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(Communicated by Wolmer V. Vasconcelos)

Abstract. Bass characterized the rings R with the property that every left

.R-module has a projective cover. These are the left perfect rings. A ring is

left perfect if and only if the class of projective Ä-modules coincides with the

class of flat Ä-modules, so the projective covers over these rings are flat covers.

This prompts the conjecture that over any ring R, every left Ä-module has a

flat cover. Known classes of rings for which the conjecture holds include Von

Neumann regular rings (trivially), the left perfect rings (Bass), Prüfer domains

(Enochs), and then more generally, all right coherent rings of finite weak global

dimension (Belshoff, Enochs, Xu).

In this paper we show that the conjecture holds for all commutative Noether-

ian rings of finite Krull dimension and so for all local rings and all coordinate
rings of affine algebraic varieties.

1. Preliminaries

We will use the terminology of Enochs [4]. We recall that if y is a class

of left flat 7?-modules, a linear map tp: F —> M with F e y is called an y-

precover of M if Hom^C?, F) —> HomÄ(G, M) -* 0 is exact for all G e y.

If furthermore any linear map f:F—*F such that ftp = tp is an automor-

phism of F, then tp: F —> M is called an y-cover. If an y-cover exists,

it is unique up to isomorphism. If, for example, y is the class of flat mod-
ules, then an y-precover (or cover) is called a flat precover (or cover). Note

that since projective modules are flat, flat precovers are necessarily surjective.

y-pre-envelopes and envelopes are defined dually.

We note that in Auslander and Reiten's terminology [1], an y-precover

and an y-cover are called a right y-approximation and a minimal right y-

approximation respectively. In their language, our main result says that the

class of flat modules is contravariantly finite in the category of left R-modules

with R commutative, Noetherian, and of finite Krull dimension.

A left R-module C is called to be cotorsion if ExtJj(F, C) = 0 for all flat

left modules F . If this holds, it follows that E\XR(F, C) = 0 for all flat left
modules F and all i > 1. It also follows easily that if 0 -» C -> C -» C" — 0
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is exact with C cotorsion, then C is cotorsion if and only if C" is cotorsion.

If cp : F —► M is a flat cover of M, then the k.er(cp) is cotorsion [6, Lemma 2.2].

Conversely, if tp: F —> M is a linear map with F flat and ker(cp) cotorsion,

then it is a flat precover of M. We also know that a module M has a flat cover
if it has a flat precover [4, Theorem 3.1].

We discuss flat covers of modules in an exact sequence first. Then, by a result

of Raynaud and Gruson [9, Corollary 3.2.7] on a commutative Noetherian ring

of finite Krull dimension, we show that over such a ring every module has a

flat cover. This holds for all local rings and coordinate rings of affine algebraic

varieties.

2. The main result

Lemma 2.1. If M c G is a submodule of a left R-module G such that G/M is
flat and where G has a flat cover, then M has a flat cover.

Proof. Let cp: F -> G be the flat cover of G. Then F/tp~x(M) =■ G/M is
flat, so cp~x(M) is flat. Since F -> G is a flat cover, it is easy to see that
tp~x(M) —> M is a flat precover. By Theorem 3.1 of [4], M then has a flat

cover.

Theorem 2.2. If R is right coherent, a left R-module M has aflat cover if and

only if there is an exact sequence

O^M^G^L^O

such that L is flat and such that G is cotorsion and has aflat cover.

Proof. Given such a sequence 0 —> M —» G —> L -► 0, by Lemma 2.1, M has

a flat cover.
Now suppose that M has a flat cover F —► M with kernel C. Then C is

cotorsion (Enochs [6, Lemma 2.2]). Let F —> P be a pure injective envelope of
F with cokernel L. By Proposition 4.1 of [8], L is flat. Then using a pushout

of F —> M and F —> P, we get a commutative diagram

0 0

1 I
0-C-F-Af^O

II I I
0^C^P-*G^0

ï i
L    =    L

I I
0 0

with exact rows and columns. Here C and P are cotorsion, so is G. As noted,

L is flat and G has a flat cover, so we have the desired exact sequence.

Theorem 2.3. Let R be right coherent and 0—>A—>B^C-*0 be an exact

sequence of left R-modules. If both A and C have flat covers, then B has a

flat cover.

Proof. Let ip: F —> C be a flat cover of C. Consider the pullback diagram of
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/ - C and B -» C :

O^^^R^F^O
II i *, ir

O^^X     5     ^>     C-+0

We claim that if P has a flat cover, say a: G —> R, then itxa: G ^ B is a

flat precover of R-.
For any linear map <7i : G' —► R with G' flat, consider the map gax : G' -* C.

Since \p: F -+ C is a flat cover of C, there is a linear map q: G' -* F such

that g<7i = ¡y.? . Namely, we have the following commutative diagram:

G' —Í-» F

„|

R —£—> C

By the property of pullbacks (see [10]), there is a unique linear map p: G'

such that ax = nxp , q = np . Now, we consider the following diagram:

G>

/

G —^ P

Since a: G —> R is the flat cover of R, there is a linear map h : G' —» G such

that p = oh . This implies that er» = 7ti/? = nxah . Therefore, h is our desired

map.
In order to show that R has a flat cover, since A has a flat cover, by Theorem

2.2, we can consider the exact sequence

O^A-^G^D^O

where G is cotorsion and has a flat cover and D is flat. Then we have the
following diagram:

0 0

i i
O^^^R^F^O

O^G^L^F^O

i i
D    =    D

i i
0 0

Here, L is the pushout of A -> R and A —► G. Since G is cotorsion and F

is flat, the exact sequence 0->G-»L-»F-»0 is split. This implies that L

has a flat cover because both G and F have flat covers.

Finally, we consider the exact sequence

0^R^L-+7J>^0

where L has a flat cover and D is flat. By Lemma 2.2, R has a flat cover.
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Theorem 2.4. Let R be right coherent and 0—>A^B—>C—>0 be an exact

sequence of left R-modules. If both A and B have flat covers, then C also has

a flat cover.

Proof. Since A has a flat cover, by Theorem 2.2, we have the exact sequence

O^A^G^D^O

where D is flat and G is cotorsion and has a flat cover.

Consider the following diagram:

0 0

i i
O^A-^B^C^O

i i i
O^G^L-C^O

i i
D    =    D

i i
0 0

Since both B and D have flat covers, by Theorem 2.3, L also has a flat cover.
Let y/: F —f L be a flat cover of L. Consider the following diagram:

0 0
i i
K    =    K

i i
O^Tf^F^C^O

i i i
O^G^L^C^O

i i
0 0

Here, 77 is a pullback of F -* L and G —► L. Note that since both K and
G are cotorsion, it follows that 77 is also cotorsion. But, the fact that 77 is

cotorsion and F is flat implies that F —> C is a flat precover of C.

Theorem 2.5. Let R be right coherent. Then the following statements are equiv-

alent.

(a) Any torsion left R-module has a flat cover.

(b) For any exact sequence, 0 —> A —> B —> C —> 0, whenever both B and

C have flat covers, so does A .

Proof,  (a) => (b) Consider the following diagram:

0 0

i i
K    =    K

i i
0^.4^G->F^0

i i i
O^A^B^C-^0

i i
0 0
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Here, F —► C is the flat cover of C and G is the pullback of F —> C and
B —» C. We know that since 7C is cotorsion, by (a), it has a flat cover. Now

both K and B have flat covers, so by Theorem 2.3, G also has a flat cover.

However, this implies that A has a flat cover because F is flat and G has a

flat cover.
(b) => (a) Let G be cotorsion. We try to show that G has a flat cover by

using (b). Consider the exact sequence 0—>G—>F-»L->0, where G-»£

is the injective envelope of G. Then E has a flat cover [6, Proposition 1.1].

Let F —> E be a flat cover of E. Consider the diagram:

0 0

i i
K    =    K

i i
0->R^F^L^0

i l i
O^G^F^L^O

i i
0 0

where R is the pullback of G —> E and F ^ E. Then K is cotorsion and it

follows that R is also cotorsion. This implies that F —> L is a flat precover of

L and then that L has a flat cover. Now, by the assumption (b), G has a flat

cover because both E and L have flat covers.

Note that Enochs proved that every cotorsion module over a commutative

Noetherian ring of finite Krull dimension has a flat cover [7, Theorem 3.1].

Therefore, Theorem 2.5 holds for this case. Now we are ready to prove our

main result.

Theorem 2.6. If R is a commutative Noetherian ring of finite Krull dimension,

then every R-module has a flat cover.

Proof. Let the Krull dimension of R be n . If M is an R-module, let

0 — M -» E° ->-► E"'1 — C -> 0

be a partial injective resolution of M. Note that for any flat module F,

proj.dim^F < n (Raynaud and Gruson [9, Corollary 3.2.7]). Then it is easy to

see that C is cotorsion. By the previous note, C and all E°, ... , E"~x have

flat covers. A repeated application of Theorem 2.5 then shows that M has a

flat cover.

Corollary 2.7. Let R be commutative Noetherian ring. Then for any R-module

M and any prime p e Spec R, Mp has a flat cover as R-module.

Proof. For any prime p e Spec R, Rp has finite Krull dimension. By the

previous theorem, Mp has a flat cover as an Rp-module. Then it is not very

difficult to check that this cover is a flat precover as R-modules. Therefore, Mp

has a flat cover as an R-module by Theorem 3.1 of [4].

We remark that since all local rings and coordinate rings of affine algebraic

varieties have finite Krull dimension, every module over such rings has a flat

cover. But we still do not know if this holds for any commutative Noetherian

ring.
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