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ON THE TORSION PART OF C[n]

WITH RESPECT TO THE ACTION OF A DERIVATION

BRIAN COOMES

(Communicated by Hal L. Smith)

Abstract. We show that the torsion part of C'"' with respect to the action

of a derivation is algebraically closed in C'"' if the flow associated with the

derivation is analytic on CxC", We also present a connection between this

result and Keller's Jacobian conjecture.

1. Introduction

Consider the initial value problem

(l.i) y(=^) = y(y),     y(0) = x£F"

where V is a polynomial vector field on F" ( F is E or C ). Let <¡>: Q -* F" be

the (local) flow associated with (1.1) where f2, an open subset of K x F" , is the

maximal domain of (¡>. It follows that <f> extends to a function holomorphic

on some open subset of CxC. With V we associate the derivation D —

\(XX, ... ,Xn)-V of the ring of polynomials C1"1 in Xx, ... ,Xn over C. The

torsion part T(D) of C["] with respect to D is the set of polynomials a in C[n]

for which there exists a nonzero polynomial q(D) in C[D] such that q(D)a -

0.
The main result in this paper is that the torsion part of C["] with respect

to a derivation is algebraically closed in C[n] if the flow associated with the
derivation is analytic on CxC.

We say that <p is a polynomial flow if each i-advance map <j>' is polynomial
on its natural domain. Coomes and Zurkowski [8] show that 0 is a polyno-

mial flow if and only if T(D) = C[n]. (See [3,5,6,7,10,11,12,13,14,15,17] for
other results about polynomial flows.) Since the torsion part T(D) can play an
important role in determining whether a vector field has a polynomial flow, we

wish to gain a deeper understanding of the properties of T(D). In addition,

Connell and Drost [4] give a concise proof of the fact that the kernel of D is

algebraically closed in C'"'. Since T(D) is a generalization of the kernel of D,

it is natural to consider questions about its algebraic closure in C[n].

This paper is organized as follows: In section 2 we show that T(D) is the

set of polynomials in Cw which, when composed with tp, are polynomial in
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the initial condition (a notion made precise in that section). Then, in section 3

we show the set C[z] of polynomials in z over C is algebraically closed in the
set of entire functions and we give a generalization. Our main result follows

quickly in section 4. Finally, in section 5 we present a connection between our

results and Keller's Jacobian conjecture.

2. A CHARACTERIZATION OF  T(D)

Throughout this section, let <j> be the flow associated with (1.1), let D be

the derivation associated with V, and let T(D) be the corresponding torsion

part of C["]. For b in C["], denote the evaluation of b at x by b\x. The

following definition is motivated by that of polynomial flows.

Definition. Let A be any set, and let g: A x ¥h —► F. We say that g(t, x) is

polynomial in its last k variables if there is an integer d such that for each a

in A , the function fa(x) = g(a, x) is polynomial of degree less than d. In

this case, we say that the degree of g in its last k variables is the least upper
bound of all such integers d.

Lemma 2.1. The torsion part T(D) ofCln] is the set of all polynomials a in C[n]

such that the composition a o <\> = a\^ is polynomial in the initial condition x.

Proof. Let a be in T(D), and suppose that p(D)a = 0 where p is a nonzero

element of C[D]. Making use of identities described by Coomes and Zurkowski
[8], since

(p(D)a)\4=p(dt)(a\4,) = 0,

it follows that there are integers m and £¡, functions b¡j(x), and complex
numbers A, such that

m    l¡

«U = EEM*)^'7;!-
(=1 j=0

Furthermore, there exist polynomials q¡j(D) in C[D] such that

bu = q¡j(D)a.

Hence a|¿ is polynomial in its last n variables.
Suppose now that a\^ is polynomial in its last n variables. Then

aU =  E Cr(t)xr

\r\<d

on the natural domain Q of <j>. Notice that the functions cr(t) are analytic
near t = 0. Since

Dka\x= Y,crk)(0)xr,

V\<d

it follows that for some integer A^ > 0 and some set of scalars an, ... , aw-i
we have

AT—1

DNa - Y aiD¡a = 0.

That is, a is in T(D).   D
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3. Algebraic closure and polynomials

In this section, we first show in Lemma 3.1 that the set C[z] of polynomials

in z over C is algebraically closed in the set of entire functions. This is a
special case of Proposition D.l of Bass [1], but the lemma we prove includes a
degree estimate needed in Lemma 3.2. In that lemma we extend Lemma 3.1 to

functions of more than one variable which are polynomial in some variables.

Lemma 3.1. Let f: C -»• C be entire, and suppose that there exists an inte-

ger m > 0 and polynomials ao, ... , am in C[z] with am^0 such that

(3.1) a0 + axf + a2f2 + --- + amfm = 0.

Then f is a polynomial of degree no more than max(degan, • • • > degam).

Remark. Take degO = -oo .

Proof. Let f, m, and ao, ... , am be as in the hypothesis of the lemma, and

let N = max(degflo, ■•■ , de%am). We claim that f(z)/zN+x —► 0 as \z\ —► oo.

By way of contradiction, suppose that there exists e >0 and a sequence {z,}^0

such that |z,| -» oo as /' -> oo and \f(z¡)/zf+x\ > e for all i. It follows

that |/(z,)| -»oo as i -» oo. Solving (3.1) for /, we see that

/ = (-ao/fm'x -ax/r~2-am-i)/am.

Dividing both sides by zN+x, we have

(3.2) f/zN+l = (-a0/(zN+xfm-x) - ax/(zN+xfm-2)-am-X/zN+i)/am.

Notice that each aj(zi)/zfi+x -> 0 as i-*oo. Since \am(zi)\ and |/(z,)| tend
to infinity as ¡'-»oo, the right-hand side of (3.2) evaluated at z, tends to zero
as / —► oo. This is a contradiction, and thus f/zN+x tends to zero as z tends

to infinity. It follows from Cauchy's integral formula that / is a polynomial of

degree no more than ./V.   D

The following generalization will be used in the sequel.

Lemma 3.2. Suppose f: CJ x Ck —> C is holomorphic and algebraic over the set

of functions

B = {g: C x C -» C : g is holomorphic and polynomial

in its last k variables}.

Then f is in B.

Proof. Let / and B be as described in the hypothesis of the lemma and

choose ao, ... , am in B such that m > 0, am ^ 0, and

a0 + axf + a2f2 + ■■■ + amfm = 0.

Let dega, denote the degree of a¡ in its last k variables. Let (ax, ... , a}•,

ßi, ... , ßk) be in the nonempty open set a"1 (C - 0). It follows from Lemma

3.1 that for each i between 1 and k the function

h(z) = f(ax ,...,otj,ßi,...,z,...,ßk)

obtained by replacing /?, with z is polynomial of degree no more than the

degrees
N = max(degt7n, • • • , degam).
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We write
/= f(h , ■■■ , tj■, xx,... , Xk).

Then for i between 1 and k we have  (d/dXi)N+xf = 0 on a~x(£-0).

Hence (d/dx¡)N+xf - 0 at every point of C' x Ck . Thus / is polynomial in

its last k variables.   D

4. Algebraic closure of T(D) in C["]

Throughout this section, let <p be the flow associated with (3.1), let D be

the derivation associated with V, and let T(D) be the corresponding torsion

part of C["]. Our main theorem follows.

Theorem 4.1. If <p is holomorphic on CxC, then T(D) is algebraically closed

in Cl"].

Proof. Let b £ C[n] be algebraic over T(D). Then there exist an integer m > 0

and polynomials ax, ... , am in T(D) with am^0 such that

ambm + am-xbm-x + ■ ■ ■ + a0 = 0.

Thus
amU(b\<p)m + <*m-M°U)m~l + ■■■ + aoU = 0.

That is, by Lemma 2.1 b^ is holomorphic on CxC" and algebraic over the set

of functions holomorphic on CxC" and polynomial in their last n variables.

By Lemma 3.1, b\$ is polynomial in its last n variables. By Lemma 2.1, b is

in T(D). Hence T(D) is algebraically closed in C["].   D

Example. Consider the initial value problem

x = x x(0) = u

y = xy        y(0) = v

which has flow <p(t, (u, v)T) — (ue', veu(e'~X))T. Notice that <p is holomorphic

on CxC". Furthermore, the first component of <p is polynomial in the initial

condition while the second component is not. That is, Xx is in T(D) while X2

is not. Since T(D) is algebraically closed in C[2) and

C[Xx]cT(D)CC[Xx,X2],

we must have T(D) = C[XX].

5. A connection to the Jacobian conjecture

A polynomial map F: C" —» C" is said to be a polynomial automorphism

if F — F(XX, ... , X„) = (F\, ... , F„) has a polynomial inverse. The Ja-

cobian conjecture, attributed to Keller [9], asserts that if the Jacobian ma-

trix JF — (dFi/dXj) of F has a nonzero constant determinant, then the

map has a polynomial inverse. At present the conjecture is open for n > 1.

See Bass, Connell, and Wright [2] for a discussion of the Jacobian conjecture.

As the following theorem shows, determining when the torsion part of C["]

with respect to the action of a derivation is algebraically closed in C1"1 may

shed light on the Jacobian conjecture.
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Theorem 5.1. Suppose F:C" —>C" is a polynomial mapping satisfying

(5.1) det/F = l       and      F(0) = 0.

Let D be the derivation associated with the vector field

(5.2) V(y) = -[JF(y)]-xF(y).

Then F is a polynomial automorphism if and only if T(D) is algebraically

closed in C[n].

Remarks. Zampieri discusses (5.2) in the case where F is a continuously dif-

ferentiate function defined on some subset of R" to W in connection with

the invertibility of F. Notice that if H: C" -> C" and det JH is a nonzero

constant, then F = [JH(0)]~X(H - H(0)) satisfies (5.1).

Proof. Let (¡> be the flow associated with

(5.3) y = -[JF(y)]~lF(y).

Notice that DF = -F and thus, as noted by Zampieri [16],

(5.4) F(<t>(t,x)) = F(x)e-1.

Thus each component of F is in T(D) and since T(D) is a ring containing C,
it follows that C[FX, ... , Fn] is contained in T(D).

If F is a polynomial automorphism, then C[FX, ... , Fn] = C1"1. Hence

that T(D) is algebraically closed in C["] follows trivially since T(D) = C["].

To prove the converse, notice that since Fx, ... , Fn are algebraically inde-

pendent, each X¡ must be algebraic over C(FX, ... , Fn) and hence algebraic

over C[FX, ... , Fn]. Thus each X¡ must be algebraic over T(D). By hypoth-

esis, T(D) is algebraically closed in C["]. It follows that T(D) = C["]. Thus
by Theorem 3.1 of Coomes and Zurkowski [8], equation (5.3) has a polynomial

flow

m    e¡

(5.5) <t>(t, x) = EE^W^''        (t,x)£CxC",
;=1 >=0

where each a¡j is a vector whose components are polynomial. Notice that

J(-[JF]~xF)(0) = -I.

From this and Corollary 4.1 of [8] we may assume that each Á.¡ is a nonpositive

integer.

Since detJF = 1 and F(0) — 0, there exist neighborhoods U and F of 0
and an analytic function G: V —► U such that for all x in U and y in V, we

have

(5.6) G(F(x)) = x      and      F(G(y))=y.

It follows from (5.4) and (5.6) that for each x in U, the flow <f)(t, x) tends to

zero as t tends to infinity along the real axis. Thus we may assume each X¡ is

negative. If we can show that for each R > 0 the mapping F is invertible on

B(0,R) = {z.£C":\z\<R}

it will follow that F is injective and hence has a polynomial inverse by Theo-

rem 2.1 of Bass, Connell, and Wright [2].
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We proceed in a fashion similar to Zampieri [16]. It follows from (5.4)

and (5.5) that there exists Tr such that for all x in 5(0, R)

F(cp(TR,x))£V   and   <¡>(TR,x)eU.

To see that F is invertible on 5(0, R), notice that for all x in 5(0, R)

<PT«(x) = G(F(<f>(TR,x)) = G(F(x)e-T")

and hence

x = <j>-T*(G(F(x)e-TR)).

That is, if Me-TR is the map given by multiplication by e~TR , then <p~TR o G o

Me-TR is left inverse for F\B(o,r) ■ In particular, F is injective on 5(0, R).

Thus F is a polynomial automorphism.   D

Since the polynomials F\,..., F„ are algebraically independent and con-

tained in T(D), it follows that T(D) is algebraically closed in C["] if and only

if T(D) = C[n] and T(D) = C["] if and only if (p is a polynomial flow.
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