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A NOTE ON THE DIRICHLET PROBLEM
FOR THE STOKES SYSTEM IN LIPSCHITZ DOMAINS

ZHONGWEI SHEN

(Communicated by Barbara Lee Keyfitz)

Abstract. We study the IP Dirichlet problem for the Stokes system in Lips-

chitz domains. Optimal estimates are obtained when the dimension n = 3 . In

the case of n > 4, we establish a weak estimate of solutions for certain range

of p.

Introduction

Let Si be a bounded Lipschitz domain in R" , n > 3, with connected bound-
ary. Let N — N(Q) denote the outward unit normal to dSi. Consider the

Dirichlet problem for the Stokes system:

{Au-Vp = 6        in Si,

di\u = 0 in Q,

u = g£Li(dSi)   ondSi.

In [FKV, Theorem 3.9, p. 789], it is shown that there exists e = c(Si) > 0, such

that, if g £ Lq(dSÏ), 2- e < q < 2 + e , and verifies the necessary condition

JdClg'N = 0, then there exists a unique ü and a unique p (modulo constants)

satisfying (0.1) and («)* £ Lq(dSi), where («)* denotes the nontangential

maximal function of ü. In this note, we obtain the optimal Lq -estimates for
2 < q < oo when the dimension n = 3 and a weak estimate of solutions for

certain range of q in the case of n > A.
Let

L%(dSi) = {g£ L«(dSi) : f   g-N = 0}.
Jan

Our main results are as follows:

Theorem 0.2. Let Si be a bounded Lipschitz domain in R3, with connected

boundary. Given g £ L^(dSi), there exists a unique ü and a p (unique up to

a constant) satisfying (0.1) and u £ L°°(Si). In fact,

ll«lli°°(n) < C||£lU°°(ô£î)-
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Moreover, if g £ Aa(dSi), 0 < a < ao = a0(Si), then ü £ Aa(Si) and

II"IIa°(Q) + supô(X)x-a\Vu(X)\ < C||g||A.(an).
xen

In Theorem 0.2, Aa denotes the space of Holder continuous functions of
order a and S(X) = dist(X, dSi).

Theorem 0.3. Let Si be a bounded Lipschitz domain in R3, with connected

boundary. Given g £ LqN(dSi), 2 < q < oo, there exists a unique ü and a

unique (up to a constant) p satisfying (0.1) and (ü)* £ Lq(dSi). Moreover, we
have

\\(ü)*\\L<on) < CWgWumy

Theorem 0.3 follows easily from the L°°-estimates in Theorem 0.2 and the

L2-estimate in [FKV] by interpolation. It is known that the nontangential esti-

mate in Theorem 0.3 implies the Sobolev-Besov estimate:

llwILyn) < C|||||L,(an)

for 2 < q < oo (see [F, JK]).

Theorem 0.4. Let Si be a bounded Lipschitz domain in R", n > A, with con-

nected boundary and 2 < q < 2(n - l)(n - 2)/(n(n - 3)). Then, for any
g £ LqN(dSi), the unique L2-solution to (O.l) given in [FKV, Theorem 3.9]
satisfies

||t?||L«i(fi) < C|||||Lî(an)

where qx = nq/(n -I).

As a consequence of Theorem 0.2, we state without a proof the following

theorem for the homogeneous Dirichlet problem:

{Aü-Vp = f in Si,

divi7 = 0 in Si,

u = 0 on dSi.

Theorem 0.6. Let Si be a bounded Lipschitz domain in R3 and 3/2 < q < 3.

Given any f £ Wqx (Si), there exists a unique ü and a unique (up to a constant)

p satisfying (0.5) and ü £ Wxq(Si). Moreover,

II"IIw?(îî) + \\p\\li(0) < C\\f\\wii(a).

The proof of Theorem 0.6 may be carried out using Theorem 0.2, the L2
estimates in [FKV], and the argument of D. Jerison and C. Kenig in [JK] where
the analogous results for the Poisson's equation are proved.

For the Lipschitz domain in R3, the solvability of the boundary value prob-

lems with data in Lq, 2 < q < oo, has been established for the system of

elastostatics in [DK2] and for the biharmonic equation in [PV]. Our approach

to the Stokes system follows the ideas of B. Dahlberg and C. Kenig and J. Pipher

and G. Verchota. The key step is to show that the Green's function G(X, Y)

has certain decay when \X - Y\ is large in comparison with ô(X). To do

this, we use the Rellich identity, Caccioppoli's inequality, and the fact that the

Dirichlet problem is solvable for data in Lq(dSi) for some q < 2. In the case
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of n = 3, the estimates on Green's function yields the desired L°°-estimates

of solutions. But, when « > 4, it only gives some weak estimates.

We remark that in [PV], it is shown that, when the dimension n > A, the
Lq Dirichlet problem for the biharmonic equation in general is not solvable in
Lipschitz domains for q > 2 large enough (n - A, q > 6; n> 5, q > A). The

counterexample they found is given by Si = O x R+ where O is an open subset

of the unit sphere in R" , n > A. It is noted in [DK2] that such domains fail to

produce counter-examples for the system of elastostatics. In fact, the argument

in [MP] implies that the L°°-estimate does hold for the Stokes system and the
system of elastostatics in this type of Lipschitz domains.

The outline of this paper is as follows. In section 1 we state and prove the

main Lemma (Lemma 1.7) of this paper concerning the estimates on Green's

functions. Theorems 0.2 and 0.4 are proved in section 2.

Finally, the author would like to thank Carlos Kenig for many helpful con-

versations.

1. Main lemma

We start by recalling the main results in [FKV].

Theorem 1.1. Let Si be a bounded Lipschitz domain with connected boundary

in R", n > 3. If g £ L2N(dSi), there exists a unique ü and a unique (up

to constants) p satisfying (0.1) and (u.)* £ L2(dSi). In fact, the solution will
satisfy

WTWmaci) < c\\g\\mda)

where C depends only on the Lipschitz character of dSi. If, in addition, g £

Wl2(dSi)nL2N(dSi), i.e., g has first-order derivatives in L2(dSi), then

Wuhnen) + ll(V¿?Tlb(aa) + WiPYWmasi) < C\\g\\W2{aa).

Moreover, there exists to = eo(Si) > 0 (which depends only on the Lipschitz

character of dSi), so that the above results extend to L"(dSi), W?(dSl) for

2 — en < p < 2 + Co •

Unless otherwise indicated, we will assume that Si is a bounded Lipschitz

domain with connected boundary in R" , n > 3, throughout this section. We

will use C and c to denote constants which depend only on n, q, and the
Lipschitz character of dSi.

Let r(A') = (r,7(Ar))i<ijJ<„ be the matrix of fundamental solutions and

q(X) - (qj(X))x<j<„ be the corresponding pressure vector where

Using Theorem 1.1, we can construct the matrix Green's function G(X, Y) =

(Gjj(X, Y))x<jj<„ and the corresponding pressure vector (Pf(Y))x<j<n where

(1.3) G(X,Y) = Y(X-Y)-vx(Y),    Px(Y) = q(X - Y) -px(Y)
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and, for X £Si, (vx, px) is the matrix-valued solution to the Dirichlet prob-

lem (0.1) with boundary data

vx(Q) = Y(X-Q)     on dSi.

Lemma 1.4. Let X £ Si, P £ dSi, and r = \X - P\ < 2 dist(X, dSi). Then

[ \(G(X, -))*(Q)\q dQ < Cr(n-X)-i"-V<>
JdCl\A(P,lOr)

if 2-eo<q<2 + e0, where e0 is the same as in Theorem 1.1 and A(P, r) =

B(P,r)ndSi = {Q£dSi:\Q-P\<r}.

Proof. We apply Theorem 1.1 on the domain Si \ B(P, 4r) to obtain

/ \(G(X,.))*(Q)\qdQ
Jaa\A{P,ior)

<C f \G(X,Q)\qdQ
JilndB{P,4r)

<C [ \T(X-Q)\qdQ + C f \vx(Q)\9dQ
JandB(PAr) JsindB(PAr)>Q.C\dB(P,4r) JandB{P,4r)

where we used (1.3) and the fact that G(X, •) = 0 on dSi. Clearly, by (1.2),

/ \T(X,Q)\qdQ<C¿n-x^n-Vq,
JílndB{P,4r)

Also, note that

/ \vx(Q)\9dQ
JandB(P,4r)

< CrC-i)(i-ï^)( j |t7^«2)|2+e»dQ]
\Jac\dB(P,4r) JSlndB(P,4r)

<Cr(»-l)(l-i^)(    /     \(VXy(Q)\2+i*dQ
\Jaa j

\ Q/(2+e0)

< Cr(n-w-¿r0)í Í |r(A--g)l2+£o^ô)

tn-2 \ ?/(2+e0)

< Cr'"-1^-'"-2^.

The lemma then follows.

The following Caccioppoli's inequality is contained in [GM, p. 203, Theorem

2.2]. Although it is not stated for Lipschitz domains there, the proof can be

carried out in the same manner with minor changes.

Lemma 1.5 (Caccioppoli Inequality). Let X0 £ Si, R > 0 be small, and
D(X0, R) - B(Xq , R) n Si. Assume (ü, p) is a solution of the Stokes system in

D(X0, 3R) and w = 0 on B(X0, 3R) n dSi. Then

f \Vu\2dX<-^ [ \u\2dX.
JD(X0 , R) -K    JD{X0 , 2R)
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Define the conormal derivative

(1-6) d¡rQ-dÑW)-pN{Q)-

The following is the main lemma of this paper.

Lemma 1.7 (Main Lemma). There exists an ex > 0, such that, if X £ Si, P £

dQ, and r = |X - P\ < 2 dist(X, dSi), then

L-™ C*" » " mvWiQ < c (L)" ̂

where R > 30r and Xq is some point in Si which does not depend on R.

Proof. Fix Xq £ Si such that X0 is away from X and dist(X0, dSi) > c> 0.
For T€[l, 3], let

D(xR) = {Y £ Si: R/x < \Y - P\ < xR}.

It follows from part (i) of Lemma 1.16 in [FKV, p. 779] and a rescaling argument

that

/ \™(x,Q)-pX(Xo)N(Q)\2dQ
JR<\Q-P\<2R   avQ

< C [        \^-(X, Q) - Px(Xo)N(Q)\2dQ
JdD(rR)   ÖVQ

<C í        \VXaTiG(X,Q)\2dQ + CRn-x\Px(XR)-Px(Xo)\2
JdD(xR)

where Vtan denotes the tangential derivative on dSi and Xr is a point in D(R)

such that dist(XÄ,dSl)~R.
Integrating in x £ [1, 3/2], we have

/ \^-(X,Q)-Px(Xo)N(Q)\2dQ
JR<\Q-P\<2R   ovQ

< % [      \VG(X, Y)\2dY + CR"-l\Px(XR) - PX(X0)\2
K JD($R)

f      \G(X, Y)\2dY + CRn-x\Px(XR)-Px(Xo)\1
JDÍ2R)4,K   ->D(2R)

where we used the fact that G(X, •) = 0 on dSi in the first inequality and

Caccioppoli's inequality (Lemma 1.5) in the second inequality.

We first estimate the integral which involves the Green's function.
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It follows from Holder's inequality and the Sobolev inequality that

-1/      \G(X,Y)\2dY
K   JD(2R)

< CR^~^( [      \G(X, y)|2-£o^y)i/(2-e0)
JD{2R)

x([      \G(X, 7)|A¿y-)C-2)/(2«)
JD{2R)

< CRîTi-jêro( I      \G(X, Y)\2-^dY)x^2-^( [      \VYG(X, Y)\2dY)x'2
JD(2R) JD(2R)

<CRi^~lêro([      \G(X,Y)\2-e°dY)x«2-e°\[      \G(X,Y)\2dY)xl2
JD(2R) Jd(3R)

<CRüt1-^([ \(G(X,.)y(Q)\2-(°dQ)x'(2-^
Jdil\A(P,10r)

x(f \(G(X,.)y(Q)\2dQ)1/2
Jdil\A{P,lOr)

r 1
-    liT      R2r"-i

where ex = (n - l){l/(2 - eo) - 1/2} and we used Lemma 1.4 in the last
inequality.

Finally we need to estimate the term R"-X\PX(XR) - PX(X0)\2 .

Since Si is a Lipschitz domain, there exists a curve y(t), / e [0, 1], such

that y(0) = XR , y(l) = X0, |y'(r)| ~ 1, and S(y(t)) ~ \y(t) - P\.
Clearly,

\PX(XR) - Px(Xo)\ < f \jtPx(y(t))\dt < cf \(VPx)(y(t))\dt

= C [ \(AYG)(X,y(t))\dt.
Jo

By the well-known interior estimates for the solutions of Stokes system, if

\Y-P\~S(Y),

^G^X'Y^J^i^G{X'Z)ldZ

<      Ctt'lS&f \(G(X,.))*(Q)\dQ.
\°\*))       K        JR<\Q-P\<2R

Hence,

dt
\P*(XR) - Px(Xo)l ^l^y.j^ JR<_iQ_pi<2R \(G(X, ,ym dQ

<^¡ [ \(G(X,.)y(Q)\dQ.
*    JR<\P-Q\<2R

The desired estimate follows easily from Holder's inequality and Lemma 1.4.
The lemma is then proved.
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Lemma 1.8. Let Si be a bounded Lipschitz domain in R?, with connected bound-

ary. Then, there exists an qo > 0, which depends only on the Lipschitz character

of dSi, such that, if X £ Si, P e dSi, and r = \X - P\ < 2Ô(X), then

G-(X, Q) - Px(X0)N(Q)\(r + \Q- P\)adQ < Cra
JOÍi an dvQ

where 0 < a < ao and Xo is some point in Si.

Proof. Let X £ Si, P e dSi, and r = \X - P\ < 2Ô(X).  It follows from
Holder's inequality and Lemma 1.7 that, for R > 30r,

[ \™(x,Q)-Px(Xo)N(Q)\(r + \Q-P\ydQ
JR<\Q-P\<2R   ovQ

RX+a( f
JR

3(X,Q)-Px(X0)N(Q)\2dQ)x¡2
R<\Q-P\<2R dvQ

< Cra(4)e,/2_a.
R

Choose ao such that 0 <a0 <ex/2. It is easy to see that, if 0 < a < ao ,

3(X,Q)- Px(X0)N(Q)\(r +\Q- P\)<*dQ < Cra.
hildil\A(P,30r)   dVQ

To finish the proof, we need to show that

,dG

/JM
(X,Q)-Px(Xo)N(Q)\dQ<C.

lA(P,30r)   dvQ

Recall that G(X, Y) = T(X -Y)- vx(Y) and PX(Y) = q(X - Y)-px(Y)
(See (1.3)). It is not hard to see that

/ \^L(x,Q)-q(X-X0)N(Q)\dQ<C.
JA(P,30r)   avQ

Also, note that, by the L2-estimate for solutions of the Dirichlet problem with
data in Wx2(dSi), we have

/ \^-(Q)-px(Xo)N(Q)\dQ
JA{P,30r)   avQ

^ Cr( / \^(Q)-px(Xo)N(Q)\2dQ)x'2
JA{P,30r)   avQ

< Cr\\vx\\W2{dCl] < C.

The proof is then complete.

2. The Dirichlet problem

In this section, we give the proofs for Theorem 0.2 and Theorem 0.4 that we

stated in the Introduction.
We begin with

Proof of Theorem 0.2. Uniqueness follows from the uniqueness of the L2 so-
lution in [FKV]. We only need to show the existence.

To this end, we first assume g £ L'fî(dSi).Let (u,p) be the L2-solution
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with boundary data g. We have the Poisson integral formula (see [FKV])

aW= Í  (^-(X,Q)-Px(Xo)N(Q))g(Q)dQ.
Jan ÓVQ

By Lemma 1.8,

dGL^(X,Q)-Px(Xo)N(Q)\dQ<C.
an dvQ

It follows that, for any X £Si,

\U(X)\   <  C||^||Le,(an).

Next, we consider the case g £ Aa(dSi) where 0 < a < a0 .

It is enough to show that

(2.1) S(X)l-am(X)\<C\\ëham)   formen.

To do this, we fix X £ Si and P £ dSi such that \X - P\ < 2S(X). Since
¿7(7) - g(P) is a solution with boundary value g - g(P), we have

Û(Y)-g(P)= I  (§§-(Y,Q)-PY(Y0)N(Q))(g(Q)-g(P))dQ.
Jan ouq

It then follows from Lemma 1.8 that, if \Y - X\ < ô(X)/A,

\ü(Y)-g(P)\<C\\g\\A.(aa) I   \§^(Y,Q)-PY(Yo)N(Q)\\Q-P\°dQ
Jail ovq

<C|X-Pn|^||Ao(a£i).

Hence, by the interior estimates,

- öjx) 'lx ~ jP|a,l^llAa(â£2) - CáWa_1 II^Ha«(ôo).

The desired estimate (2.1) then follows. The proof of Theorem 0.2 is com-

plete.

Theorem 0.3 follows easily from the L2-estimate in [FKV] and the L°°-

estimate in Theorem 0.2 by interpolation. We omit the details.
We will need the following lemma in the proof of Theorem 0.4.

Lemma 2.2. Let ü £ C°°(Si). Then, for 1 < q < oc,

/ \u(X)\q < C [ \ô(X)Vu(X)\q dX + C sup \u(X)\q
Jii Jii xex

where K is a compact subset of Si.

Proof. Fix P0 £ dSi and r0 > 0 small. Without loss of generality, we may
assume that there exists a Lipschitz function <p : Rn_1 —> R such that

B(P0, 10r0) n Si = {(X', Xn) : x„ > <j>(X')},

B(Po, I0r0) DdSi = {(X', xn) : xn = 4>(X')}

where X' = (xx, xi, ... , xn-i).
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Let v(X', xn) = u(X', <p(X') + x„). Then, if \X'\ <r0, 0<x„<r0,

\v(X',xn)\< r&X',t)\dt + \v(X',ro)\< r&X',t)\dt + sup\u\
Jx„     at Jx„     dt K

where K = {X£Si: S(X) > c0 > 0} .
It follows that

/ H \V(X', X„)\q dX'dxn
J\X'\<r0J0

t fr°   fr° dit
<c /   (/    V^(X',t)\dt)qdx„dX'+ Csixp\u\q

J\X'\<r0Jo     Jx„     öt K

<C (t\^-(X',t)\)qdtdX' + Csup\u\q
J\X'\<r0 JO öt K

where we have used the Hardy inequality in the second inequality (see [S, p.

272]).
Clearly, this implies that

/ \u\qdX<c[ \ô(X)Vu\qdX + Csup\u\q.
JB(Po,r0)nil JB(P0,2r0)nil K

The lemma follows by covering the boundary dSi with a finite collection of

coordinate cylinders.

The next theorem concerns the estimates of solutions of (0.1 ) in terms of the

area integral.

Theorem 2.3. Let Si be a bounded Lipschitz domain in Rn, n > 3, with con-

nected boundary. Let g £ L^dSi), the unique solution (u, p) to the Dirichlet

problem (0.1) given in Theorem 1.1 satisfy

f 6(X)\VÜ(X)\2dX<C [   \g\2dQ.
Ja Jan

Theorem 2.3 follows from a general result in [DKJV] which states that the

area integral and the nontangential maximal function have comparable Lq(dSi)

norm.
We are now in a position to give the proof of Theorem 0.4.

Proof of Theorem O.A. Let g £ Lq°(dSi) where q0 = 2(n-l)/(n-3) and (u,p)
be the L2-solution of (0.1) given in [FKV].

We claim that

(2.4) o(XÍn-^2\Ü(X)\ < C\\g\\L«l9a)   for X £ Si.

Theorem 0.4 follows from Theorem 2.3 and (2.4) by interpolation. Indeed, by

Theorem 2.3,

(2.5) II¿(-)1/2V«(-)||l2(íí) < C|||||L2(an).

On the other hand, it follows from interior estimates and (2.4) that

(2.6) ||á(-)("-1)/2V«(-)IU-(a) < C\\g\\L^9a) '   «o = 2(n - l)/(n - 3).
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By complex interpolation, estimates (2.5) and (2.6) yield that

ll*(-)Vií(Olli*<Q) < C\\g\\maQ).
where qx - 2(n- l)(n-2)/(n(n-3)) and q2 - nqx/(n-l). Hence, by Lemma
2.2,

I|w||l«2(£î) < C||£||l?1(ôq).

Theorem 0.4 is then proved for the case q = 2(n - l)(n - 2)/(n(n - 3)). The

case 2 < q < 2(n - l)(n - 2)/(n(n - 3)) follows by interpolation.
Finally, we need to show (2.4).

Fix X £ Q. Let P £ dSi such that r = \X-P\= Ô(X). Write

*(*)=/  (^-(X,Q)-Px(Xo)N(Q))g(Q)dQ
Jan ÖVQ

r oo    /. oo

= /       +£/ = '<> + £/;
J\Q-P\<32r      ~~5J2'r<\Q-P\<V+ir ~T5

It follows from Cauchy's inequality and the argument in the proof of Lemma

1.8 that

|/ol<  / \^-(X,Q)-Px(Xo)N(Q)\\g(Q)\dQ

<(/ \^-(X,Q)-Px(Xo)N(Q)\2dQ)x<2
J\Q-P\<ttr  ÖVQ

x([ \g(Q)\2dQ)i/2
J\0-P\<32r>\Q-P\<12r

c

Let R — 2'r. By Cauchy's inequality and Lemma 1.7,

\h\ < ( [ Ä*, Q) - Px(X0)N(Q)\2dQ)x'2
JR<\Q-P\<2R   ovQ

x(/ \g\2dQ)x/2
JR<\Q-P\<2R

<C(^/2--U(/ \g\2dQ)xl2
K Rr^r Jr<\o-p\<2R

= c(2^)-^70¿m\\g\\mdQ).

Hence,

oo „ oo

\Ü(X)\ < |/o| + £ \Ij\ < S{X){n_m I 1 + £(2€o/2r;' | Uh^aa)

C
- s(x)i"-*y2^L*m)'

The estimate (2.4) is then proved. The proof of Theorem 0.4 is finished.
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