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REPRESENTING PROJECTIVE SETS AS UNIONS OF BOREL SETS

HOWARD BECKER

(Communicated by Andreas R. Blass)

Abstract. We consider a method of representing projective sets by a particular

type of union of Borel sets, assuming AD. We prove a generalization of the

theorem that a set is S^ iff it is the union of a>x  Borel sets.

The Axiom of Determinacy (AD) is always assumed.

Theorem 1 (Sierpinski, Solovay, Moschovakis [8, 7D.10]). Let A c com.  A is

Ej iff A is the union of cox Borel sets.

The purpose of this paper is to generalize Theorem 1 to higher levels of the

projective hierarchy. The pointclass of 2^ sets is closed under well-ordered

unions (Kechris, Solovay, and Steel [6, 2.4.1]), so clearly the higher level pro-
jective sets cannot be represented as a well-ordered union of Borel sets. But they

will be represented by a special kind of union which characterizes the pointclass

2d2n+2 ■

Let X denote a projective ordinal. Let px denote the supercompact measure

on PWl(X) which is defined in Becker [1]. (Woodin [9] has shown that px is, in

fact, the only supercompact measure on PW] (X).) We assume familiarity with

the basic facts about px, all of which can be found in Becker [1]. We also

assume familiarity with the theory of projective sets, under AD, as presented in

Moschovakis [8]. Let 3§ denote the class of Borel subsets of cow .

Definition. Let A c cow, and let F : Pw¡ (X) —> 3§ . F is called a X-representa-

tion of A if for any set 5e c PWi (X) such that Px(^) = 1, A =   u F(S). We

say that A is X-representable if there exists a A-representation of A .

Proposition 2. Let A c cou>.

(a) Let F : PW](X) —> 3S . F is a X-representation of A iff both of the following
properties hold.

(i) For all S £ P(ûl(X),F(S) c A.
(ii) For all x £ co03, if x £ A, then for px-a.e. S,x £ F(S).

(b) A is unrepresentable iff A is the union of cox Borel sets.

(c) A is oi-representable iff A is Borel.

Proof, (b) poj^-a.e. set in PW](cox) is an initial segment of cox.   D
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Thus the A-representable sets are those that can be obtained by a particular

type of union of Borel sets, and this type of union is a generalization of a well-

ordered union of length cox, as promised. (By Becker [1, 1.13], for X > co2,

if <$" c P(otW is well-orderable, then p\(SP) - 0.) Of course, part (b) of

Proposition 2 implies that the ~L\ sets are precisely the a,1-representable sets.
It is this fact which we wish to generalize to higher levels of the projective

hierarchy.

Theorem 3. Let n £oi. Let A c cow. The following are equivalent.

(a) A is 2,\H+2.

(b) A is ô\n+x-representable.

Theorem 3 and its proof (given below) generalize to scaled pointclasses be-

yond the projective hierarchy, in a straightforward manner.

In recent years there has been much research on the subject of Borel equiva-

lence relations on cow ; for a survey, see Kechris [5]. One of the major results

is the dichotomy theorem of Harrington, Kechris, and Louveau [4]. Theorem
3 has an application to the study, under AD, of this dichotomy for E \ I,

where E is a Borel equivalence relation on oi0> and / c co01 is an arbitrary

/^-invariant set. This application will appear in Becker [2].

We next consider two variations on the property of Theorem 3(b): Changing

the ordinal and changing the collection of "simple" sets used in the representa-
tion.

Let y2n+\ denote the cardinal such that S2n+l — (y2n+x)+ ■

Conjecture. Let n £ co. Let A c cow. If A is &2n+x then A is y2n+x-

representable.

Remarks. 1. It can be shown that the converse of this conjecture holds: Every
y2«+i-representable set is &2n+x. We do not give the proof in this paper but
merely point out that the proof involves work of Kechris and Woodin [7] and

Harrington [3].
2. For n — 0 the conjecture is trivially true (Proposition 2(c)).

3. By Moschovakis [8, 6E.14], every A^n+1 set is the one-to-one continuous

image of a 1\\n set. Since the class of Borel sets is closed under one-to-one

continuous images and under Wadge-reducibility, clearly the class of y2n+x-

representable sets also has these two closure properties. Therefore, for n > 1,

one of the following two statements must be true.

(a) For all A c cow, A is y2n+i-impresentable iff A is S.\n+X.

(b) For all A c com, A is y2n+rrepresentable iff A is 2^„ iff A is ô2n_x-

representable.

Suppose T is a pointclass. Define (r, X)-representable by changing ¿% to

r \ com in the definition of A-representable. (Thus A-representable means

(Borel, X )-representable.) The fact that Z\n+2 sets are (L\, d^, ^present-

able is a trivial corollary of the fact that they are ¿2n+1-Suslin. The (a) =>• (b)

direction of Theorem 3 is a strengthening of the above fact: From (L\, ¿Jn+i)"

representable to (Borel, ¿2'n+1)-representable. It cannot be further strengthened

from (Borel, à2n+x )-representable to (£° , ô2n+x )-representable. In fact, it can
be shown, again using Kechris and Woodin [7] and Harrington [3], that for
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any projective ordinal X, for any a < cox, and for any A c cow, if A is

(L® , A)-representable, then A is £° ; and similarly for 11° .

The rest of this paper consists of a proof of Theorem 3. Henceforth we write
p2n+x rather than p*i    .

"211+1

Lemma 4. If A is S2n+l-representable, then A is ^2n+2.

Proof. By Becker [1, 3.1 and 3.2], for any X < 6\n+x and any G : Pmí(X) -* &
(not necessarily representing a set), the set

G* = {x£co03: For px-a.e. S,x£ G(S)}

is E2„+2. And by Becker [1, 2.7], for any & C PWi(ôx2n+x), p2n+x(S") = 1 iff

for a c.u.b. set of X < S2xn+X, px(^ n PwM)) ~ l-

Now let F : Pw¡ (ô2n+x) -> 3S be a d],,^-representation of A. For X < ô2xn+l,

MAx = (F\Pœ,(X)y.
Then each Ax is £2„+2 and A =    [j   Ax. The Coding Lemma then implies

that A is also Z2n+2 .   □

*<SL,

Of course, Lemma 4 is the (b) => (a) direction of Theorem 3. Now we take

up the (a) => (b) direction.
If S is a set of ordinals, then ot (S) denotes the ordinal which is the order-

type of S, with respect to the usual ordering of ordinals.

Lemma 5. Let X < S2n+l   and let G : Pai(X) —> cox.   For p2n+x-a.e. S £

Pa,t(ôxn+x),ot(S)>G(SnX).

Proof. Without loss of generality, X > y2n+x. Let a be the ordinal such that G

represents the ath element of the ultrapower of oix modpx ■ By Becker [1, 4.7],

a < ô2n+l . Let / : X -* a be a surjection, and let < be the pre-well-ordering

of X induced by /. Let H : PWl (X) ~* cox be the function

H(R) = order-type of (R,<).

As shown in Becker [1, 4.4], // also represents the ath element of the ultra-

power. Hence for Px-a.e. R, H(R) = G(R).
Clearly p2n+x-a.e.   S £ PWt(ô2n+x) satisfies the following two conditions.

(a) H(SnX) = G(SnX).
(b) S is closed under /.

Consider such an S. Since f[S n X] c S,

ot(S) > ot(f[S n X]) = order-type of (S n X, <)

= H(SnX) = G(SnX).   D

Now fix a S2/1+2 set A c 01e0. We must show that A is S2n+i -representable.

Let T be a tree on wx S2xn+l such that p[T] = A . For any S £ Pw,(à2n+X)

and any X < 6¡n+l, let Ts'x denote Tr\(cox(Sn X))<œ .

Lemma 6. There exists a function B : (Pœi (ô2n+x) x ô2n+l x cox) -> ¿% such that

the following three conditions are satisfied.

(a) Forall S,X,    p[Ts'*] =   u  B(S,X,a).
a<(0\

(0) Forall S,X,a, ß, ifa<ß,thenB(S,X,a) c B(S, X, ß).
(c) Forall S,S',X,a, if S nX = S' nX, thenB(S, X, a) = B(S', X, a).
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Proof. This is a construction of Lusin and Sierpinski (see Moschovakis [8,

2F.2]). Let B(S,X,a) =

{x £cow:   It is not the case thatr^rxjis well-founded with rank

less than or equal toa, and for every a £ Ts,x[x], it is not

the case thatT^,A[x] is well-founded with rank exactly a}.

To get a ô2n+x -representation of A, let B  satisfy Lemma 6 and define

F : ̂ Ä+i) -* & as follows:

F(S)= U B(S,X,ot(S)).

Clearly for any S £ Pw,(ô\n+X), F (S) is Borel and

F (S) C Up[Tsx]   (by Lemma 6(a))

cp[T] = A.

In light of Proposition 2(a), all that remains to be proved is that for any x £ A ,
for p2n+x-a.e. S, x £ F(S).

Fix x £ A. Fix X < S2xn+X such that x € p[T n (co x X)<w]. Then for

p2n+x-a.e. S, x £ p[Ts'x] ; we now consider only these S's. By parts (a) and

(c) of Lemma 6, there is a function G : PWí (X) —► cox with the property that for

any such S, x £ B(S, X, G(SnX)). By Lemma 5, for p2n+x-a.e. S, ot(S) >
G(S n X), so by Lemma 6(b), for p2n+x-a.e. S,x £ B(S,X, ot(S)). And for
p2n+x-a.e. S,X £ S, hence B(S, X, ot(S)) c F(S).

References

1. H. Becker, AD and the supercompactness of Hx , J. Symbolic Logic 46 (1981), 822-842.

2. -, The restriction of a Borel equivalence relation to a sparse set, in preparation.

3. L. Harrington, Analytic determinacy and 0* , J. Symbolic Logic 43 (1978), 685-694.

4. L. A. Harrington, A. S. Kechris, and A. Louveau, A Glimm-Effros dichotomy for Borel

equivalence relations, J. Amer. Math. Soc. 3 ( 1990), 903-928.

5. A. S. Kechris, The structure of Borel equivalence relations in Polish spaces, Set Theory of

the Continuum (H. Judah, W. Just, and H. Woodin, eds.), Math. Sei. Res. Inst. Publ., vol.

26, Springer-Verlag, New York, 1992, pp. 89-102.

6. A. S. Kechris, R. M. Solovay, and J. R. Steel, The axiom of determinacy and the prewellorder-

ing property, Cabal Seminar 77-79 (A. S. Kechris, D. A. Martin, and Y. N. Moschovakis,

eds.), Lecture Notes in Math., vol. 839, Springer-Verlag, New York, 1981, pp. 101-125.

7. A. S. Kechris and W. H. Woodin, Generic codes for uncountable ordinals, partition properties

and elementary embeddings, xeroxed notes, 1980.

8. Y. N. Moschovakis, Descriptive set theory, North-Holland, Amsterdam, 1980.

9. W. H. Woodin, AD and the uniqueness of the supercompact measures on Pa,, (A), Cabal

Seminar 79-81 (A. S. Kechris, D. A. Martin, and Y. N. Moschovakis, eds.), Lecture Notes

in Math., vol. 1019, Springer-Verlag, New York, 1983, pp. 67-71.

Department of Mathematics, University of South Carolina, Columbia, South Car-

olina 29208
E-mail address: beckerOcs. scarolina.edu


