = ybjaj---ax

7=1

and
oo

c„ = bn+x+ y bjaj---an+2

j=n+2

(given by series which are absolutely convergent).
Since

n-\

D(c) = y D(b¡üj ■■■ax) + D(b„)a„ ■■■ax+ bnD(a„ ■■■ax)

7=1

+ D(cn)a„+X ■ ■ ■ ax +c„D(an+x •••a1)   (a.s.),
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we have, by (1.1) and (1.4), that

n-\

D(c)xn = y D(bjüj ■■■ax)xn+ D(b„)x„y

7=1

+ b„D(an ■■•ax)x„ + cnD(a„+x ■ ■ ■ ax)x„    (a.s.).

Therefore,

n-\

so that

\\D(c)xn\\ > \\D(bn)xny\\ - y \\D(bjaj ■ ■ -ax)\\

7=1

-\\bn\\\\D(an---ax)\\-\\cn\\\\D(an+x---ax)\\   (a.s.),

P[||i)(c)||>«-3]>P[||i)(c)xn||>«-3]

> P
n-\

(1.8)

\\D(bn)xny\\>n + y\\D(bjaj---ax)\\,
J=x

||MP>(fl»---fli)ll<l> ||cll|IP(a«+i---aOII<2

> P
n-\

\\D(bn)xny\\>n + y\\D(bjaj---ax)

7=1

-r-P[||ô„||||Z)(fl„...aOII<l] -rP[||c||||Z)(ûII+1...flOII<2]-2.

But, we observe that

¥[\\bn\\\\D(an---ax)\\<i]>¥[\\bn\\<(l + \\D(a„---ax)\\rx\,

so, by (1.6),

(1.9) P[||oB||P(fl»---fli)||<l]>l-¿,    V«e

On the other hand, by (1.3) and (1.5), we have that

||cn||<2||è„+1||,

so

¥[\\cn\\\\D(an+x---ax)\\<2\>¥[\\bn+x\\\\D(an+x---ax)\\<l]

and, by (1.9),

(1.10) ¥[\\D(cn)\\ \\D(an+x ■ • -flOII < 2] < (l - —^ > (l - ¿) .

In consequence it follows from (1.8), applying (1.7), (1.9), and (1.10), that

¥[\\D(c)\\ >»-3]>J+(l-l) + (l-¿)-2 = *-|.

This contradiction proves the result.   D
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Lemma 3.1.3. For all b in S"(D) the following is satisfied:

¥ b e f| Pi

Proof. LeX P be an infinite-codimensional primitive ideal of A, and let X be
the left ^-module corresponding to an irreducible representation of A whose

kernel is P (see [5, Proposition 24.12]). Since X is an infinite-dimensional

irreducible Banach ^-module, the previous lemma shows that the operator
Dx : a —y D(a)x is stochastically continuous, for all x in X. Thus, if b is
in A?(D), it is satisfied that

P[bx = 0]=l, VjcceI

(because bx e ^(Dx) ), so denoting

kerx := {ae A: ax = 0},

we have a family, {kerx: xe!},of closed subsets of A, such that

b e p) kerx
x€F

= 1,

for every finite subset, F, of X. Therefore, Lemma 3.1 proves that

b e P| kerx
xex

= 1

that is,

¥[beP]= 1.

Now, applying Lemma 3.1 to the family {/?,: i e Ix} , the result follows.   D

3.2.   Working with the primitive ideals of finite codimension.

Lemma 3.2.1. Let {Q„}neN be a sequence of ideals of A such that:

(i)   Q„ has finite codimension, V«eN,

(ii)  A/Qn has a unit element, V«eN,

(iii)   Qn + Qm = A, for all n^m.

Then, there exists a sequence, {an}nc.n, in A satisfying that, for every k in N:

(i)   ak + Q„ = 0, n=l,...,k-l,
(ii)  ak + Qn is invertible, Vn > k,

(iii)   11**11 <1.
Proof. In a first step, we show that if n is in N, then Qm +fYLi Qj = A, V/n >
n.

In effect, let n := maxik e {I, ... , m - 1}: Qm + ffj=x Qj = a\ . If n <

m - 1, then, for every a in A, we have that there exists ax in Qm and bx in

f1"=i Qj sucn that a = a\ + b\. LeX u be a modular unit of Qm (which exists

because A/Qm has a unit element). Since A = Qm + Qn+X, we can find a2 in

Qm and b2 in Qn+X suchthat u = a2+b2, so that au = (ax(a2+b2)+bxa2)+bxb2

lies in Qm + ("Ç*J Qj . Therefore, a = (a - au) + au belongs to Qm + [)"+{ Qj,

which contradicts the definition of n .
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Now, proceeding as in the proof of [18, Lemma 2.2] from the first step,

it follows that the homomorphism a —> (a + Qx, ... , a + Qn), from A to

©;=i A/Qj is onto, for all n in N. In consequence, the same argument used

in [18, Lemma 2.6] proves the result.   D

Lemma 3.2.2. Let b be in S^(D).  Then, for every 0 < e < 1, there exists a

finite subset, F€, of I2 such that

¥ > e.be   p|  p,

i<ch\F(

Proof. We assume to the contrary that there exists 0 < e0 < 1 such that

be   p| Pi

i€I2\F

< e0,    for all finite subsets F of I2

Since P b e n,6/2 ftl < eo , Lemma 3.1 shows that there exists a finite subset,

Fx, of Í2 such that

P bepl^
•eh

< bef)Pi
i€F¡

<e0.

Thus, we obtain inductively, applying Lemma 3.1, a sequence of finite subsets

of Í2, denoted by {F„}neN , satisfying that,

P be        p|       Pi

72\(F,U-UFn_,)

< bepl^
i£F„

<eo

and

Now we define

ir„n(F1u---uF„_o = 0,   v« > l.

Qn= f]Pi,   v«eN.
i€Fn

Since A/Q„ is isomorphic to 0¡6f (A/Pi) (see [11, Lemma 3.1]), the codi-
mension of Q„ is finite. On the other hand A/P is a primitve Banach algebra,
for every primitive ideal, P [5, Proposition 26.9], so it is semisimple [5, Propo-

sition 24.14]. If, in addition, the codimension of P is finite, then A/P has

a unit element [1, Theorem 3.1]. Thus, we also deduce that A/Qn has a unit

element.
Since (P„ + Pm)/Pn and (P„ + Pm)/Pm are two-sided ideals of the simple

algebras A/P„ and A/Pm , respectively, we have that P„ + Pm = A , V« # m .

Therefore, Lemma 2.1 of [ 18] proves that if m is not in F„ then Pk + Qm = A,

V/c e F„, and, applying the same lemma again, we deduce that

Qn + Qm = A,    V« ¿ m.

We just show that Lemma 3.2.1 can be applied, so there exists a sequence

{a-OneN-in A satisfying that

ak + Qn = 0, Wn = l,...,k-l,

&k + Qn is invertible,    V« > k,
(2.1)
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and

(2.2) Mfcll < I-

Now, let ô be in ]0, 1 - eo[. Since, for every natural number, n , the linear

random operator from A to A/Qn , given by a-» D(a) + Q„ , and denoted by

IlQn o D, satisfies that

a(UQn o D) = inf{P [y = 0] : y e A^(UQn o D)} < ¥ [b e Qn] < e0,

we can get, by Theorem 2.1, inductively, a sequence {b„}„eN , in A such that

1
IIM<2?,     V"e

(2.3)

and

(2.4)

P

-i

||M< \l + y\\D(aj)
7=1

P

> 1 - -,   v« e N,

n-l

P(en) + ßn||>nilK + o")_1ll [n + y\\D(bjaj...ax)\\
7=1 \ 7=1

> ô,    V« > 2.

We define

Then, by (2.1),

c:=ybjaj---ax.

7=1

n-\

D(c) + Q„= y(D(bjaj ...ax) + Q„) + (D(bn) + Q„)(an +Q„)• ■ • (fll + Qn)

7=1

+ (¿« + Qn)(D(an) + Qn)--- (ax + Q„)

+ --- + (b„ + Q„)(an + Qn) • • • (-D(ai) + Ö«)

+ (b„+i + Qn)(D(an+x) + Q„)(a„ + Q„) ■■ ■ (ax + Qn)   (a.s.),

and, since

\\D(bn) + Qn\\ < \\(D(bn) + Qn)(d„ + Qn) • • ■ (fll + Ö,)ll fl UK + Qn)~l II ,
7=1

we have that, applying (2.2),

iii)(c)ii>iii)(c) + e„ii
n-\

>\\D(bn) + Qn\\Yl\\(aj + Qnrl\\-l-y\\D(bjaj---ax]
7=1 7=1

-||ôB||X;P(fly)ll-|l*»+illP(fl»+i)ll   (a.s.);
7 = 1
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and thus

?[\\D(c)\\>n-2]

>P[||i)(c) + ß„||>n-2]

n n-\

\\D(bn) + Qn\\ Il W(aJ + Qn)'l\\-X " £ WDü>iai ' ' -«l)ll * ">
7=1 7=1

||M¿P>(a;)ll<l, l|ô»+illl|o(fl»+OII<l

>

(2.5)
7 = 1

> P
n-1

\\D(bn) + Qn\\>Y[\\(aj + Qn)-i\\\n + y\\D(bjaj---ax)
7=1 V 7=1

+ . iimEpwh1
7=1

+ P[||6f,+1||||Z)(fl#l+i)||<l]-2.

Since

\\bn\\y\\D(aj)\\<l
7 = 1

> ||M< [ l + y \\D(aj)
7 = 1

\\bn\\y\\D(aj)\\<i

7=1

we have, by (2.3), that

(2.6) P

We also observe that

¥[\\bn+x\\\\D(a„+x)\\<l]>¥

so by (2.3),

> 1-

n+l

ll*„+lll<   [1+^11^7)11
7=1

(2.7) P[||è„+.|| \\D(a„+x)\\ < l] > l - _L. > l - I.
n + 1 n

Finally, applying (2.6) and (2.7), it follows from (2.5) that

¥[\\D(c)\\ >/î-2]>r5 + 2(l--M-2 = (5--,    VneN,

which is impossible.   D

3.3.   The main result.

Theorem 3.3.1. Stochastically derivative linear random operators, on semisimple

Banach algebras, are stochastically continuous.

Proof. LeX D be such an operator, and let b be in S"(D). Given 0 < e < 1,

by Lemma 3.2.2, there exists a finite set, F( ,ofI2, such that

be   p|  pi
ie/j\F«

>e,
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and, by Lemma 3.1.3,

P bgfy
'■€/,

= 1

so, if (ii U I2)\Fe is denoted by io ,

(3.1) P bef]Pi
¿e/o

>e.

Since A is semisimple, the mapping a —> 0,6ft(a + P,), from f)ieIo Pi

to (&i€Fe(A/Pi) is injective [5, Proposition 24.14]. Therefore, n,e/0P. is a
(semisimple) finite-dimensional subalgebra of A, so by [1, Theorem 3.1.1], it

has a unit element, which is denoted by e . LeX {an}neN be a sequence in A

converging to zero and such that {i)(a„)}„€N converges to b, in probability.

Then {i)(«?a„)}„6N converges to eb, in probability, so eb lies in the separating
subspace for the restriction of D to D,e/ P. > that is stochastically continuous

because f]ieI P, is finite dimensional. Therefore, eb = 0 (a.s.), so that,

P[b = 0] = P = P be ftp,
/'€/0

eb = 0,be f]P¡
i'6/o

Thus, by (3.1 ), P [b = 0] > e . Since e is arbitrary, this proves that P [b = 0] = 1
(i.e., D is stochastically continuous).   □

4. Probably continuity of probably derivative
linear random operators

Given a probably derivative linear random operator, D, with y(D) = ô,
we know that, for every a, b in A, there exists a measurable set, Ylab , with

p[fíj,ft]>¿, suchthat

D(ab) = D(a)b + aD(b)   (a.s.) on fia,¿.

The difficulty of working with probably derivative linear random operators
arises because we do not know the relationship between ña b and fíCj¿ , for

a, b, c, d in A . The main result of this section shows that a measurable set
fío, with ¥ [fí0] = y(D), can be got, such that

D(ab) = D(a)b + aD(b)   (a.s.) on ft0 ,    Va,beA.

This result is a straightforward consequence of the following theorem.

Multilinear uniform randomization principle 4.1. Let Xx, ... , Xn, Y be Banach

spaces and T a multilinear random operator, from Xx x • • • x X„ to Y.

(i) If there exists 0 < S < 1 such that

¥[T(xx,...,xn) = 0]>S,    V(Xi,...,x„)eXi x-xXn,

then there exists a measurable set fí0, with ¥[YIq] > S, such that T/c^
= 0   (a.s.).

(ii) The set

{¥[Yl']: Yl' is measurable and r/n- = 0 (a.s.)}
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has a maximum, the set

¥[T(xx, ... , xn) = 0]: (xi, ... , xn) e Xx X • ■ • X Xn}

has a minimum, and these values coincide.

Proof. For simplicity, we assume that T is bilinear. Now, we consider the

number

y := inf{P[r(x, y) = 0]: x e Xx, y e X2},

and we prove, by induction, that

¥[T(xx,yx) = 0,...,T(xn,yn) = 0]>y,

Vxi,..., x„ e Xi, Vy.,..., y„ e X2.

For n = 1 the result is true. We assume that the previous equality is satisfied

for a natural number, n . Then, if Xi, ... , x„+i are in Xx and yx, ... , yn+x

are in X2 , we have that for X, ß in R+ ,

y<¥[T(xx,yx) = 0,...,T(xn-X,yn-X) = 0,T(xn-ßxn+x,yn-Xyn+x) = 0]

= P[r(xi,yO = 0,... , T(x„ - ßxn+x, y„) = T(x„ - ßx„+x, y„+x) = 0]

+ ¥[T(xx,yx) = 0, ... , T(x„- ßXn+i, y„) = XT(x„ - ßx„+x, yn+i),

T(xn-ßxn+x,yn+x)^0],

so, if X —> oo, we obtain that

y < ¥[T(xx ,yi) = 0,..., T(x„ - ßx„+x, y„) = 0, T(x„ - ßxn+x, yn+x) = 0].

But

V[T(xi ,yx) = 0,..., T(xn - ßx„+x ,yn) = 0, T(xn - ßxn+x, yn+x) = 0]

< ¥[T(xx ,yx) = 0,..., T(xn , y„) = T(xn+X ,yn) = 0,

T(x„, yn+\) = T(xn+X, v„+0 = 0]

+ ¥[T(xx, vi) = 0, ... , T(x„, y„) = ßT(x„+x, y„), T(x„+X, yn) ¿ 0]

+ ¥[T(xx, yx) = 0, ..., T(xn, yn+i) = ßT(xn+x, yn+l), T(xn+X, yn+x)=0],

so, if ß —y oo, we have that

y < ¥[T(xx ,yx) = 0,..., T(x„ ,y„) = 0, T(x„+X ,yn) = 0,

T(xn,yn+i) = 0, T(xn+X,y„+x) = 0],

and, particularly,

y <V[T(xx, yx) = 0, ... , T(xn ,yn) = 0, T(xn+X, yn+x) = 0].

Now, let {(un, v„)} be a sequence in Xx x X2 such that

(4.2) y<¥[T(u„,vn) = 0]<y + ^.

We define the measurable set
(X)

fí0= f][T(ux,VX) = 0,...,T(Un,Vn) = 0],
n=l

and we observe that, by (4.1),

y<Pir(ui,«o = o,...,r(«„,«ll) = o]
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and, by (4.2),

¥[T(ux ,«0 = 0,..., T(u„, v„) = 0}< y + ^,

so

P[fl0] = lim ¥[T(ux, vi) = 0.T(u„ ,vn) = 0] = y>S.
n—>oo

Finally, if the equality T/^x, y) = 0 (a.s.) is not held, for some (x, y) in

Xx x X2, then

¥[T(x,y) = 0,Ylo]<¥[Yl0] = y.

But

P[r(x,y) = 0,fí0]

= P f][T(x,y) = 0, T(ux ,vx) = 0,..., T(un,vn) = 0]
Ln=l

= lim ¥[T(x, y) = 0, T(ux, vx) = 0, ... , T(un,v„) = 0],
n—»<x>

so that, for some natural n ,

¥ [T(x ,y) = 0, T(ux ,vx) = 0,..., T(u„, vn) = 0] < y,

which contradicts (4.1). Therefore,

inf{¥[T(x,y) = 0]: x e Xx, y e X2} = sup{P[fí']: T/Q, = 0 (a.s.)} = P[fí0],

and the result is proved.   G

The multilinear uniform randomization principle, applied to the bilinear ran-

dom operator T(a, b) := D(ab) - D(a)b - aD(b), for a probably derivative
linear random operator, D, proves that we can obtain a measurable set, fío,

with P [fío] = y(D), such that the conditional operator /D/q0 is stochastically
derivative. Therefore, by Theorem 3.3.1, D/ç^ is stochastically continuous, and
thus " the probability of D being stochastically continuous" (a(D)) is at least
" the probability of D being stochastically derivative" (y(D)).

Corollary 4.2. Every probably derivative linear random operator, D, on a semi-

simple Banach algebra, is probably continuous. Moreover,

a(D) > y(D).

We observe that, if in the above corollary y(D) = 1 (i.e., D is stochastically
derivative), then Theorem 3.3.1 is obtained.
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